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1 Introduction

In [1], Varma and Tasdelen constituted a link between orthogonal polynomials and posi-
tive linear operators. They considered Szasz-type operators including Charlier polynomi-
als. The generating functions for these Charlier polynomials are given by
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where (m)o =1 and (m); = ]_[’I;Zl(m +k-1) (jeN).
The Charlier polynomials C{(u) for k = 0,1,2,3, 4 are given by

u(l+2a) u?

u
Ciw =1, Clw)=1--, Ciw)=1- ,
o(u) 1 () p 5 (1) 22 + 2
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Further, from equation (1) we note that C{/(x) >0 forallu <0 and k =0,1,2,....
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Varma and Tasdelen defined the following Sz4sz-type operators involving Charlier poly-

nomials

L,(f;x,a)= Z Hn,k(nx,a)f(%(),

k=0
where

(a-1)nx ~(a)
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Kajla and Agrawal [2—4] discussed some generalizations of Szasz-type operators based on
Charlier polynomials and obtained some direct results such as Voronovskaja-type asymp-
totic theorem, weighted approximation properties, and approximation of functions having
derivatives of bounded variation. For a detailed account of such kind of results for differ-
ent types of sequences of linear positive operators and their linear combinations, we refer
the readers to a recent book [5].

The classical Bernstein-Chlodowsky polynomials are defined as

“ k
Cn(f;x) = pn,k( i )j(_“n):
kXZO: n n

where Pn,k(ﬁ) = (Z)(ﬁ)k(l - %)”"‘, 0 <x < a,, and (a,) is a sequence of positive num-

bers with lim,,_, o @, = 00 and lim,,_, “7” = 0. There are many investigations devoted to
the problem of approximating continuous functions by classical Bernstein-Chlodowsky
polynomials and their generalization.

Agrawal and Ispir in [6] introduced the variant of Szdsz variant-based Charlier polyno-
mials defined as

Su(f3x,a) =Y Tyj(bmy, a)f( ) a>1,

J
C
j=0 "

where (b,,) and (c,,) are increasing sequences of positive numbers such thatc,, > 1, b,, > 1,
lim,_,o(1/cy) = 0, and b,,/c,, =1+ O(1/cyy,). Also, Agrawal and Ispir [6] introduced bivari-
ate operators by combining the Bernstein-Chlodowsky operators and Szasz-Charlier-type
operators as follows:

n o0 k .
St =Y Zm(f) o (b, a)f(;am Ci) )

k=0 j=0 i

for all m,m € N, f € C(l,,) with I,, = {(x,y): 0 <x < a,,y > 0} and C(l,,) = {f : I, —
R* is continuous}. The weighted approximation properties of bivariate modified Szasz op-
erators are studied in [7-9]. Note that the operator S}, , is the tensorial product of .C,, and
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Sy, thatis, 8% =.C, x S5, where

-3 2y ()

and

WSulfizy) = nm,,»(bmy,a)f<x, CL)

j=0

In [7], the authors introduced a bivariate Kantorovich variant of the combination of
Chlodowsky and Szasz-type operators and studied local approximation properties of these
operators. Also, they estimated the approximation order in terms of Peetre’s K-functional
and partial moduli of continuity.

The rest of the paper is as follows. In Section 2, we construct the bivariate Chlodowsky-
Szasz-Kantorovich-Charlier-type operators and the convergence of these operators given
by means of Korovkin’s theorem. Further, some graphical examples to illustrate the rate of
convergence of the operators under consideration are presented. In Section 3, the order
of approximation is obtained with help of the partial moduli and continuity and Peetre’s
K-functional. In Section 4, we study some convergence properties of these operators in
weighted spaces with weighted norm on R? by using the weighted Korovkin-type theo-
rems. In the last section of the paper, we introduce the associated GBS-case (Generalized
Boolean Sum) of these operators and study the degree of approximation by means of the

Lipschitz class of Bogel continuous functions.

2 The construction of the operators

Our goal is to introduce a new bivariate operators associated with a combination of Kan-
torovich variant of the operators given by (2) as follows: For all n,m € N and f € C(I,,),
we define

(3%, y) = —Cm P, < ) mj(bmy, @) f(t s)dtds, (3)
2 S C LRTRY I

where a4 > 1, and the sequences (a,), (b.), and (c,,) are defined as before and satisfy the

following conditions:
nlingo(an/n) =0 and rr}Ln;O(l/cm) =0, blc, =1+ 0Q1/c,). (4)
For operators defined by (3), we have
Comlfi%.9) =G (S (i%.9) =380 (Calfix. ),

where

k+1

(Clfimy) =2 sz( ) / " fey e

n 2o
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and
jtl
280 (i, _cman,(bmy,a) / f(x,5)ds.

Next, the degree of approximation of the operator Cj;,, given by (3) will be established
in the space of continuous function on the compact set I = [0,d] x [0,e] C I,,. For
1;. = [0,d] x [0,e], let C(I;), denote the space of all real-valued continuous functions on
14, endowed with the norm ||f|lc(,,) = SUP(yy)ely, [f(x,9)|. In what follows, let e;; : I, — R,
ei(x,y) =2y, (x,9) € L, (i,)) € N° x N° with i +j < 4, be the two-dimensional test func-
tions. In the following, we give some lemmas. We observe that there are some slips in the
calculation of the moments in Lemma 1 of [6]. We give correct values in the following

lemma.

Lemma 2.1 For the operators ,C;, and S5, we have the following inequalities:

yom

(i) xCilegos®y) =1;

(ii) xCjlew;x,y) =%
(iil) +Ci(exosx,y) = (1— L)a? + 2%

. . _ bwy+1,

(IV) *SLZ (6011x’y) = 267’

b

(V) *Su (eOerry) = Z:zil bm(

. b33 Sb b

(vi) 557, (eosix, ) = ;( P+ EG I Gyt

. bmy4 6 1 2bmy 2
(vii) S (e0a; %, y) = c;*n @Dt (a_1)2) o 2+ @Dt

2
et ( )+ o

Lemma 2.2 The following statements hold;
(i) Cnleoo;x,y) =1;
(ii) C“ m(€10;%,y) = x + 3
(iii) C%,,(eo1;%,) = M + e
(iv) n,m(ezo;x,y) = (1 - 1) 4 2% 4 322,
(V) € (es0iy) = o + 2925 (1= ) 4 B2 - £)(1— 28) 4 3 (4 (1 )2 4 200 4

1,
4a2'

() CEu(enosny) = a4 + 653 2(1— 2) + S (61~ 5)° ~32(1- Z) +

2
B+ 52) +

3
(L= 20029+ S0 - 2P0 -2 - 20 2= 2) - 2027
30,52 2 3 3
2;’7”(963+_ﬂzx_(l_%)+27—2x(l_i)(l_2_x)+ a”(3n2 (l_l)x2+2a"nx)+
n n 2 2 2an
Bl g8+ om)+ SE(gh + (1 A% + ”)ﬂﬁ(’” 2) ¥ 5
(vii) Cy . (eo1;%,y) = _b;fny + 2§m;
by bmy
(viii) C7, (eo2;%,y) = Czy ta 32’
m m
(ix) C* (eo3;% )-b’”y +bz"—2(2 i) bmy(7+ + )t ia
nm\€035%,Y) = 3, 3, \2 " a1 ) (a— 1)2 43:
bt 5 . >’ b 12 8
x) C;,.(e0a;%,y) = c;‘;;: * ci‘: @+ 29+ ﬁ(12+ﬂ+(aill)2)+ C%y(15+ﬂ+(“’1)2+

31
(ﬂ13) m‘
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Proof By Lemma 2.1 we have

j+l (k+1)an
n

" ' ne, om
Cy n(e00;%,y) = p kZOZOP,,k< )Hm,j(bmy,a)/L /ka_n ldtds
] m n
n o0 x
= an,k<_> m,j (bmyr ):
k=0 j=0 n
and
e ICLI (’“Bdn
Gy nlewsx,y) = z, gZPnk( > m»(bmy,a)/i /}ﬂ tdtds
j=0 m n
1(a,\> ka®
:_Zzpnk< >Hm,j(bmyya)(_<_) +_2>
an 12 pn 2\ n n
apn
= — +4&.
2n
Again by Lemma 2.1
i (kDay
}’lCm m n
Chlearing) = kZZPk( Nt [, sdeas
j= om n
11\
_cmZZP,,k l'[m,j(bmy,u) o) =
k=0 j=0 Cm Cm
3 b,
3 b
2, Cm
e jtl (k+)ay
C?(e20;%,) = ka(;XO:Pk< )nm,,(bmy,a) /L_ /L £ dt ds
j= m n
a> Ka: kad
= _;_Zopnk< )Hm,/(bmy’a)<3n3 + 3 + 3 )
2 1\ , 2a.x
1——)x"+ ,
3n? n n
and

jtl (k+1)ay

nc, o !
Ct (esniy) = m Z ank( >1‘[,,,,,(bmy, a) // ﬂa £ dtds
n 1o j=0 an
n oo
x Kad 3kzﬂ§, ka,
= ZPHJ((ﬂn) m/(bmy’a)( 23 * e * 41’13)
k=0 j=0

3a,x> x a’x x 2%
B2 D0
a, n? a, a,
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Further,

j+1 (k+1)an

nm(e4o,x,y)—ncmZZPnk( ) m,(bmy,a)/ / " A deds

@n k=0 j=0

PONHEY

<k4 at 2kal 2k*at kat aﬁ)
X T, (byy, @) + + +

n* n* n*  5n*
x
=xt+6x* 2 (1 - —>

azx? x x x x 2%
7 (6(1- 5 BN (R AT PR AT
n a, ay ay ay an

X X 2x 2x x\2
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and

jtl (k+1)an

ne,y, cm n
Ce . (e0ns%,y) = Zzpnk< )Hm,j(bmy,a) /; /k s dtds

an
”ko;o S

. 2 3
J J J
:Zzpnk< )Hm,](bmy,a)<%+%+67>
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b2 b 1 7
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Again by Lemma 2.1

Jj*l (k+Dan

. HCpm > x e 7
G, a(e03sx,y) = s an’k<a_n>nm’j(bmy’a) /L ﬁﬂ sSdtds

n o0 .2 .
X ;oY g1
= an,k<an> m;(bmy;a)<c_ 2C?ﬂ + % + —>

3 4
m Cm

b2y b y (9 3 by, . 9 2
= + —+ +—|7+ + +—
e S, \2 a-1 e 2@-1) (a-1?2) 4,

Page 6 of 23
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and
HCt e x b
Cz,m(em;x,y) == ZPn,k (—) 1Dy, @) / / s*dtds
an - ay J Jkan
k=0 j=0 c n
n o0 v 3 2
X 2 2 1
= ank(_>nm1(bmy»a)(%+i4 LAL L4 5_4)
k=0 j=0 n m cm cm Cm Cm
byt b yP 6 b2 y? 12 11
= m4y + mf’ <4+ >+ m4)’ (12+—+—2)
ch ch a-1 ch a-1 (a-1)
by ( 12 8 6 ) 31
+—=(15+ + + + —. O
c: a-1 (a-1? (a-1)3 5ck

Remark 2.3 By applying Lemma 2.2 we have

_ xla, —x) a’

Ca (e — %)% x,y) = - o

b 2 b 1 3 10
c® W5y = Z-1) P+ Z(a+—)-= —.
n,m((eol .y) xy) <Cm )y +<an< +ﬂ—1) Cm)y-'-scgn

Hence, for all (x,y) € I,, and sufficiently large n, m, by Lemma 2.2, Remark 2.3, and

condition (4) we can write

Ct. (e 0% ,y) = o(%”) (2}) 5)
()

Cs (e —x)%x,9) =0

2
Co (e —9)%%,9) < tc—a) (Zyl): (7)

and

4
Ca (e —y)%5x,y) < @ (Zyi>, ®)

"o\ i=0

where t(a) and w(a) are constants depending on a > 1. For (x, ) € I, by relations (5) and
(7) we may write

2 2 d2 d 2 2
sz((elo _x)z;x,y) < M + an < M + @ + ﬂ = p(d)a_n, (9)
’ n 3n? n n  3n? n
“ 2 t(a) , 5 t(a) 5 _v@
Cnvm((em—y) ;x,y)fc—(y +y+1)§c—(b +b+1)—c—, (10)

where p(d) is a constant depending on 4, and y(a) is a constant depending on a4 > 1.
Further, let 8,(x) = CZ,.((e0 — 0%%,9), 8u(») = CZ,.((en — 9)%%,9), and 8,u(x,9) =
(O(2) (Lo #) + Z (307, y)M2.
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Definition 2.1 (See [10]) For f € C(Iz) and 8 > 0, the complete modulus of continuity for
the function f(x, ) is defined by

w(f; Smam) = SUP{ lf(t,S) _f(x»y)i : (t,S), (x»)/) € Ide» |t _x| = (Sn: |S_y| = 8m}»

and its partial modulus of continuity with respect to x and y is given by

Of;8)= sup sup {|f(x1,9) - f(®2,9)|},

0<y<e|x1—x7|<é

@@(f;8) = sup sup {[f(w,3) —f(xy2)|}.

0=<x=d [y1-y2|=<8

Definition 2.2 (See [11]) For f € C(Iz) and § > 0, the Peetre’s K-functional and the second
modulus of smoothness are defined respectively as

K(f;8) = énf {IIf - gllcag +8llglc2qy, )
g€

and

wy(f;8) = sup ||Aisf(x,

Vi2+s2<8

where A? f(x,y) = le o(=1)? J(I)f(x +jt,y + js). Here, C%(I,) is the space of functions f

such that af of € C(Ig) (i =1,2). The norm on the space C2(I,,) is defined as

axi” Byl
c(,de)>

It is known that ([12], p.192) there exists a positive constant, independent of § and f,
such that

af

ox!

of
ay!

2
Il 2y = I ez + Z(‘
i=1

Ie) ‘

K(f;8) < L{wz(f;a) + min(1,3)|[f||C(1de)}'

To study the convergence of the sequence {Cj , (f;x,7)}, we shall use the following
Korovkin-type theorem established by Volkov.

Theorem 2.4 Iff € C(lz), then the operators C;; , given by (3) converge uniformly to f on
the compact set 1;, as n,m — oo.

Proof By Lemma 2.2, taking into account the equality (3), we find

lim ||C (eyj;%,y) — ei,»”c(lde) =0, 4j=0,12,

n,m—00

and

lim ||CZ,(ex0 + €023 %)) — €20 + €02 ”C =0.

n,m—00



Agrawal et al. Journal of Inequalities and Applications (2017) 2017:195 Page 9 of 23

The proof of uniform convergence is then completed by applying the Volkov theo-
rem [13]. O

Example 1 For n = m =50 and a, = \/n, b,, = m, ¢,, = m + M’ in Table 1, we have
estimated the absolute difference between the operators C?, (f;x,7) defined in (2) and
the function f(x,y) = xe ™ y*e™. Also, we have estimated the absolute difference between
the operators L}, (f;x,y) defined by Ispir and Buyukyazici [7] and the function f(x,y) =
xe ™ yle .

For n = m =50 and a, = \/n, b, = m, ¢, = m + ﬁ the convergence of bivari-
ate Chlodowsky-Szasz-Kantorovich-Charlier-type operators Cj, , (f;x,y) to the function
flx,y) = xe"‘zyZe‘y is illustrated in Figure l(a) In Table 2, we have estimated the ab-
solute difference between the operators C7, (f;x,y) defined in (3) and the function
flx,y) = ‘xzyZe‘y Also, we have estimated the absolute difference between the opera-
tors Sy, (f;x,7) defined in [6] and the function f(x,y) = xe’xzyZe’y . It easily can be seen
from Table 2 that the absolute difference |C; , (f;x,y) — f(x,9)| < |S;,,,(f;%,9) = f(x,9)|.
Thus, the rate of convergence of the operators Cj;,, to the function is faster compared to
the operators defined in [14].

Example 2 Let us consider the function f : R*> — R, f(x,) = x%¢* cos(ry). For n = m =
50and a =2, a, = /1, by, =m, ¢, = m + \/LW, the convergence of bivariate Chlodowsky-

Table 1 Error of approximation for C; . and L, .,

(x,y) (0.01,0.01) (0.01,0.11) (0.01,0.21) (0.01,0.31) (0.01,0.41) (0.01,0.51)

IChm(Fix,y) = flx,y)]  0.000011 0.000022 0.000032 0.000043 0.000054 0.000064
I m(Eix,y) =l y)] - 0.000036 0.000039 0.000043 0.000046 0.000049 0.000052

Table 2 Error of approximation for C} ,, and S7

(x,y) (0.01,0.01) (0.01,0.11) (0.01,0.21) (0.01,0.31) (0.01,0.41) (0.01,0.51)
IC2 L, (Fix,y) = f(x,y)] 0000011 0.000022 0.000032 0.000043 0.000054 0.000064
IS fX y)—fl.y)| 0000137 0.000152 0.000167 0.000181 0.000196 0.000210

(a) (b)

Figure 1 The convergence of the operators C,‘:;m(f;x;y) to function f(x; y).
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Szdsz-Kantorovich-Charlier-type operators Cy; , (f;, y) to the function f (x, y) is illustrated
in Figure 1(b).

3 Degree of approximation
Now, we obtain the rate of convergence of the approximation of the bivariate operators
defined in (3) by means of modulus of continuity of functions.

Theorem 3.1 Forany f € C(l), we have the following inequalities:

Ce . (F:%9) = f(,9)] <2(0P(£;84) + 0P (f38,))

and

|Ca L (F32,9) = f(x,9)| < 20(F; 8,m)s
where 8, = 8,(x), 8 = 8 (¥), and 8, = 811 (%,y).

Proof From (3) by using Lemma 2.2 and the definition of partial moduli of continuity of a
function f(x,y) we can write

|C L (F%9) —f )] < Co([f(t:5) - f(x9)]i%.9)
< Cou(lf(6:9) ~f(x.5)s2,9) + Cou([f (x,5) = f (5, 9) |6, )
< Ce (@ (1t —xl)ix,9) + Co, (0@ (f; s - ¥1);%,)
<oW(f;8,)(1+8,'Ce, (It —xl;%,9)) + 0@ (F38,,) (L + 8,1 Ce . (Is =yl %,9)).

Then, by the Cauchy-Schwarz inequality we have
1
|Conlfs23) = f(x9)] < 0(£8,) (1 + = { G (e -2, y)}1/2>
1
+ 0@ (f;8,,) <1 ts {CZ,m((em - y)z;x,y) }1/2).

Finally, choosing 8, = 8,,(x) and 8,,, = 8,,,(x), we reach the desired result for all (x,y) € I.
To prove the second part of this theorem, we will use relations (4) and (6) and well-
known properties of the modulus of continuity. Thus, we have

|Crmlf%:9) = f 9] < Cp(@(fs /(£ =22 + (s - 9)%%,9))

< off; SV,,W)(I + Lij’m(\/ (t—x)2+(s —y)2;x,y)>.

87!,7}’1
Recalling the Cauchy-Schwarz inequality, we obtain

1

|Ca . (F:%9) = f(x,9)| < olf; 8,,,,,)(1 *3 (Ca, (=% +(s —y)Z;x,y))l/Z)

n,m

2 2 1/2
(o)) () )
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Taking §,,,, = (O(%‘)(Zio x5 + TC(_,?(Z?:O ¥"))12, we obtain the desired result. In what fol-

lows, we introduce the Lipschitz class in the bivariate case. For 0 <y <land 0 <y, <1,
we define the Lipschitz class

LipL(f; YL Y2) = {f: V(t¢s) _f(xvy)| = L|t—x|y1|5—y|y2},

where (£,5), (x,y) € L.

Theorem 3.2 Suppose that f € Lip; (f; y1, v2). Then, for every (x,y) € Iz, we have
|Conlfi2) =f@3)] < L6 (8",

where 8, = 8,(x) and 8,, = 8,,().

Proof Taking into account that f € Lip, (f; 11, ») and using the monotonicity and linearity
of operators Cy;, (f;%,7), we have

|Ce (i) —fx)| < C2 L ([f(59) = f(x,9);%,9)
<L1C:, (It =x"|s =y x,7)
<L Cr(lt = x|"5%,9)585,(Is — y17%5%, 7).

For (u1,v1) = ( 2z 2

z: q) and (MZ, VZ) = ( 2

%, s ), applying the Holder inequality, we get

|CZ’m(f;x,y) —f(x,y)| < L(xCZ ((t - x)z;x;y))n/2 (ySZ(s —)/)Z;x;y)yz/2

< (828,72,

which implies the desired result.

Theorem 3.3 Let f € C'(I;). Then, for every (x,y) € I, we have the inequality

|Crn(f52.9) = f(x,9)] < M”cude) V8(x) + M ”C(Ide) Vo).

Proof For a fixed point (x, y) € I, and for f € C'(I4,), we obtain

fu,v)=f(x,y) = /uft’(t, v)dt + fvﬂ(x,z)dz for (u,v) € Iy,.
x ¥

Applying the operator defined in (3) to both sides, we obtain

Co . (fu,v)ix,y) - f(x,9) = Cs, < / St v)dt;x, y) +C;, ( / fl(x,2)dz;x, y),
x y

Now, using the sup-norm on I, we get

/x ’ £t v)dt

5/ If, t,v) dt||du| < |[];’||C(ld)|u—x|
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and

"(x,2)dz
y

< [rwalidel < If L, oot
y e

By using these inequalities we have

|G (F (V)i %,9) = f (%,9)|

< CZ,,,( ;x,y) + CZm< / f(x,2)dz ;x,y)
* y

/ fi(tv)dt
<A ||C(1de)ij,m(|u—x|;x,y) + |W”C(Ide)cfl,m(|v_y|;x’y)‘ (11)

Now, applying the Holder inequality, the equality Cy;, (1;x,y) = 1, and Remark 2.3, we get

C(lu—xlxy) < { Ci(=-0%29) xx CiLa )} < [8.0)) " 12)

Analogously,
a * oa 2 * oa 1/2 1/2

Com(lv=xy) < {185,(v=9)%29) x5 S5, Lxy)} ™ < {8.0)} . (13)
Combining equations (11)-(13), we obtain

|Comfix9) =fe)] < ||fi chde v ny ”CIde)V 8m(9)-
This completes the proof. O
Theorem 3.4 Let f € C(I,). Consider the operators

ba(f. an bwy 3

Confix,9) = Cp (fix,9) +f(%,9) f( o . + ZCW,) (14)

Then, for all g € C*(I,,), we have the estimate Co o f5%,9) = f(x,9) < L{wa(f5 v/ Xnm(®, )
min{1, Xpm (I Nl ey} + @(f; \/( )2 + (’W + 50— Y)?), where (%) = O(%”)(x +

bm—cm)y+3)?
x+1)+ (52 + a(y2+y+1)+%.

Proof From (14) by Lemma 2.2 we have (z’ﬁ‘m(l;x,y) =1, sz(u - x;%,9) = 0, and
C'Z'm(v — y;%,%) = 0. By Taylor’s expansion for g € C2(I;), we may write

)
) —gloy) = B8V (4 /( ey gny)
3g(x’y) / V=0 82ga(;2’§)dé“' (15)
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and applying the operators C;‘m (f;x,) to both sides of the equality and using Lemma 2.2,

we obtain

Cz,m(g(u,V);x,y) (g(x,y) </ ( _ ) g(77 J’) 0%,y >

R v g,
+C5,m</ (v-2¢) ‘g(;Zg)d{;x,y)

3
¢ </( i {UIS)) g(n y) mx’y)
i ap 32g(x»77)
- (’”ﬂ‘”) o

e (f( _4)3 g(;“ x)dg’ ’y>

e 2
_/ <M+i_§)ag( C)dC
y Cn 20 ac?

On the other hand, since

u 2
/ (u_n)a g(n y)

_)’

82g(n N, '

a2 (n )
/m— ‘ gy dTI‘S”chZ(Jde)(M—x)z

<ligllcqy,

and

x+ g a, 3%g(n,y) a,\*
—_ _ dn| < | —
/x (% + o n) o 77‘ =< (271) gl 2y,

and, analogously,

v 82 )
/ (v— ) 88) dg’ < lgllca (v — 97
y

ac?
and
bmy+23 b 2 2
cm " 2em m) 3 el g(x’ ;‘) bmy 3
[T (2o it = (g ) o

we conclude that

¢ 3*g(n,y)
[ w-n=E52 4y

)

x+‘2l—z ” 82 ,
/ ey gx,m) dn
; 2n on?

v 82 ;
/(v—c) $068) g :W)
y

16 (g5%7) - g, )] < c:,m(

+

+C*

n,m (

32
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bmy . 3

om *Tom 2
/ : <bﬂ+i_§>ag(x’§)d§’
y Cn 20m ac?

+

k 2 b y 3 2
S =25my) + (=4 o=y ) tlelle, |
a 2
< {O(—H)(x2+x+1) + (—n)
n 2
7(a) ((byy = C1)y + 3)?
# Sy 1)+ T gl
= Xn,m(xxy)”g||c2(1de)- (16)

Additionally, by (3) and (14) and Lemma 2.2 we have

a, b, 3
|Ca (x| <|Co ()| + |[fx)] + L/(m 2—,—y f) <3lfllcuy). 17)
Hence, in view of (3) and (16), we have
o ~ a, buy 3
|Canlfi%3) = fo )| = | Crnlfimy) =flp) +f(x+ 7 == 45— ) =f (@)

<|Conlf =% +[Chulg%9) —g@y)|
n bm 3
+[gCe.9) ~/(o9)] + p(m oy ;) —f(m)'

<4|lf - gllcuy + |CE ulgs % y) - g(x,y)]

a, by 3
+ }j(x+ Z,Z + E) —f(x,y)‘

< (41 - €l + Kom @) gl
5 2
a, bmy 3
+w<f»\/(§> * <Z " 2% _y> )
3 2
ay bmy 3

4K 5 m\Vs ; 9 o 20,

<4K(f; xn, (x)’))‘f‘“(f \/(2n> +<cm " 2%, y> >

< L{oa (5 v/ xnm(@,9)) + min{L, X6 N} f ¢, )}

ACRCE)

This completes the proof. O

4 Weighted approximation properties

Let R? = {(x,y) : 2 > 0,y > 0}, and B,,(R?) be the space of all functions such that |f(x,y)| <
My p(x,y), where (x,y) € R?, and My is a constant depending on a functionf only. By C,,(R?)
we denote the subspace of all continuous functions belonging to B,(R?). It is clear that
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C,(R?) is a linear normed space with the norm |[f |, = sup, )z %. Also, let C%(R2) be
the subspace of all functions f € C,(R?) for which lim T oo 1{ Si')yz = ky < o0.

Lemma 4.1 ([15, 16]) For the sequence of positive linear operators { K, }nm=1 acting from
C,(R?) to B,(R?), it is necessary and sufficient that inequality

| K529, < k
is fulfilled with some positive constant k.

Theorem 4.2 [[15, 16]] If a sequence of positive linear operators K, acting from C,(R*)
to B,(R?) satisfies the conditions

lim || Ky,m(e00;%,9) -1 , =0, (18)
H,m—> 00
lim || Ky m(e0;%9) — %[, =0, (19)
lim || Ky, m(eor; %, 7) - al =0, (20)
71,M—> 00
mlr}gloo ||Kn,m ((ezo + eoz);x,y) - (x2 +y2) ||p =0, (21)

then, for any function f € C’lj(Rf)
lim | Ky f - f||p =0,

n,m— 00

and there exists a function f* € C,(R*) \ C’;(Rf) for which
lim | Kyf™ —f*] = 1.
n,m— 00 o

Theorem 4.3 ([15, 16]) Let K,,,, be a sequence of linear operators acting from C,(R*) to
B,(R?), and let pi(x,y) > 1 be a continuous function for which

p(v) ~
Jim ) 0 (wherev=(x,y)). (22)

If K, satisfies the conditions of Theorem 4.2, then
B Ky £l = 0
Jorallf € C,(R2).
Now, we consider the positive linear operators K, ,, defined by

Cz,m(f; x’y) fOI‘ (xry) € Iandm; (23)

I<n,m(f; x;y) =
f(x,y) for (x,y) € R*\ I,4,,,

where 1,4, = {(x,9) : 0 <x < a,,0 <y < dy}, and (d,) is a sequence such that

lim,,—s o0 Ay = 0.
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Theorem 4.4 Let p(x,y) = 1+ x? + y? be a weight function, and K, ,,(f;x,y) be a sequence
lim || Kymf = flloy =0
71,M—> 00

of linear positive operators defined by (23). Then, for all f € C,(R?), we have

where p1(x,y) is a continuous function satisfying condition (22)
write

Proof First, we show that K, is acting from C,(R?) to B,(R?). Using Lemma 2.2, we can

1
|Kum(pi3) |, <14 (1_ _)

x? 2 x afl
su —  sup

) €ly,dm, P(x»y) ) €ly,d,, :O(x’y) 3712

b2, 2 b 10

e m Ly —m sup AN —

Cot G)elanay POY) Gt @wpelya, PEY) 35,

<1+ Pnm + wn,my
where ¢, ,,, = (1 -

1)+ and ¥, = 2

ﬂn
= +2°2 + 3n2 +
numbers # and m. Hence, we have

. Since limy, ;- 00 @u,m = 2 and

3 2
1imy, — 00 Wnm =0 there exists a positive constant k such that Onm + Wnm < k for all natural
| K5 2,9)|, <1+ K

From Lemma 4.1 we have K, : C,(R?) — B,(R?). If we can show that the conditions of
Theorem 4.2 are satisfied, then the proof of Theorem 4.4 is completed. Using Lemma 2.2
we can obtain (18)-(20). Finally, using Lemma 2.2, we get

| Konm(e20 + €025%,9) = (8 +5°) || | < Vngm + = +

b2,
m_q| = ,
C%}’l ’ nn'm

and since limy, ;. 00 Nym = 0, we obtain the desired result

each function f € C,(R?), we have

d
Theorem 4.5 Let {K,,,,} be a sequence linear positive operators defined by (23). Then, for
lim |[Kymf = fll, =0
n,m— 00

Proof From (18)-(21) we have

i G en e, =

0, ije{0,1},
and

lim ||K
n,m— 00

(€20 + €025 %, ) — (€20 + €02) ||p =0,
and using Theorem 4.2, we obtain the desired result
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Now we compute the order of approximation of the operators C;, in terms of the
weighted modulus of continuity Q(f;6,,d,,) (see [14]) defined by

hy,y+ hy) —fx,
QAfidnda)= sup  sup  LETIITGI oy (24)
(y)ek? Inl=ouiinl<s,  P(6Y)p(hl, h2)

By the properties of weighted modulus of continuity Q(f;§,,8,,) (see [14], p.577) we have

inequality
If(&,5) = f (x,9)| < 8F3 8, 8,) (1 +27 +5%)g(t,2)g(s, ), (25)
where g(t,%) = (1 + 52)(1+ (= %)) and g(s,5) = (1 + 52)(1 + (s - 2)). =

Theorem 4.6 For each f € C}(R"), there exists a positive constant M, independent of n,
m, such that

| fim ) = @) 15 < MQUS3 8, 8)

JSor sufficiently large n,m, where 8, = “* and §,, = @

Proof By the linearity and monotonicity of Cj; , applied to inequality (24) we obtain

‘Cz,m(f;x,y) —f(x,y)| < 8£cm9(f; 8,,,5,”)(1 +a° +y2)
n

k+1

Xank( ) fkwng(t,x)dt

an

00 j+1
X Z O, (bimy, @) /1 g(s,y)ds.
j=0 am

Using the basic result obtained in [17]
gt,x) <2(1+82)(L+8,*(t-x)*) and g(s,y) <2(1+82)(1+8, (s-»%),
we have
|Ca . (F3,9) = f(,)| < 8Q(F3 8 8m) (1 + 57 + %) x {1 + %CZ,m((em —x)4;x,y)}
1 a 4
x {1+ 5_Cn,m((601 -y) ;x,y) .

Hence, by conditions (5) and (8) we immediately have

4
|Ce L (f3,9) = f(x,9)] < 8Q(f3 8, 8m) (L +x” +¥°) x {1 + %O(u—"> (Zx‘)}

Pl
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Choosing 6, = ** and §,, = @, there exists a positive constant M, independent of », m,
such that the following inequality is satisfied:

4 4
’CZ'm(f;x,y) —f(x,y)| §MQ(f;8n,8m)(1 +x2 +y2) X :1 + Zx‘} X {1 + Zyi}.
For sufficiently large n, m, we obtain

| Cron i 9) =f 9| 15 < MQUF; 81, 810),
which implies the desired result. 0

5 Approximation in the space of Bogel continuous functions
In this section, we give a generalization of the operators defined in (3) for the B-continuous
functions. First, we need to introduce a GBS operator related to bivariate Chlodowsky-
Szasz-Kantorovich-Charlier-type operators and investigate some of its smoothness prop-
erties. The concepts of B-continuity and B-differentiability were initiated by Bogel [18, 19].
To provide uniform approximation of B-continuous functions, GBS operators are used.
For the first time, the term GBS operators were introduced by Badea et al. [20, 21]. A well-
known theorem for approximation of B-continuous and B-differentiable functions was
presented and proved by Bogel et al. [18]. Recently, Agrawal and Ispir [6] established the
degree of approximation for bivariate Chlodowsky-Szasz-Charlier-type operators. In [22],
GBS operators of Lupas-Durrmeyer type based on Polya distribution are defined. The de-
gree of approximation is also discussed by means of the mixed modulus of smoothness and
the mixed K-functional. Further, Agrawal and Sidharth [10] introduced the approximation
of Bogel continuous functions by GBS operators and discussed the degree of approxima-
tion by means of the Lipschitz class of Bogel continuous functions, mixed modulus of
smoothness, and the mixed K-functional. Significant contribution in the area of approx-
imation theory are done by several researchers [12, 23-25]. Inspired by the above work,
we propose the GBS operators with the operator defined by relation (3). Now, we recall
some basic definitions and notation. The details can be found in [18, 19].

Let I and ] be compact real intervals,and A = I x J.Foranyf : A — Rand any (¢,s), (x,y) €
A, let A qf(x,y) be the bivariate mixed difference operators defined as

Apsf (x9) =f(t,5) = f(t,y) = f(x,5) + f (%, ).

A function f : A — R is called a B-continuous (Bogel-continuous) at (x,y) € A if

li A ,y) =0.
s ey 0 )
If f is B-continuous at any (x,y) € A, then f is B-continuous on A. We denote by Cj(4) =
{fIf : A — R,f B-bounded on A}, the space of all B-continuous functions on A. A func-
tion f : A — R is called B-differentiable on (x,y) € A if the following limit exists and is
finite:

A(t,s)f(x: )’)

i = Dgf(x,y) < o0.
(ts)—xy) (E—x)(s—y) of (%)
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We denote by Dy(A) = {f|f : A — R,f B-differentiable on A} the space of all B-
differentiable functions.

The function f : A — R is B-bounded on D if there exists K > 0 such that | A g, < K
for all (¢,s), (x,y) € A. Here, if A is a compact subset, then each B-continuous function is a
B-bounded function on A. We denote by B,(A) the space of all B-bounded functions on A
equipped with the norm ||| = sup(, ) . 9ea | Dsf (:9)]-

To evaluate the approximation degree of a B-continuous function using linear posi-
tive operators, an important tool is the mixed modulus of continuity. Let f € By(I,,).
The mixed modulus of continuity of f is the function wg : [0,00) X [0,00) — R defined
by

wp(f381,82) = sup{ A f (%, 9) : [E = x| <81, 15— y| < 82}

for (¢,s), (x,y) € A.

For Iz, = [0,d] x [0, e], let Cy(14) denote the space of all B-continuous functions on I,
and let C(/,.) be the space of all ordinary continuous functions on .

We define the GBS operators of the Cy, ,, given by (3), for any f € C(lz) and n,m € N, by

Sam(f&8)sx,9) = Co,, (f(&,9) +f (%,5) = f(£,5); %, 9) (26)

for all (x,y) € L.
More precisely, for any f € C(I,.), the GBS operator of Chlodowsky-Szédsz-Kantorovich-

Charlier operators is given by

n o0
n X
Stnlfind) = "eny zpn,k(a—) Moy (b @)

k=0 j=0

j+l k+1

X _//. ﬁ (F(t,y) +f(x,8) = f(t,8); %, y) dt ds.

an

m n

Theorem 5.1 Iff € Cy(14.), then for any (x,y) € I and any m,n € N, we have
|Se (f(&8);%,9) = f(%,9)] < 40p(f; 8 8m),
where §,, = (,o(a)%ﬂ)l/2 and 8, = (gc(_:g)uz.

Proof By using the properties of wg we obtain

B (69 < walfi s —y]) < (1 N |,:5_x|)(1 N 'S‘y'>w3(f;an,5m) 27)

n 8}’}’1

for all (x,y),(¢s) € Iz and 8,,8,, > 0. Hence, from the monotonicity and linearity of

the operators S (f(Z,5);%,y), using the Cauchy-Schwarz inequality, we get from (26)
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that

[ S5 (6:8)i,9) = f (6, 9)]

= G| Aenf (6:9)

$%,5)

1
< (CZ,m(eoo;x,y) +—(C (e — %)% x,9)) "

3n
1 a 2 2 1 a 2 1/2
+ S—(Cn,m((eol -%%y)) + s_(c’””((em -x)%%,))
m n
1
X S—(Cz,m((em —J’)Z;x,y))m)ws(f; 81y 8m)-

Using inequalities (9) and (10), we have
|Se (F(t,8);%,9) —f(x,9)]
1 A2 1/2 1 A\ 172
<1+ —(p@Z) += @) + p(a)a—> sta) ,
3 n S \ Cm 810 n Cm

from which the desired result is immediate by choosing §, = (,0(61)"7”)1/2 and §,, =
(M)I/Z. O
Cm

In the following, the approximation of Lipschitz class of B-continuous functions. For
O<y <1,let

Lip, y = {fe Cl,,): ’A(x,ylf[t,s;x,y“ §L||r—s||y},

where r = (4,v), s = (x,9) € I, and ||r - s|| = {(u—x)* + (v—y)?}'/? is the Euclidean norm, be

the Lipschitz class of B-continuous functions. The next result gives the rate of convergence
of the operator Sy, , (f(¢,5);%,7) in terms of the Lipschitz class.

Theorem 5.2 Iff € Lip, y, then for every (x,y) € 1., we have

IS (F(&,5);%,) —f(,9)] < L{8,(0) + 8, ()}
for L>0and y €(0,1].

Proof Using the definition of the operators Som (f(t,s);%,9), we can write

SZ,W! (f(t,s);x,y) = CZ,m (f(x,s) +f(try) —f(t,S);x,y)
= Cz,m (f(x’y) - A(x,y)f(t’ S);x,y)
=f(%2)Cs ,.(e00:%,9) = Cot i ( Ay f (£ 8)3 %, ).

By the hypothesis we get

|54 (F(&8);%,9) = f(%9)] < CLL(| A f(&9)|s2y) <LCE,,(Ir = sI7;5,9).
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For u; = % and vy = ﬁ, applying the Holder inequality and Remark 2.3, we get

‘Sﬁvm(f(t,s);x,y) —f(x,y)‘ < L{CZ,M(HV —s||2,x,y) }y/2

<r{ct, ((u-%%xy)+Co, ((v-37%xy))"
which leads us to the required result. g

Theorem 5.3 Iff € Dy(14.) and Dgf € B(lz), then, for each (x,y) € 14, we get

|5 (3%, 9) = f(,9)| < C{3IIDgS lloo + 20mixed (3 8y ) Va2 + 2/y% + 3 +1}8,8,
+ { Ormixed (F3 8 ) (S Va* + 23 + 62 + 2/y2 +y +1

+8/yt R 2+ y + Va2 + 1),

where 8, = /%, 5,, =/ Z(_,?’ n(a) = max{z(a), w(a)}, and C is a constant depending on n, m
only.

Proof By our hypothesis,

Apyf(t,s) = (t—x)(s—y)Dpf(a,B), withx<a<t;y<p<s.

Clearly,

Dgf(a, B) = Ay Daf (o, B) + Daf(at, y) + Daf (x, B) — Dgf (%, y).
Since Dgf € B(I4.), from the above equalities we have

|5 (A &3, )|
= |5, ((¢ = %)(s - 5)Daf (@, B %,y)|
< St (12 = xlls = 1| Ay Daf (0, B)]0.9)
+ 82, (1t = xlls = yI(| Daf (e,9)| + |Daf (x, B)| + |Daf (. 9)|); %, %)
<82, (1t = 2lls ~ Yl wmixea (Daf; e = 1, |8 = y1);%,7)
+ 311Dgf 10Ss (1 = xlIs = y1;%, 7). (38)

By the properties of mixed modulus of smoothness wmixed We can write

wmixed(DBf§ |Ol _x|! |,3 _y|) < wmixed(DEf; |t_x|! |S —)/|)
< (148,112 =) (1 +8,,Is = 1) Omixed (Daf3 81 8m).  (29)

Combining (28) and (29) and using the Cauchy-Schwarz inequality, we find

|88, (F32,9) = f@, )| =[S, A (£:5);,]

< 31108 oo/ 2 (¢ = 2)2(5 ~ 3)25%,3)
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+(Sa (1t =xlls = yl;2,9) + 8,Se . ((t = %)*|s — yl;%,y)

+ S;MISflym(M —x|(s —y)Z;x,y)

+ 8;13;«1153,;41 ((t - x)Z(S _y)z;xry))wmixed(DBf; Sn’ Sm)
< 31108 ooy S& (£ = 2)2(5 = 3)25%,3)

+(88,,(( =926 - p52.9)

+8,1/8,, (8 = %)% (s - 9)%5%,)

+8,11/82 . ((t = x)2(s — )% %,9)
+8,8,18% . ((t —x)(s _y)2§xyy))wmixed(DBf; 8nrém).  (30)

For (x,9),(t,s) € Iz, and i,j € {1,2}, we have
S (=2 (s = 9)75%,9) = 2B ((t = %)*5),P5, (s - )75 ). (31)

Since, by Remark 2.3,

Bu((t - 2)5) = o(‘;) (2 + %)
Bu((t - %)) = O(%") (x* +2° + 2% + %),

P ((s=9%y) < @(ﬁ +y+1),

m

WP (s=9)%y) < @(y4 +y°+y +y+1),

m

combining (30) and (31) and choosing 8, = /%, §,, =,/ ”C(—y?, and 7n(a) = max(zt(a), w(a)),
we get the required result.

6 Conclussion

The purpose of this paper is to provide a better error estimation of convergence by mod-
ification of Szasz operators. We have defined a Szasz-Kantorovich-Chlodowsky gener-
alization of these modified operators by using Charlier polynomials. This type of mod-
ification enables better error estimation for a certain function in comparison to the
Szasz-Kantorovich-Chlodowsky operators and Szasz-Chlodowsky-type operators based
on Charlier polynomials. We obtained some approximation results via the well-known
Korovkin-type theorem. We have also calculated the rate of convergence of operators by
means of Peetre’s K-functional and partial moduli of continuity. Lastly, we discussed the
degree of approximation for Bogel continuous and Bogel differentiable functions by means
of the Lipschitz class and mixed modulus of smoothness.
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