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1 Introduction
Gronwall-Bellman inequality [1, 2] and Bihari inequality [3] provided important devices
in the study of existence, uniqueness, boundedness, oscillation, stability, invariant mani-
folds and other qualitative properties of solutions to differential equations, integral equa-
tions and integro-differential equations. In the past few decades, a number of studies have
focused on generalizations of the Gronwall-Bellman inequality. For example, in [4-10],
the Gronwall-Bellman-Gamidov type integral inequalities and their generalizations were
studied; in [11-14], the Gronwall-like inequalities and their deformations were investi-
gated; in [15-18], the Volterra type iterated inequalities were discussed; in [19-24], the
Volterra-Fredholm type inequalities were examined.

The Gronwall-Bellman inequality can be stated as follows.

If 4 and f are nonnegative continuous functions on an interval [a, b], and u satisfies the

following inequality:

ut) <c+ /tf(s)u(s) ds, telab], (1.1)

where ¢ > 0 is a constant. Then

u(t) < cexp(/tf(s) ds). (1.2)
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In 2004, Pachpatte [6] investigated the retarded linear Volterra-Fredholm type integral
inequality in two independent variables:

u(x,y) <c+/ / a(x,y,s, t)u(s, t) dtds+/ / b(x,y,s,t)u(s, t) dt ds,
B(o) axo) JBWo)

(*,9) € [%0, M] X [yo,N]. (1.3)

In 2010, Wang [14] investigated a retarded Volterra type integral inequality with two
variables:

X

U (ux,9)) < alx,y) + blx,y) f (5,30 (uls,)) ds

X0

a1(x)  ,BLY)
+d(x,y) [/ fils, ) (u(s, t)) dtds
a1(x0) v B1(y0)

B2y
+ / fz(sr t)(/)2 (M(S: t)) dtds]’ (x¢y) € xOxxl) b’o»)’l) (14)
az(x0) < B2(y0)

In 2014, Lu et al. [21] studied the nonlinear retarded Volterra-Fredholm type iterated
integral inequality:

a(x)
(x,y) <k I (s1, t1)(uls1, 1)
u(x,y +/ /t; 1(81 1601451 1)

51 f

X |:ﬁ(S1,t1)a)1(M(Sht1)) +/ hz(Sz,tz)[ﬁ(sz,tz)wz(u(sz,tz))

(x0) Y B(o)

82 ty
+ / / h3(s3, t3)ws (M(Sg, tg)) dts d53:| dts d52:| dt; ds;
x0) ¥ B(yo)

aM)  rB(N)
+ / / h(s1, tl)w(u(sl: tl)) |: 151, t1)an (M(Sl» tl))
axo) Y B0o)
1 151
+/ / hz(Szyt2)|: 2(52»752)0)2(%(32,752))
a(xo) J B(yo)

) ty
+ / / h3 (53, tg)a)g (M(Sg, tg)) dtg d83:| dtz dSz] dtl dSl,
x0) ¥ Bo
(x,9) € A. (L5)

In 2016, Huang and Wang [23] discussed the retarded nonlinear Volterra-Fredholm type
integral inequality with maxima:

S

a(t)
p(v(t) <k+ /( ) h(s) [ﬁ(S)¢1(V(S)) + hz(f)[ﬁ(f)sz(v(f))

a(ty)
' h dé|drt |d

o[ eron( may o) | a | as
a(T) s

. / hl(s)[ﬁ<s>¢1(v<s>)+ / hz(r)[ﬁ(r)qsz(v(r)) 16
a al(to)

(to)

+ / hg(g)qsg( max v(n))dg}dr} ds, telto,T],

(to)

v(t) <k, telto—htol.



Xu and Ma Journal of Inequalities and Applications (2017) 2017:187 Page 3 of 25

Motivated by the work presented in [14, 21, 23], we establish some new retarded nonlin-
ear Volterra-Fredholm type integral inequality with maxima in two independent variables
in this paper:

00 h [e'9) oo
blute) ke + [ aswiusase [ i [bxs, £%,9)n (1, 0)
alx i=]1 Y% i

+/S /t ci(syn,x,y)¢z<ag[1§;;§] u(a,n)) dé dn] dsdt

b e e
' /2:1: /MM) /ﬂ, [dj(s’ £, 9)Y (uls, )

'j (N)
+ / /t ej(";',r),x,y)l//(arer[lgl)fé] u(a,n)) de dn] dsdt, (x,y) €A, (17)

and

e h [e'¢) [e'¢)
Wy <k [ asowendsed [ f [bxs,t,x,y)u‘ﬁ(s,t)
a(x) i=1 Jai) JBi()

o

+/ / ci(€,1m,%,y) max u’f(a,n)dgdn] dsdt
s Ji oelghE]

b [e'9) oo
+ di(s, t,x,y)u’ (s, t)
/Zl: /Dl/(M) /ﬂ |:

(N)
[e¢] [o¢]
+/ / e(&,n,%,y) max u(o,n)dE dn] dsdt, (x,y)€A. (1.8)
s t oel§,hE]

By the amplification method, differential and integration, and the inverse function, we
obtain the lower bound estimation of the unknown function. The example is given to il-
lustrate the application of our results.

2 Main results

In what follows, R denotes the set of real numbers, R, = [0,+00), [} = [M,+0), I, =
[N, +00) are the given subsets of R, A = I; x I,. C}(£,S) denotes the class of all contin-
uously differentiable functions defined on set € with range in the set S, C(£2,S) denotes
the class of all continuous functions defined on set Q2 with range in the set S, and o/(¢) de-
notes the derived function of a function «/(t). For convenience, we cite some useful lemmas
in the discussion of our proof as follows:

Lemma 2.1 (See [25]) Let u(t), a(t), b(t) be nonnegative and continuous functions defined
fort € R,. Assume that a(t) is non-increasing function for t € R,. If

u(t) <alt) + /00 b(s)u(s)ds, teR,,
then

u(t) < a(t)exp (/*00 b(s) ds), tER,.
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From Lemma 2.1, we can get the generalization in two dimensions.

Lemma 2.2 Let u(x,y), a(x,y), b(x,y) be nonnegative and continuous functions defined for
(x,y) € A. Assume that a(x,y) is a non-increasing function in the first variable. If

u(ry) < alxy) + / bsDuls ) ds, (1) € A,
then
u(x,y) < alx,y) exp(/Oo b(s,y) ds), (x,9) € A.

Lemma 2.3 (See [26]) Assume thata>0,p > g >0, and p #0. Then, for any K >0,

q q-r
a? < =K ? g+

BN

rp—q
p

q
Kr,

S

Theorem 2.1 Suppose that the following conditions hold.:
(i) ¥ € C(R,,R,) is an increasing function and ¥ (u) > 0, Yu > 0, (00) = co. Y7L is the
inverse function of V. @1, @2, p2/¢1 € C(R,, R,) are increasing functions with
@i(u) >0 (i=1,2) for u>0. ¥, @; (i = 1,2) are sub-multiplicative and sub-additive,
that is,

v aB) <y Y B, YT+ B <y )+ T(B),

pi(ap) < gi(a)p:i(B), eila + B) < gi(a) + i(B), «,BER,;

(i) k(x,9),a(x,y) € C(A,R,) and k(x,y) is non-increasing in the first variable;
(i) bi(s,t, %), ci(s, t,%,9), d;(s, t, x, ), €i(s, £, %,y) € C(ALR,) fori=1,2,...,1;
j=12,...,l; b;, ¢;, dj, e are all non-increasing functions in the last two variables;
(iv) o,a;,ap € C(L, 1), Bi, B € Cly, L) are non-decreasing functions with
a(x), ai(x), 05(x) = %, Bi(¥), Bi() =y (i=1,2,...,0;j=1,2,..., ). h > 1 is a constant;
(v) the function u € C(A,R,) satisfies the inequality

o0

0 () < kwy) + [ als, )0 (uls,)) ds

o(x)

h o0 fe’e)
+ bi(s, t,x,y)p1 (u(s, t)
;-/;f(x) -/f;z'(y)|: 1( )

. f f a6 mx y)ga | max u(o,) dé dn] ds dt

Iy
>
j=1 e

o0
(.

/ |:d}'(S, t;x,y)W(u(S’ t))
M) J B

i(N)

(&, 1,%, ,n)) d& dn | dsdt,
+/S /t ej(§ nxy)t/f(arel[lgzﬂu(o n)) & n] s

(x,9) € A, (2.1)
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then we have

ux,y) < v [k y) + WH{ W { W[ Wi (BWM,N) + G (F(M,N)))

+E(x,9)] + Fx, 9} A )},

where

z ds
Wl(z)z/; m, ¢>0,z€(0,+00),

1 1
—— / P~ (W (5)

w1 7 0 E0re)

Gu) = Wz(m(m» — W, (Wi (B(M,N) + ) + E(M,N)),

Page 5 of 25

(2.2)

(2.3)

(2.4)

(2.5)

on condition that W1 (+00) = +00, Wh(+00) = +00, and G(u) is a strictly increasing function

on R,. We have

Alx,y) = exp(/oo afs, y)ds)

B(M,N) = f

i=1 (M

/ N [ (5,6, M, Ny (4= (K(s, DA, )
N
]
. f / &, M, N)gs (¥ (k(s,n)A@,n)))dsdn]dsdt

/ / [d<StMNk<s,t)A(s )

+/ / ej(f»ﬂ’M,N)k(Eyn)A(E,n)dédn]dsdt,

b
DM,N) =) / / [dj(s,t,M,N)A(s,t)

j=1 ot]

+/ / ej(&,n, M,N)A(&,n) d§ dn:| dsdt,
s t

I 0 .
) Z/ o / . bi(s,t, M, N)g1 (v (As, 1)) dsadt,

h I 00 00 poo
_ . -1
Flxy) = §i=1: f N f . [ / / & m % y)es (W (A ) de dn] dsd.

Proof Let

x,y)-Zf f [ 5,8,%,9)1 (uls, 1)

=1 Jelx

+/S ft ci6,m,%, )02 <02[1§Z‘g]”(6’”)> 73 dn] dsdt

(2.7)

(2.8)

(2.9)

(2.10)
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/ / [d (s,t, x,y)xb u(s, t))

j=1 oM

+ / /t e,(g,n,x,y)lp(grelml u(o,n)) dt dn] dsdt. (2.11)

Obviously, z(x, y) is non-increasing in each of the variables. From (2.1), we have

¥ () < ko) + 29) + / als, ) (u(s,)) ds. (2.12)

o(x)

Applying Lemma 2.2, we obtain

w(”(x’y)) = (k(x’y) + Z(xJ’))A(x’y)’ (2.13)

u(x,y) < ¥ (k(xy) +2(x,9)) A, )], (2.14)

where A(x,y) is defined in (2.6), and A(x, y) is non-increasing in the first variable. So we

have

max u(§,y) < max v (k& p) +2(&,9)AE,9)]

&elx,hx]

<[ max (KEAE,) + max (AE)2(E,)

& €lxhx]

< ¥ [k(x0)A®Y) + A, p)z(x,)]. (2.15)
By (2.11), (2.14), (2.15), and condition (i), we deduce
h [e%) [e%)
< Z /a ; /i(y) |:bi(s, t,%y)1 (Y (k(s, )A(s,£)) + ¥ (Als, ) ¥ (205, 1))
[ st ke maen)
U7 A )0l ) d | dsa
/ / [d (s,t,x, y) k(s HA(s, t) + A(s, t)z(s, t))

j=1 oM

. / / &/(&, 1,59 (K(E WA, 1) + A€, )2(E, ) dn] dsdt

h 00 00
- 21: /am / 0) {b"(s’ t,%,9)[ o1 (¥ (k(s,))A(s, 1))
+o (VA6 0))e (v (=(65,0))]
' / OO / " eem e (v (ke A D))
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e oo (U (A ) )a (v (200 )| dn}dsdt

/ / {d(s t, x,y)[ (s, £)A(s, £) + A(s, £)z(s, t)]

j=1 O‘I
. / f e;(E,n,x,y)[k(é,n)A(é,n)+A(E,n)Z($,n)]d$dn}dsdt

< B(x,y) + C(x,7)
L eo  noo
2l [ 9010 4050))n (9 (et 0)

. / f c,»(s,n,x,y)wz(wI(A(s,n)))goz(vf1(z<s,n>))dsdn]dsdt

< B(M,N) + C(M,N)
/ /m[ 5,62,9)01 (¥ (Als, 1)) gn (¥ (25, )
i=1 il 7

. / / Ci(E’ﬂ’x:y)fﬂz(l/fI(A(é:fl)))f/)z(lﬂ1(Z(€777)))d5d77:|d5dt,

V(x,y) € [X,00) x [Y,00), (2.16)

where B(M, N) is defined in (2.7), and C(M, N) is defined as follows:

I
CMN) =) / / [d,(s,t,M,N)A(s,t)z(s,t)

j=1 oM

+ / / (8,1, M, N)A(E, )&, ) d dn] dsadt. (2.17)
s t
VX eh,Yel,forall (x,y) € [X,00) x [Y,00), we have

z(x,y) < B(M,N) + C(M,N)

)

i=1 Y%

. / / 6 m X, Vs (W (A 1)) 2 (v (26 m))) dn} dsdr. (218)

/ [b (5., Vg (¥ (A(s. ) (9™ (2(5,)))
(%) z()’)

Let z1 (x, y) denote the function on the right-hand side of (2.18), which is positive and non-
increasing in each of the variables (x,y) € [X, 00) x [Y, 00). From (2.18), we have

z(x,y) <z1(x,9), V(x,9) € [X,00) x [Y,00), (2.19)

21(00,)’) :B(M:N) + C(M’N) (220)
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Differentiating z; (x, y) with respect to x, we have

h

8 x o0
20D it | )[bi(axx),t,x, Y)er (67 (A(i,)) 1 (0 (e(0,1)))

i-1 iy

o[ [ et x ety e m))en(v ete. ) di e

> —Za§(x) /;;[ i(ci(), £, X, Y )1 (¥ (A (i), £)) ) o (v 7 (21 (i), 2)))

/(/ﬁaénXﬂm (@m»mw*@@m»&mﬂn
V(x,y) € [X,00) x [Y,00). (2.21)
By the monotonicity of ¢, ¢, z1 and the property of «;, B;, from (2.21), we get

(0/0%x)z1 (%, y)
wl(w*l(a(x,y)))

. Za [ [t 2 100 (0 4t )

-1
/ /1q$nXﬂm (@)»%%:%g%%@mﬂ@

V(x,y) € [X,00) x [Y,00). (2.22)
Replacing x with s, and integrating it from x to 0o, we obtain

W, (zl(oo,y)) - Wi(z1(x,%))

>,

i=1 o

+/S /t &0, X Vea (¥ (AE,0))

L e @ E )
a0 @ En)

f |:b (5,6, Vo1 (v (A(s,1)))
i)

d& dr):| dsdt, VY(x,9) € [X,00) x [Y,00), (2.23)

h
Wi(z1(x,p)) < Wi(z1(00,p)) + Z/ / |: 5,6X, ) (v 7 (A(s,1)))

1
/ / (6 X, V(0 (A, )))%dédd dsdt

< Wi(zi (o0 ) +EX,Y) + |: (&,n,X,Y)
s N (R
o (M z(E,m)

< @2 (V7 (AE, ) oWz )

dg dn] dsdt, (2.24)
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where E(X,Y) is defined in (2.9). Let z;(x, y) denote the function on the right-hand side
of (2.24), which is positive and non-increasing in each of the variables (x,) € [X, 00) x
[Y,00). From (2.24), we have

za(xy) < Wil(z2(%,9)),  V(xy) € [X,00) x [V, 00), (2.25)
2(00,y) = Wi(z1(00,)) + E(X, Y). (2.26)

Differentiating z; (x, y) with respect to x, we have

h 00

Iz2(xy) '
ox —;ai(x)/

ﬂ'(y)[/,( )/ &, X, Vea (¥ (AE,m)))

« o(YHz1(E,m)))
e1(¥v Yz, 1))

h . ~ -~
_ / ' iy
- ;al(x) ﬁi(y)|:/0l,'(x)/t ci&,n, X, Y)pa (™ (A€, m))

« e (YW (228, m))))
o1 (U1 (W (28, 1))

dg dn:| dt

di dn] dt. (2.27)

By the monotonicity of ¢2/¢; and z,, from (2.27), we obtain

@1 (T (W (22 (x,9)))) (3/8%) 22 (. 9)
(1 (Wi (22 (x,9))))

I o 0o ~
— / (En, X, -1(4 ’ de dn | at. '
- igl:al(x)/ﬁi@)[/ai(x)[ ci(§:m, X, V)ga (¥ (A6, m)) d 77] L (2.28)

Replace x with s, and integrating it from x to co, we get
W (22(%,9)) < Wa(22(00,9)) + F(%,%, X, Y), (2.29)
where
o e
Fanx -3
i=1 Jail

Obviously, F(x,y,x,y) = F(x,7), which is defined in (2.10). From (2.19), (2.20), (2.25), (2.26)
and (2.29), we have

)/.@)[/ / Ct(E,n,X,Y)</’2(W1(A(E,n)))d§dn]dsdt.

X,

z(x,y) < z1(x,y) < Wil (z2(x,9))
< WTH{ WL H{ W[ Wi (BM,N) + C(M,N)) + EXX,Y)] + F(x,5,. X, Y)}},

Y(x,y) € [X,00) x [Y,00). (2.30)
Since X and Y are chosen arbitrarily, we have

z(x,y) < z1(x,y) < WH{ W5 { Wo[ Wi (B(M,N) + C(M,N)) + E(x,)] + F(x,)}},

V(x,y) € [M, 00) x [N, 00). (2.31)
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By the definition of C(M, N) and (2.19), we get

C(M,N) < Zl(MiN)D(M:N)
< WiH{ W5 {Wa[ Wi (B(M, N) + C(M,N)) + E(M,N)]

+ F(M,N)}}D(M, N),

or

Page 10 of 25

(2.32)

Wz[m(C(M’N)ﬂ - Wo[Wi(B(M,N) + C(M,N)) + E(M,N)] < F(M,N), (2.33)

D(M,N)

where D(M, N) is defined in (2.8). By (2.5) and the hypothesis of G, we obtain
C(M,N)<G™! (F(M,N)).

Combining (2.31), (2.34) and (2.14), we get the desired result.

Corollary2.1 Let the functions k, a, o, bi, ¢;, 0, B (i = 1,2,...,0), dj, e, 05, B (= 1,2,...,

(2.34)

O

b)

and u be defined as in Theorem 2.1, p is a positive constant and p > 1. If the function u(x,y)

satisfies the inequality,

' (x,y) < k(x,y) + /

a(x)

a(s,y)u (s, y) ds+Z/ / [ (s, 8,2, 9)u(s, t)

o0
. f / &, 1,%y) max M(G,n)dédn]dsdt
o€l hE]

+Z/ M)/,S(N)[ (s, 6,2, 9)u (s, 1)

+/ / ej(&,m,x,y) max up(a,n))dédr/] dsdt, (x,y) € A,
s t o€lé,hé]

then: (i) if p > 1, we have

u(x,y) < { {k(x,y)

L 1

+ [[E(M,N) + Gl_l(lﬁj"(M,N))]pTl 7117"( y):| " }A(x,y)}p,

where

~ h o0 o0 1 1
BM,N)=Y" / / [b,»(s, t, M, N)k? (s, ))A7 (s, £)
i=1 Y aiM) JBi(N)

. / h f Ooci(s,n,M,N)kz%(s,n)A%(s,n)dsdn] dsdt
s t

(2.35)

(2.36)
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b 00 00
> / / [d,(s, t, M, N)k(s,)A(s, ?)
j=1 aj(M) /3](1\[)

. / / e,»(s,n,M,N)k(s,n)A(s,mdsdn] dsd,

h 00 00 1
f(x,y) = Zf f |:bi(s, t,x,y)AP (s, t)
i1 Jeilx) JBi(y)
+/ / Ci(grn’x)y)A;(Ern)den] dsdt,
s t

P u 7~ el
o+ ;5| (o) - E0nm+0” ]

on condition that Gy(u) is a strictly increasing function on R,.
(ii) If p = 1, we have

B(M,N)exp (F(,)) } Alsy)

u(x,y) < |:k(x’y) + 1 —D(M,N) exp(F(M,N))

where
D(M,N)exp (F(M,N)) <1
and

h oo oo
sn-Y [ f [bi(s, £, M, NK(s, DAGs, 1
i=1 a;(M) J Bi(N)

. / / ci(é,n,M,N)k(S,n)A(S,n)dédn]dsdt

h 00 o8]
£y f / [d,-(s, t, M, N)k(s, t)A(s, t)
j=1 aj(M) ﬂ;(N )

+ / / e,(s,n,M,N>k<s,n)A(&n)dédn]dsdt,

_ h 00 00
F(x,y) = Z / / [bi(s, t,x,9)A(s, t)
i=1 Y)Y Bi)

+ / / ci(&,n,%,9)AE, n) d dn] dsdt.
s t

Proof Inequality (2.35) followed by letting v (u(x, ) = u?(x, ), 1(u(x,5)) = @2(u(x,y))

u(x,y) in Theorem 2.1. Then ¥ (u(x,y)) = ul%(x,y) and (1 + v)!l’ < u% + vll’, (uV)llY

L1
urve,

Page 11 of 25

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)
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If p > 1, we have

Z du p p
Wl(Z)Z/ W:Ezl’ —p_lcp,
c

1 pa\
Wll(z)z(pTz+cpP) .

Applying Theorem 2.1, we can easily get (2.36).
If p =1, we have

Wi(z) = Zd—: =Inz-Inc, Wfl(z)zcexpz,
G(u)—W(L>—W(§(MN)+u)—ln “
2T b, N P " DM N)BOM,N) + 1)

Obviously, G (u) is a strictly increasing function on R,, G;(u) is the inverse of Gy (u), we

get

B(M,N)D(M, N)exp (i)

1 _
G2 ) = = DL N exp )

, D(M,N)exp(u) <1,

where B(M, N) is defined in (2.42). Applying Theorem 2.1, we can easily get (2.40). Details

are omitted here. O

Theorem 2.2 Suppose that the following conditions hold:
(i) (ii)-(iv) of Theorem 2.1 are satisfied;
(ii) gi, r; are nonnegative constants withp > q;, p > r;,i=1,2,...,l, and ¢;, 8; are
nonnegative constants with p > gj, p > 8j,j=1,2,...,l.

If (x,9) € A, u(x,y) satisfies the following inequality:

0 h 00 00
uP(x,y) < kx,y) + / als,y)u(s,y)ds+ ) / / [bi(s, t, %, y)u’ (s, t)
a(x) i-1 Joil®) I Bi0)

+/ f ci(&,m,%,y) max u’i(a,n)dédn] dsdt
s t o€l§,hE]

I
>
j=1 e

/ [d,-(s, t,%,y)u’ (s, t)
o) J B(N)

+/ / ei(&,m,%,) n{l;l;g]uaf(o,n))dédn] dsdt, (x,y) €A, (2.44)
s t oE€ls,

]

then we have

1
p

Bi(M.N) exp(Fl(x,y))]A(x,y)}, (x,9) € A, (2.45)

u(x,y) < ”k(x,y) + T(MN)
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where

q;-

@i "5 P—di G
1(M,N) = Z bi(s,t, M, N)AP (s, )| =K, ¥ k(s,£) + K
i(N) p p

" f f cE,n, M, N)A? (€,1)

R _yp
x [EK/ ke, ) + 21K }dsdn}dsdt
p p

Iy 00 00 e &j-p &
4 & 7 F P-& .7
+ E / / {dj(s, t, M,N)AP (s, t)|:—1<3 k(s,t) + K :|
j=1 M) SN p p

/fe,Sn,MN AT &,n)

[8 1<4 k(g n) + p811<4 }ds dn}dsdt, (2.46)

Fi(x,y) = Z/ / |:b (st x,y)Ap (s, t) I(qu

+ / / & mx AP (€ 1<:pp dsdn}dsdt (2.47)

&—p

I
Di(M,N) = Z/ / [d (s,t, M, N)AP (s,t) ]K3 exp (Fi(s,£))

g

f / (6,1, M, N)AT €, n)}—; *x eXp(Fl(s,n))den]dsdt

<L (2.48)

Proof Let

x,y)—Zf f |: (s, t,x,y)uti(s,t)

+/ / ci(&,m,%,y) max u"'(a,n)dsdn] dsdt
s Js oeléhs]

b [ o)
S [d,(s, £, 5,)
j=1 M) J BN

+/ / ei(&,n,%,y) max ui(o,n))dE dn] dsdt. (2.49)
s ¢ oelg,hE]

Obviously, z(x,y) is non-increasing in every variable. From (2.44) and (2.49), we have

[ee]

uP (x,y) < k(x,y) + z(x,y) + / a(s, y)u? (s,y) ds. (2.50)

o(x)
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By Lemma 2.2, we obtain

P (x,9) < [k(x,9) + 2(x,9)|A(x,y), (%) € [M, 00) x [N, 00), (2.51)
where A(x,y) is defined in (2.6). Then we get

ul,) < [(kGx ) + 26 ) A N],  (59) € (M, 00) x [N, 00). (2.52)
By Lemma 2.3, we have

u(x,y) < [(k(s,y) + 2(6.9) A )] *

, a4 _g 4
§Aq7(x,y)[@1<1 P (kx,y) + 2(x,9)) + p q’Kl"}
p p
qi i i L
:AF(x,y)[ 7 k(x,y)+p 4 ( Z 1” z(x,y)]
p p p

max wi(6,y) < max [(k(E,) +2(6,9)AE0)]”

[(fﬁfﬁ‘ k(&, y)+ max Z(E y)) én[la,f]A(E J’)] (2.53)

7 ri=p -1 i
5Ap(x,y)|:rl(2 (k(x,y)+z(x,y))+pp’ P]

ri—p ., T . ri-p

—Ap(x,y)[r K,” k(x,y)+ r’Kf + EKZ” z(x,y):|,
p

A
»

—& g I*
Ly SNy z(x,y)},
p

& . /_
u’(x,y) < A7 (x,9) [iKg P k(x,y) +
p

P _8 G s P
max u/(é y)<A!’(x,y)|: 2K, o k(x,y)+ 'k} + 1K," z(x,y)i|.
&elxh p V4 p

Combining (2.53) and (2.49), we have

P

z(x,y)<Z/ / {b(s,t X )AT (s, t)[ LK k(s t)

1(F @K

i—P
p

P—%‘

z(s, t)}

/ / e, 5 AP (E, n)[ 'K,” k(Em)

rl‘P

+P- %K 2, n)} de dn} dsdt

Iy &P
+ Z/a / {d (s, ¢, x,y)AP (s, t)|: K,* k(s t)

L 0 e P
Py G z(s,t)]
r

p
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/ / (6 AT (&, n)[ 5 ke

_8 G A
P —’1<4 7, n)} de dn} dsdt
p

=Bi(x,y) + Ci(x,p) + Z/ )/ I:b(stx,y)AP(s,t)qlK z(s, t)

P

. / / e x AR € Kf (s,n)dsdn]dsdt

SBI(M)N) + Cl(MrN)

h oo o0 4 qi 4P
+ Z / / |:bz’(5; t,x,y)AP (5,6) =K, 7 z(s,t)
i1 Joui@ B p

o0 o0 ri Vl—p
: / / 660 )% 6 LK (é,n)d%‘dn]dsdt,

(x,9) € [M, 00) x [N, 00), (2.54)

where B;(M, N) is defined in (2.46), C;(M, N) is defined as follows:

& .gr
aw, N)_Z / ) / [d,(s, £, M,N)A? (s, t)%KS" 2(s, 1)
(M) J (N

/ / (6,1, M, N)AY (. n) 2, n)dédn]dsdt (2.55)

VX € [, VY € I, for all (x,5) € [X,00) x [Y,00), we have

z(x,y) < B1(M,N) +C1MN)+Z/ / |: (s, 6, X, YAI’(s t)ZLK z(s,t)

’1_17

/ / 660 X AF € 1) K, Z(S,n)dédn}dsdt. (2.56)

Let z;(x, y) denote the function on the right-hand side of (2.56), which is positive and non-

increasing in each of the variables (x,y) € [X, 00) x [Y, 00). From (2.56), we have

zZ(xy) <z1(x,y), (%) €[X,00) x [Y,00), (2.57)

21(00;)’) :Bl(M’N)"'Cl(M’N)' (258)

Differentiating z; (x, y) with respect to x, we have

qi—p

=-Za(x)f [ (i), 8, X, Y)Aﬂ(a(x)t)z 7 z(e(x), ¢)

8Z1 (xy

Ti r; 2P
. / ) / 66X, )AF 6, 21 z(s,n)dsdn] dt
a;(x) Jit



Xu and Ma Journal of Inequalities and Applications (2017) 2017:187 Page 16 of 25

Zot (x)/ |: a,(x) t,X, Y)AP (al(x) t)jl;l(l (ozi(x), t)

. f f & X, VAT (£,1) gxﬁp (e ) d dn} dt. (2.59)
aj(x) Jt

Dividing both sides of (2.59) by z1(x,), noticing that z;(x,y) is non-increasing in each
variable, we have

0/30)2(xy) < [ © T
lry) Z f (o), £, X, Y)AT (¢ ,(x),t)pl(l

/ / i n, X, YA (£, e Tig,? dsdn]
(%,9) € [X,00) x [Y,00). (2.60)
Replace x with s, and integrate it from x to oo, we get
z1(%,y) < z1(00,9) exp (Fi(%, %, X,Y)), (x,9) € [X,00) x [Y,00), (2.61)

where

qi-r

Fi(%,9,X, Y)_Z/ )/ [b (5,6, X, Y)A? (s, t) 'K, ?

P

+/ / &, X, Y)AP(;; n)— K;" d& dr):| dsdt. (2.62)
s t

It is obvious that Fi(x, y,x,y) = Fi(x,y), which is defined in (2.47). From (2.57), (2.58) and
(2.61), we get

z(%,y) < [Bi(M,N) + Ci(M,N) ] exp (Fi(%, %, X,Y)), (%) € [X,00) x [Y,00). (2.63)
Due to the fact that X, Y are chosen arbitrarily, we have
Z(x:)’) =< [Bl(M’N)+C1(M7N)] exp (Fl(x)y))¢ (x7y) € [M,OO) X [N,OO) (264)

By the definition of C;(M, N), we have

&P

h oo &j e 1=
Bi(M,N) + C;(M,N) < B;(M,N di(s,t, M,N)A? (s,t) LK, "
(M,N) + G, N) < Bi( )+Z/ /ﬁ,<N>[’(” % 5.2k,
[Bl(M N) + C1(M,N) ]exp (Fl(s, )
; f N f we,<s,n,M,N>A?(s,n>f;’1<4j7
x [Bi(M,N) + Ci(M, N)] exp (F1(&,n)) d§ dn} dsdt

< Bi(M,N) + [Bi(M,N) + C;(M,N)|D\(M,N), (2.65)
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where D;(M, N) is defined in (2.48). Then, according to D;(M,N) <1, we have

Bi(M,N)
BI(M,N) + Cl(M,N) < m. (2.66)

From (2.64) and (2.66), we get

Bi(M,N
) < #(M;\z) exp (Fily),  (9) € [M,00) x [N, 00). (2.67)
Combining (2.52) and (2.67), we obtain the desired result. O

Remark 2.1 If g; =r; =1 (i=1,2,...,h), 6 =8 =p (j = 1,2,..., 1), the inequality (2.44)
becomes (2.35), but the proof of Theorem 2.2 is different from that of Corollary 2.1.

Corollary2.2 Letk,a,o, o, B, biy ¢ (i=1,2,...,0), a5 B, dj, e (i = 1,2,..., 1) be defined as
in Theorem 2.1, then q, r are nonnegative constants with0 < q <2,0 <r <2.For (x,y) € A,

u(x,y) satisfies the following inequality:

u?(x,y) < kx,y) + / als,y)u’(s,y) ds
alx)

h 0o poo

+ bi(s, t,x,y)ul(s, t)

;/axx) / ,»(y)[

+/ / ci(&,m,%x,y) max u’(a,n)di—‘dn:|dsdt
s t oelé ht]

12 o0 o0
+ Z/ / I:dI(S; t)x!y)u(s’ t)
1 aj(M) J B;(N)

[ enany rr[lgaﬁﬂu(o,n))dédn}dsdt, wyen  (268)
s ¢ o€,

then we have

1
2

BN _ o (Fz(x:)’))}A(x,J’)} , (2.69)

u(x,y) < ”:k(x,y) + m

where

=
2

(o] q q 2
/ [bl-(s, t,x,9)A2 (s, 8) =K,
) J i) 2

b oo
Fyxy) = Z/
i=1 Yl

o0 o0 ’ ﬂ
‘ / / ci(“;‘,n,x,y)AT(E,n)gI(zz dgdn] dsdt, (2.70)
s t

X,
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By(M,N)

42 2_g 4
Z/ / {b(s,tMN)AZ(s,t)[ K, k(s,t)+Tqu2]

+/ / ci(&, 1, M,N)AZ (&, n)[ 72 k(&, n)+—1<2}d$dn}dsdt
s t

b )
-1 1 1
2 / / { s,tMN)A2(s,t)|: I<32k(s,t)+—K32:|
j=1 (M) J (N 2

00 oo 1 1 -1 1 1
+ / / e/(g» U,M>N)A7 (E} ’7)|:§K4 2/((5’ T]) + EI<421| d‘i: d’?} det’ (2'71)
s t
Dy(M,N) = Z/ f [ (s,t, M, N)A2 (s, t) 1< exp (Fa(s,1))
o (M) J Bi(N.

. / / o/(&, 7, M, N)AS (5, n) f<ﬁexp(Fz(s,m)dsdn]dsdt

(2.72)

Proof Inequality (2.68) follows by inequality (2.44) withp=2,¢q,=q,r;=r (i=1,2,..., L),
g =68=1(=1,2,...,1). Then, applying Theorem 2.2, we can easily get (2.69). Details are
omitted here. O

Remark 2.2 As one can see, the established results above mainly deal with Volterra-
Fredholm type integral inequalities with maxima in two variables. And they are differ-
ent from the results presented in [14, 21, 23]. In Theorem 2.1, in the case of one variable,
if we take k(x,y) = k, a(x,y) =0, L =l =1, bi(s, t,%,9) = di(s, t,%,9) = hi(s), c1(§,m,%,y) =
e1(&,n,x,9) = ha(§), ¥ (u) = ¢1(u), ¥ (u) = p2(u) in the second iterated integral, orderly, we
will get the inequality that is similar to inequality (1.5). If the above conditions are satisfied
in two dimensions and ¢, (maxg e ne) (o, 1)) = p2(u(€, n)), we get analogs of the inequal-
ity (1.4). And if we take [y = 2, [ = 0, b;(s,t,x,9) = fi(s,£), ci(§,1,%,7) = 0 in Theorem 2.1,
inequality (2.1) reduces to (1.3).

3 Applications in the integral equation

In this section, we apply our results in Theorem 2.1 and Theorem 2.2 to study the retarded
Volterra-Fredholm type integral equations with maxima in two variables. Some results on
the boundedness of their solutions are presented, which demonstrate that our results can

be used to investigate the qualitative properties of solutions of some integral equations.

Example We consider the retarded Volterra-Fredholm type integral equation of the form

¥ (v(x,9)) = g1(x, ) + / &)V (v(s + p(s),y)) ds

X
h o) o)
+ Z/x /y Fi; (s, t,x,y,v(s +pi(8), £+ 74(2)),
i-1

Fls,tx,, max vio,n+y; )d dn | dsdt
/ / . Y el pEVMe e ))1( 1+ i) ) d n)
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b oo oo
+ Z/ / Gy <s, 6%, v(s + pj(s), t + y(t)),
o Im N

o0 o0
G f(s,t,x, 2 max vio,n + y( ))d d )dsdt,
fs /t & Y el n @V o€ (o +)(m) ) dé dn

(x,9) € A. (3.1)

Suppose that the following conditions hold:
1) &%), £2(x,9), v(x,y) € C(A,R);
(ii) %+ p(x), x + p;(x), x + p;(x) € CYI,I) and y + y;(9), y + vi(y) € CM(I, I) are strictly

increasing with
p(M) = pi(M) = p(M) =0, 7i(N) = y(N) =0,
p(x) =0, pix) > 0, pjx) =0 forx>M,
vi(y) = 0, ¥(») =0 fory >N,
p®)>-1,  pia)>-1,  pix)>-1,

vi() > -1, yj’(y) >-1 (=12,....0;j=12,....h);

(ili) Fii Gij € C(A? x R%,R), Fy;, Goj € C(A* X R,R) (i=1,2,...,51;;j=1,2,...,1»).

Let a(x) = x + p(x), ai(x) = x + pi(x), oj(x) = x + p;(x), Bi(y) =y + vi(¥), BiY) =y + v;(»).
Then o, a;, @), B;, B; satisfy the condition (iv) of Theorem 2.1.

Theorem 3.1 In Eq. (3.1), suppose that the following conditions hold:

Y (vxy) =vxy), ey <k@xy),  |omy)| <alxy),

|Fui(s,t,,,u,v)| < bis, t,%,9) @1 (|ul) + V],

|Foi(s, t,,y,0)| < cils, 6, 0)@a (), i=1,2,...,0, (3.2)
|Guys, 2,3, 1,v)| < di(s, t,%,9) ul + V],

‘Gz,»(s,t,x,y, u)’ <es,t,x)ul, j=12,...,h,

where k, a, b;, c;, d;, e, ¢1, ¢ are defined in Theorem 2.1. Assume that the function

Gs(u) = Wz(Wl(m)) — Wa(Wh(Bs(M,N) + u) + Es(M, N)) is increasing. Then we have

the following estimate:

[vx,p)| < [k y) + WH{ W5 { Wa[ W3 (Bs (M, N) + G5* (F3(M, N)))

+E3(x,9)] + Fs(x,0) }}A1(x,9),  (x9) € A, (3.3)

where

Ax(x,y) = exp </ )Mla(ot_l(s),y) ds), (3.4)

(€3
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B3;(M,N)

Z / / Mth,[l 71(5), B7(8), M, N) oy (K, )41 (s, 1))

. / f MuuMoic (), B7(), M, N) o (K(E )AL E, ) dn] dsdt

%3 0 o
' Z /a ) My [dj(af_ 1), B (0, M, N)k(s, D) As (s, )
+/ / Mlezjej(aj‘l(E),ﬂj‘l(n),M,N)k(E,n)Al(E,n) d& dn] dsdt,

3
3(M,N) = Z/ / M1;M2,|: 1(S) ,3 (L‘),M,N)Al(s,t)

+ / / MyMaye (7€), B701), M, N) Ay (€, ) d dn} dsadt,

h
EMN) =Y / . " MuMubi(o7 (), B0, M N (Ar(s, 1) ddi,

h 00 00
Awn=Y [ [

x [ / / e (0 (6), 7)) palAs (€, ) d dn} dsat,

M; =max ————— < 09,
T en a'(a—l(x»
1 1 .
M1i=maX7<OO, M2i= o0, l=1,2,...,ll;

L <00 M,; = max ; <00
’ Y7 ek B(B)

xel orj(ert(x))

M1j= j=1,2,...,lz;

max ————
weh oo (%))
W1, W, are defined in Theorem 2.1.

Proof By applying the conditions (3.2) to (3.1), we have

[
y

+Z f / [b(s,tx,ym({ (s + pils), £+ 7:(0) )

/ / cl(Enx,y)qoz(

I 0 0o
+Z/M /N [d”(s’t"“’yﬂv(s+p;<s>,t+y;m)l

/ / &(&,1,%,)

ael&+pi(§)h(E+pi(§))]

o €[&+p(&) (5 +p;(§))]

max v(o,n +v(n) } de dni| dsdt

Page 20 of 25

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

max v(o, n+ yl'(n)) D d& dn:| dsdt
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o 1
<ks)+ [ ol 09) o] i

/ . / [ (@16), 70,3, 9)n ([5,)])
(o1 -1
+/S /t ci(e ' (€), B; (n),x,y)<p2<ag[1§z<£]|1/(0,n)|)

1 1 1 1
déd dsd
@) BB ”] @©) BE)

+Ii/o: / |: _1 (), B Y1), x, )|v(s, ‘

N / / &i(o71(6), B (), ,)

1 1
oj((8)) B(B ()

1 1
dé d dsd,
¢ "]a,f(a,fl(s)) )

Bl

<k(wy)+ / | Mia(e(9,) s ds

h o0 o]
Mabh (oL -1
+ Z\/;i(x) /i(y) [MIZM2lbl(al (5)113, (t)yx:y)¢1(|V(S, t)|)

e[ e €057 0 )en  ma o) i asa
)

+Zf; / |:M1;M2] l(s) B (), %, y) |[v(s, 0)]
/ / M2M2 (é_—)’ﬁj—l(n)’x’y)

X max {V(o, 77){ d& dni| ds dt, (3.10)
o€l§,hE]

for (x,y) € A, where My, My, My; (i =1,2,..., L), Myj, My (j=1,2,...,15) are defined in
(3.9). Applying the results of Theorem 2.1 to (3.10) with ¥ () = u, a(s,y) = Mya(a~'(s),y),
bi(s,t,x%,y) = MyuMaybi(o'(s), B (2),%,9), ci(6,mx,y) = MiMscila;(§), B (n),%,9),
di(s,t,x,y) = MyMydi(e;'(s), B7(0),%,9), €(&,n,%y) = MiMsea;'(5), ;' (n),x,y), we
obtain the desired estimation (3.3). O

Theorem 3.2 In equation (3.1), suppose that the following conditions hold:

Y (v(x9) =¥ x), ey <k@y),  |ewy)| <ay),

‘Fli(s» L%, Y, U, V)| < bi(s, t,,y)|ul? + |v|,

‘le'(s, t,x,, u)‘ <c(s,t,xy)|ul, i=12,...,0, (3.11)
|G1j(s, t,x, 9, U, V)| <dj(s, t,%,9)ul’ + |vl,

|G2]‘(S, tyx;y; u)| =< 61'(5, t,x,y)|l'i|8j, ] = 1; 2" . ';12,
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where p, qi, 1;, €, 8, bi, ¢, dj, i (i=1,2,...,h; j=1,2,..., 1) are defined as in Theorem 2.2.
Then we have the following estimate:

1

Bs(M.N) exp (ﬂ(x,y))]Al(x,y)}p , (3.12)

|V(x,y)| = ”k(x,y) + T(MN)

where

h o0 4i
B4(M,N)=Z/4M) N Ml,Mz,{ i (6), B0 M N)AY (5,0)

[q’KI" kGs,0)+ D=L h ]
2 2

+/S /; MuMziCi(a,-_l(g):lgfl(n)rM’N)

" n)[ K, ke + 2 Kﬂdsdn}dsdt

12 o0
+Z/ . MUMZ,{ (o 1(s)ﬁ1(t)MN)A (S,t)

e e G
x |:—’K3" k(s £) + £=9 1(3”}
p p

+/s /t MyMoe; (e ), B (1), M, N)

6 (S/p

XA”(E n)[p]K; ke, + 2

5
— Ik ] dt dn} dsdt, (3.13)

b [e'9) [e'e)
Dy(M,N) = f MMy
j=1 O‘j(M) ﬂ/(N)

,_17

X |: ( “L(s), B L), M, N) (s,t) K3 exp (F4(s,t))

+ /S /t Mll‘Mz}‘ej(ajil(‘é;‘)’ﬂ/‘il(n)’M’N)

i PV 4
x AL (€, n);jlg P exp (F4(E, n)) dé dni| dsdt

<1, (3.14)

ll 00
Euxy) =Y / . MIZMZ,[ (o (5), B0, %, 9) A (m)‘ll
i=1 i i

+f / MyiMoici (o' (€), B (n), %, y)

ri-p

xA (S n) sz d& dr]:| dsdt. (3.15)
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Proof Applying the conditions of (3.11) to (3.1), we have

|V(x,y)|p§k(x,y)+/ a(s,y)|v(s+,0(s),y)|pds
I [e%) [e')
bi(xt’ ) ) + i( )»t+ i(t) B
+i21:/x/y.|:sxy‘v(s pils Y, )

+ f N f " may)

123 o oo |
+ ; /M /N |:d/(5, t,x,y)|v(s + ,Oj(s),t + )/,(t))‘ j

//e,(f;‘ 0%y

<k(x,y)+/ a( (s)y)|v(s,y)|

ri
max vio,n + yi(n) ’ dé d ]dsdt
oelE+oi(E)hE+oi(©))] (o2 + vi(m) | ds

8
ax vio,n+y; dé dn | dsdt
ae[sw,() (e +p(€)) (o1 y’("))‘ § "}

1
i)

/ /[ o; (), B (0) %) [ W(s,
/ f (e ®), B (), %,9)

1 1
ai(a,-‘l(*;‘)) Bi(B ()

+Z/ M)/ﬂ [ o' (s), B (@), x,p) V(s 1)]

+»/s. /t. ei(“}’il(s)’ﬁ/fl(n)’x’y)

1 1
déd dsd
: "] @o) B

X max |
o€l§,hE]

1 1
x max [vio, )| @ @) BB ) déd"]
1 ! dsdt

/(@ (9) B(B7(0)

<k(x,y) + /( Mla(afl(s),y)|v(5,y)|!’ ds

+ Z/ /lu) |:M11M21 i (S)’ ,Bj_l(t)rx!y) ‘V(Sr t)’qi

/ f MEMici(o7(€), B (n), %, ) max |v(a )" dédn} dsdt

+Z/ M)/ﬂ [M1,M2, 1(s) ,3 ®),%,y |V(s t)|

/ / M M3ei(o (), B (1), %,)

X n{lg;: |V(a 7])| T dE dn} ds dt, (3.16)
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for (x,y) € A, where M, My;, My; (i =1,2,...,h), My, My (j =1,2,...,15) are defined
in (3.9). Applying the results of Theorem 2.2 to (3.16) with a(s,y) = Mya(a=(s),y),
bi(s,t,%,9) = MuMaybi(a;'(s), B (1), %,9), <&, nxy) = MiMscie; (), B (n), %),
dj(s, t,%,y) = MyMydj(e;'(s), 87 (), %,9), €(&,m,%,) = MyMiei(e;'(5), B (n),%,9), we
obtain the desired estimation (3.12). a

4 Conclusion
In this paper, we established several new retarded nonlinear Volterra-Fredholm type in-
tegral inequalities with maxima in two independent variables in Theorem 2.1 and Theo-
rem 2.2, and gave their specific cases in Corollary 2.1 and Corollary 2.2, respectively, which
can be used in the analysis of the qualitative properties to solutions of integral equations
with maxima. In Theorem 3.1 and Theorem 3.2, we also presented the applications to
research the boundedness of solutions of retarded nonlinear Volterra-Fredholm type in-
tegral equations.

Using our method, one can further study the integral inequality with more dimensions.
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