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Abstract

In this work, several extended approximately invex vector-valued functions of higher
order involving a generalized Jacobian are introduced, and some examples are
presented to illustrate their existences. The notions of higher-order (weak)
quasi-efficiency with respect to a function are proposed for a multi-objective
programming. Under the introduced generalization of higher-order approximate
invexities assumptions, we prove that the solutions of generalized vector
variational-like inequalities in terms of the generalized Jacobian are the generalized
quasi-efficient solutions of nonsmooth multi-objective programming problems.
Moreover, the equivalent conditions are presented, namely, a vector critical point is a
weakly quasi-efficient solution of higher order with respect to a function.
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1 Introduction

Convexity and its generalizations played a critical role in multi-objective programming
problems. In many generalizations, approximate convexity and invexity are two significant
generalized versions of convexity, which tried to weaken the convexity hypotheses thus to
study the relations between vector variational-like inequalities and multi-objective pro-
gramming problems. Invexity was firstly put forward by Hanson [1]. Then Osuna-Gémez
et al. [2] introduced the notions of generalized invexity for differentiable functions in
a finite-dimensional contex. And this generalized invexity has been extended to locally
Lipschitz functions using the generalized Jacobian (see [3, 4]). Ben-Israel and Mond [5]
presented pseudoinvex functions which generalized pseudoconvex functions in the same
manner as invex functions generalized convex functions. Mishra et al. [6] and Ngai et al.
[7] introduced the concept of approximately convex functions. Inspired and motivated by
this ongoing research work, we present the concept of approximately invex function of
higher order.

The notion of an efficient solution in multi-objective programming is widely used. Con-
sidering the complexity of optimization problems, several variants of the efficient solu-
tions have been introduced (see [8—11]). Recently, researchers have shown great interests
© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13660-017-1456-2
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-017-1456-2&domain=pdf
mailto:guolin_yu@126.com

Wang et al. Journal of Inequalities and Applications (2017) 2017:184 Page 2 of 12

in quasi-efficiency of multi-objective programming (see [12, 13]). In this work, we give the
notion of a quasi-efficient solution of higher order for a class of nonsmooth multi-objective
programming problems (NMPs) with respect to a function.

The vector variational inequality was initially introduced by Giannessi [14]. Since then
vector variational inequalities, which were used as an efficient tool to study multi-objective
programming, have attracted much attention and have been extended to generalized vec-
tor variational-like inequalities (GVVI). Recently, a great quantity of work focused on the
study of relations between (GVVI) and multi-objective programming under different con-
vexity assumptions (see [15-17]). Motivated by the previous contributions, in this note,
our purpose is to obtain the relations between (GVVI) and (NMP) under approximate
invexity of higher order.

The rest of this work is organized as follows. In Section 2, we recall some basic defi-
nitions and preliminary results. Besides, the notions of approximately invex function of
higher order with respect to vector-valued functions and (weakly) quasi-efficient solu-
tion of higher order for (NMP) with respect to a vector-valued function are introduced,
and examples are provided to illustrate their existence. In Section 3, the relations between
(GVVI) and (NMP) are established under the approximate invexity of higher-order as-
sumptions. In Section 4, we study the relations between vector critical points and weakly
quasi-efficient solutions of higher order for (NMP) with respect to a vector-valued func-

tion.

2 Notations and preliminaries

Throughout the current paper, unless otherwise stated, R, R”, R” stand for the set of
all real numbers, the #n-dimensional Euclidean space and the nonnegative orthant of R”,
respectively. For any x,y € R”, the inner product of x and y is denoted x”y, where the
superscript T represents the transpose of a vector. Let X C R” be a nonempty subset and
m > 1 be a positive integer, the symbols co(X) and int(X) represent the convex hull of X

and the interior of X, respectively. We employ the following conventions for vectors in R":

x=y & x=y, Vi=l...,n
xSy & x<y, Vi=1l,..,m
x<y & x =<y, Vi=1l,...,ni#jandx; <y, for some j
x<y <&  x<y, Vi=1l...,n

For the sake of convenience, we firstly recall some notations that will be used in the
sequel. We always suppose that f : X — R, n: X x X - R" and ¢ : X x X — R" are

vector-valued functions in the rest of this paper.
Definition 2.1 (see [18]) The function f : X — R” is said to be locally Lipschitz on X, if

for every x € X there exist a neighborhood U, € X of x and a constant L > 0 such that, for
ally, z e Uy,

lf») -f@]| <Llly -zl 2.1)
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Rademacher’s theorem (see Corollary 4.12 in [19]) indicates that a function f satisfy-
ing the Lipschitz condition (2.1) is Fréchet differentiable. Based on this fact, Clarke [18]
presented the following concept of the generalized Jacobian of f at some point.

Definition 2.2 (see [18]) Let xy € X and Jf(x) represent the usual Jacobian matrix of f at
x whenever f is Fréchet differentiable at x. The generalized Jacobian of f at xy is

9f (x0) = co{nli)rgo]f(x,,) 1%, — %0, Jf (%) exists}.

Let a scalar function ¢ : X — R be locally Lipschitz at xy, then the upper Clarke direc-
tional derivative of ¢ at x, in the direction v € R” is given by

, . @(x+tv) —p(x)
¢'(x0,v) = lim suyp ———,
X=X0 410 t

and the Clarke subdifferential of ¢ at x(, denoted by d¢(xy), is defined as follows:
dp(xo) = [ € R : ¢ (wo,v) > (§,v), Vv e R"}.

For a vector-valued function f = (f;,...,f,)T : X — R?, its Clarke subdifferential is the
cartesian product of Clarke subdifferentials of the components f;: X — R, i=1,2,...,p
of f, that is, 9f (x) = 9fi(x) x - - x 9,f(x). It has been shown in [18] that, for a scalar func-
tion ¢ : X — R, 9;¢(x) = d¢(x), but for the vector-valued function f, 9,f(x) is contained
and is different from 9f(x).

Definition 2.3 (see [20]) The subset ¢ # X € R” is said to be invex with respect to 7 :
X x X — R”, if for every x,y € X, A € [0,1], we have

y+An(x,y) € X.

From now on, we always assume that the subset X C R" is a nonempty invex set with
respect to some 1 unless otherwise specified.

The generalized invexity of differentiable functions in a finite-dimensional space (see
[2]) has been extended to locally Lipschitz functions using the generalized Jacobian as
follows (see [3, 4]).

Definition 2.4 (see [4]) Let xp € X and n: X x X — R”. The function f : X — R? is said
to be invex at xy with respect to 7, if for all x € X,

f@) = f(x0) + An(x,x0), VA € 3 (xo).

f is said to be invex with respect to n on X, if for every x € X, f is invex at x with respect
to n.

Definition 2.5 (see [4]) Letxo € X and n: X x X — R”. The function f : X — R is said
to be pseudoinvex at x¢ with respect to 7, if for all x € X,

An(x,x0) 20, forsomeA € 9;f(xg) = fl(x)=f(xo),
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or equivalently,

fx)<f(xo) = Anlxxo) <0, VA€ f(xo).

f is said to be pseudoinvex with respect to 1 on X, if for every x € X, f is pseudoinvex at x
with respect to 7.

In the generalized convexity of functions, the study of approximately convex functions
(see[6,7,12,21]) is a hot spot. Mishra and Upadhyay [21] introduced the following concept
of vector-valued approximately convex functions.

The function f : X — R? is said to be approximately convex at x, € X, if forall & € int(R%)
such that

f®x) = fxo) +ET(x—x0) —allx —woll, Vx € X,VE € df (x0).

Motivated by above definitions, we give the notions of approximate invexity of order m
with respect to n and , strictly approximate invexity of order m with respect to  and ¥
and approximate pseudoinvexity of type I of order m with respect to n and ¢ as follows.

Definition 2.6 Let xy € X and m > 1 be a positive integer. The function f : X — R? is
said to be approximately invex of order m at xy with respect to n and , if there exist
n:XxX—R"¢¥:X xX—R”and « € int(RY) such that, for all x € X,

f@&) = f(xo) + An(x,x0) — | (v, x0) |, VA € 9f (xo).

f is said to be approximately invex of order m with respect to n and ¥ on X, if for every
x € X, f is approximately invex of order m at x with respect to n and .

Remark 2.1 Replacing A € 9;f(xo) by & € 9f (o), setting n(x, x) = x — x0, ¥ (x,%0) = x — xg
and m = 1 in Definition 2.6, then we arrive at the notion of approximately convex function,
defined by Mishra and Upadhyay [21].

Remark 2.2 A function which is invex at xy with respect to 7 is also approximately invex
of order m at x, with respect to n and ¥, but in the contrary case, it does not hold. The
following example is given to illustrate this fact.

Example 2.1 Consider the vector-valued function f : R — R?, defined by f (x) = (x, p(x))7,
where

—x ifx <0,
px) =30 ifo<x<l,

2-x ifx>1.

It can easily be seen that

{(1,-1)7} ifx<Oorx>1,
f@) =1{1,a)T:-1<a<0} ifx=0orx=1,
{(L,0)T} ifO0<x<1.
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We firstly prove that f is not invex with respect to n: R x R — R on R. Indeed, choose
X =0 and xo = 1, then there exists no u = n(¥,x) € R such that f(x) — f(xo) = Au for every
A =(1,a)T € 9;f(x0). In other words, if (-1,0)” = (u,au)’,Va € [-1,0], this implies -1 = u
and 0 = au. For a = -1, from above inequality 0 = au we obtain & = 0, which contradicts
-1 2 u. Finally, we show that f is approximately invex of order m at xy = 1 with respect to
n:RxR—>Rand ¢ :R x R— R. Take n(x,x0) =1, ¥y (x,x0) =x -0 —-1=x-2,m=1
and « = (e, a0)7 = (1,2)7. From the above we have A = (1,a)” € 9;f(1), -1 < a < 0. then
we can see the following inequality holds true invariably:

f®) —f(x0) —An = (x—2,0(x)—a)"
(~lx—2),—2lx—2])"
—a Hl/f(x,xo) ||

\

Definition 2.7 Letx, € X and m > 1 be a positive integer. The function f : X — R? is said
to be strictly approximately invex of order m at x, with respect to n and v, if there exist
n:XxX—R",9¥:X xX— R"and « € int(RY) such that, for all x € X,

m
)

S &) > f(x0) + An(x, x0) — o | ¥ (%, x0) |

x # %9, VA € 9;f (x0).

f is said to be strictly approximately invex of order m with respect to n and v on X, if for
every x € X, f is strictly approximately invex of order m at x with respect to n and .

Definition 2.8 Letx, € X and m > 1 be a positive integer. The function f : X — R is said
to be approximately pseudoinvex type I of order m at xo with respect to  and v, if there
exist n: X x X = R”, ¥ : X x X - R” and « € int(R%) such that, for all x € X,

m
’

An(x,x9) 20, forsomeA € df(xg) = flx)—f(xo) 2= -« ||1//(x,x0)|

or, equivalently,

fx)+ oe||1ﬁ(x,x0)||m <flxo) = Anlxxe)<0, VA e f(xo).

f is said to be approximately pseudoinvex type I of order m with respect to n and ¥ on X,
if for every x € X, f is approximately pseudoinvex type I of order m at x with respect to n
and ¥.

The following example illustrates the existence of approximate invexity of order m with
respect to n and ¥ and of an approximately pseudoinvex type I function of order m with
respect to n and .

Example 2.2 Let X =R, a = (a;,a3)” > 0 and m > 1 be a positive integer. Consider the
following functions: f: X — R%, f/: X — R%, n: X x X - Rand ¢ : X x X — R? defined
by

flx) = (x, max{-x,0,x — 1}) T, f(x) = (—Zx, max{-x,0,x — 1})T,

22 T
n(x,x0) =x—xo and w(x,xo)z(i’o) )

1+
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For any positive integer m > 1, it is easy to verify that f is approximately invex of order m
at xo = —1 with respect to n and v. In fact, we can easily obtain A = (1,-1)7 € 9;f(xo). By
direct calculation, we derive

fx) = f(xo) = (x, max{-x,0,x — 1})T -(-1,1)7 = (x +1, max{-x,0,x —1} - l)T,

2\ 2 3
An(x,x%0) = af| (@, x0) | = (L, -D T (x + 1) - (alm)T((%) ' 02>

2\ m
:(x+1,—(x+1))T—(a1,a2)T<%) .

Obviously,

(¢ + 1, max{-x,0,x -1} - l)T 2 (x+1—(x+ 1))T.

Furthermore, because of & = (o, 2)” > 0, we can arrive at

2 m
(x+1,max{—x,0,x—1}—1)T§(x+1,_(x+1))T_(a1,a2)T(x_) ’

V2

That is,

F@) = f(xo) + An(x,x0) — | (xx0) |, Vor € X, VA € 3;f (xo).

So, we have verified that f is approximatelyly invex of order m at xy = —1 with respect to n
and .

Now, let us prove that f’(x) = (—=2x, max{—x, 0, x—1})7 is approximately pseudoinvex type

I of order m at xy = 0 with respect to n(x,x) = x — x9 and ¥ (x, x9) = (\/’;2_2, 0)7. Actually,
+x0
it is not difficult to get A = (=2,a)” € 9;f"(x0) = {(-2,a)T : =1 < a < 0}. We suppose that

An(x,x0) = (=2,a)Tx = (=2x,ax)T 2> 0,

then we arrive at

2\ Mm
f/(x) _f,(xO) = (—2.?6, max{—x, 0,x - 1})T 2 _(051: OlZ)T<%)

= -« ||1//(x,x0)||m.

This fulfills the condition of an approximately pseudoinvex type I of order m function at
xo = 0 with respect to n and .

Remark 2.3 It is obvious that if f : X — R? is pseudoinvex at xy € X with respect to 7,
then it is also approximately pseudoinvex type I of order m at xy with respect to n and .
But the converse does not hold. For example, consider ¢ : X — R, given by

%2 ifx<0,

px) =1
siny if0<wx<2m.
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Taking n(x,x0) = x — %9, ¥ (x,%9) = x — %9 and m = 1, then ¢ is approximately pseudoinvex
type I of order m at xy = 0 with respect to n and . As for any o > 0, there exists § =
min(r, o) > 0 such that An(x, x) > 0 for some A € 9;¢(x() implies

9(x) — p(x0) = —af|lx = xoll,  Vx € B(xo,8) N X.
However, ¢ is not pseudoinvex at xy with respect to 7. Indeed, for every § > 0, there ex-

ists x € B(xo,8) N X such that An(x,x9) > 0, A € 9;¢(x) does not imply ¢(x) > ¢(xo) (see
Remark 3 in [22]).

We consider the following nonsmooth multi-objective programming problem (NMP):

minimize f(x) = (fi (%), 5(x), ..., f,(x) T,

subject to x € X,

(NMP)

where f;: X - R,ie P={1,2,...,p} are non-differentiable functions.

In multi-objective programming problems, efficient and weakly efficient solutions are
widely used. Considering the complexity of the optimization problem in reality and in
order to find the optimal solution of multi-objective optimization problem in a smaller
range, the notion of quasi-efficient and weakly quasi-efficient are introduced as follows
(see [12, 21, 22]).

Definition 2.9 A point xy € X is said to be an efficient solution to the (NMP), if there
exists no x € X such that

S &) = f (o).

Definition 2.10 A point xy € X is said to be a weakly efficient solution to the (NMP), if
there exists no x € X such that

Sf(x) < f(x0).
Definition 2.11 Let xg € X.

(i) A point xy is said to be a quasi-efficient solution to the (NMP), if there exists
a € int(RY) such that, for any x € X, the following cannot hold:

S @) <f(xo) —allx —xoll.

(ii) A point xp is said to be a weakly quasi-efficient solution to the (NMP), if there exists
a € int(RY) such that, for any x € X, the following cannot hold:

J(x) <f(xo) —alle—xoll.

Now, we present the concepts of (weakly) quasi-efficient solution of order m with respect
to a function v for the problem (NMP).
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Definition 2.12 Let m > 1 be a positive integer. A point xy € X is called a quasi-efficient
solution of order m for (NMP) with respect to v, if there exist a function ¢ : X x X — R”
and « € int(RY) such that, for any x € X, the following cannot hold:

60 = o) —a| ¥ 00)| "

Definition 2.13 Let m > 1 be a positive integer. A point x¢ € X is called a weakly quasi-
efficient solution of order m for (NMP) with respect to v, if there exist a function  :
X x X — R" and « € int(R) such that, for any x € X, the following cannot hold:

F@) <flxo) —a|¥r(xxo) |

Remark 2.4 It is clear that efficient solution implies quasi-efficient solution of order m
with respect to i to the (NMP), but the converse may not be true. To illustrate this fact,
we consider the following multi-objective programming problem:

minimize f(x) = (In(x + 1) — 2, x> — x%)T,

subject to x > 0,

where f : R, — R2. Then x( = 0 is a quasi-efficient solution of order m for (NMP) with

respect to ¥ (x, %) = (x,%0)7 for a = (1,1)7 and m = 2, but not an efficient solution.

Remark 2.5 A quasi-efficient solution of order m for (NMP) with respect to ¥ is not to
be a quasi-efficient solution in the sense of Definition 2.11. For example, let X = {x e R :
0 <x<1}and f: X — R? be defined as f(x) = (-x*,—sin* x)7, then xy = 0 is not a quasi-
efficient solution in the sense of Definition 2.11, because, for any « = (o, 0)T € int(Rf),
there exists an x satisfying x > al% , % > ay such that f(x) < f(xo) — «||x — x0||; however,
xo = 0 is a quasi-efficient solution of order m = 4 for (NMP) with respect to ¥ (x,x¢) =

(x — sin* xg, x9) T for o = (1,1)7.

Associated with the problem (NMP), we consider the following generalized (weakly)

vector variational-like inequalities problems:

(GVVI)  Find a point x¢ € X such that there exists no x € X such that
An(x,x9) <0, VA € 9;f(xo).
(GWVVI) Find a point xp € X such that there exists no x € X such that
An(x,x0) <0, VA € 9;f(xp).
3 Relations between (GVVI), (GWVVI) and (NMP)
In this section, by using the tools of nonsmooth analysis, we shall disclose that the solu-

tions of generalized vector variational-like inequalities (GVVI) or (GWVVI) are the gen-

eralized quasi-efficient solutions under the extended invexity (defined in Section 2).
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Theorem 3.1 Let f : X — RP be approximately invex of order m at xo € X with respect to
n and . If xo solves (GVVI), then xy is a quasi-efficient solution of order m for (NMP) with
respect to the same V.

Proof Suppose that xy is not a quasi-efficient solution of order m for (NMP) with respect
to ¥, then there exist € X and « € int(R%) such that

F@®) <flxo) -] (& x0)|". 3.1)

Since f is approximately invex of order m at xy with respect to n and ¢ on X, it follows
from Definition 2.6 that

S&) 2 flxo) + Anx0) — [ ¥ (R, %0) |7, VA € 3)f (o). (3.2)

From inequalities (3.1) and (3.2), we see that there exists ¥ € X such that
A’?(?Aﬁrxo) <0, VA e 8]f(x0):
which is inconsistent with the fact that xq solves (GVVI). O

Theorem 3.2 Let f : X — R be approximately invex of order m at xo € X with respect to
n and . If xo solves (GWVVI), then xy is a weakly quasi-efficient solution of order m for
(NMP) with respect to the same V.

Proof Assume that xy is not a weakly quasi-efficient solution of order m for (NMP) with
respect to ¥, then there exist « € int(R}) and & € X such that

F®) <f(xo) —a|¥r(@ x0)|".

Because f is approximately invex of order m at x with respect to  and  on X, therefore,
in particular for & € int(R%) and &, we have

F@®) Zf(xo) + AnGx0) — | ¥ (R0 ", YA € 3yf (o).

Furthermore, we arrive at
A’?(&yxo) <0, VAe 8]f(x0)y
which contradicts the hypothesis that x solves (GWVVI). (I

Theorem 3.3 Let f : X — R? be approximately pseudoinvex type I of order m at xy € X
with respect to n and . If xy solves (GWVVI), then x¢ is a weakly quasi-efficient solution
of order m for (NMP) with respect to the same .

Proof Suppose x, solves (GWVVI) but is not a weakly quasi-efficient solution of order m
for (NMP) with respect to v, then there exist « € int(RY) and % € X, satisfying

S@) <fxo) —a |, x0) | ™. (3.3)
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Noticing that f is approximately pseudoinvex type I of order m at x, with respect to n and
¥ on X, it follows from Definition 2.8 and inequality (3.3) that there exist « € int(R%) and
X such that

A]’](;C,x()) <0, VAe 8/f(x0) (34)
This is obviously not in agreement with the hypothesis that x solves (GWVVI). O

4 Characterization of generalized quasi-efficient solutions by vector critical
points

This section is devoted to investigating the relations between vector critical points and

weakly quasi-efficient solution of order m for (NMP) with respect to y under generalized

invexity (introduced in Section 2) hypotheses imposed on the involved functions.

Definition 4.1 (see [4]) A feasible solution xy € X is said to be a vector critical point of
(NMP), if there exists a vetor & € R” with & > 0 such that £7A = 0 for some A € 9;f (xo).

Lemma 4.1 (see [23] (Gordan’s theorem)) Let A be a p x n matrix. Then exactly one of
the following two systems has a solution:

System 1: Ax < O for some x € R".

System 2: ATy =0,y > 0 for some nonzero y € R?.

Theorem 4.1 Let xy € X be a vector critical point of (NMP) and f : X — R? be approx-
imately pseudoinvex type I of order m at xy with respect to n and , then x, is a weakly
quasi-efficient solution of order m for (NMP) with respect to V.

Proof Let x( be a vector critical point of (NMP), it follows from Definition 4.1 that there
exist a vector § € R? with & > 0 and A € 9;f(«xo) such that

eTA=0.

By contradiction, suppose that x¢ is not a weakly quasi-efficient solution of order m for
(NMP) with respect to ¥, then for any « € int(RY) there exists an & € X satisfying

f@) <flxo) — |G xo) | (4.1)

Noticing that f is approximately pseudoinvex type I of order m at x, with respect to n and
¥ on X, it follows from Definition 2.8 and inequality (4.1) that

AT](.;C, xo) <0, VAe 8/f(xo)
Using Gordan’s theorem, the system

ETA=0, VAedf(x),
£§>0, £l

has no solution for &, which contradicts the fact that x, is a vector critical point of
(NMP). O
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Theorem 4.2 Any vector critical point is a weakly quasi-efficient solution of order m for
(NMP) with respect to r, if and only if f : X — RP is approximately pseudoinvex type I of
order m at that point with respect to n and .

Proof The sufficient condition is obtained by Theorem 4.1. In the following we only need
to prove the necessary condition. Let x be a weakly quasi-efficient solution of order m
for (NMP) with respect to v, then there exists a € int(R%) such that, for any x € X, the
following cannot hold:

S @) —f (x0) < —r | ¥ (x,%0) | ™. (4.2)
Noticing that x, is a vector critical point, then there exist £ € R” with& > 0 and A € 9;f(xo)
such that

eTA=0.

Using Gordan’s theorem, there exists A € 9;f(xo) such that the system
,uTA <0
has no solution © € R?. Thus, the system
ufA <0, VAedf(x), (4.3)

has no solution 1 € R?. Therefore, (4.2) and (4.3) are equivalent. Hence, if x, is a weakly
quasi-efficient solution of order m for (NMP) with respect to v, that is, for any « € int(R%),
there exists no x € X such that

m
’

S @) £ (x0) < —ar |9 (x, %0)

then x( solves (GWVVI), that is, there exists no x € X with n(x, x¢) € R? satisfying
An(x,x) <0, VA € 9;f(x0).

This satisfies the condition of the approximately pseudoinvexity of type I of order m of f
at xg. O

5 Conclusions

In the current work, we present several extended approximately invex vector-valued func-
tions of higher order involving a generalized Jacobian. Furthermore, the notions of higher-
order (weak) quasi-efficiency with respect to a function for a multi-objective program-
ming are also introduced, and some examples are given to illustrate their existence. Under
generalization of higher-order approximate invexities assumptions, it proves that the solu-
tions of generalized vector variational-like inequalities in terms of the generalized Jacobian
are the generalized quasi-efficient solutions to nonsmooth multi-objective programming
problems (i.e. Theorems 3.1-3.3). In addition, we also focused on examining the equiv-
alent conditions. By employing the Gordan theorem [23], the equivalent conditions are
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obtained, that is, a vector critical point is a weakly quasi-efficient solution of higher order
with respect to a function (Theorem 4.1 and Theorem 4.2).
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