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1 Introduction

A positive sequence (y,,) is said to be almost increasing if there is a positive increasing
sequence (u,) and two positive constants K and M such that Ku,, <y, < Mu, (see [1]).
A sequence (c,) is said to be §-quasi-monotone, if ¢, — 0, ¢, > 0 ultimately and Ac,, > -6,
where Ac, = ¢, — ¢,.1 and § = (§,) is a sequence of positive numbers (see [2]). Let Y a, be
a given infinite series with partial sums (s,). Let T = (¢,,) be a normal matrix, i.e., a lower
triangular matrix of nonzero diagonal entries. At that time T describes the sequence-to-

sequence transformation, mapping the sequence s = (s,,) to Ts = (T}(s)), where
T,(s) = Z twSy, n=0,1,... 1)
v=0

Let (¢,,) be any sequence of positive real numbers. The series Y _ a,, is said to be summable
@ =T, puli, k > 1, if (see [3])

o0
S AT6)] < o0, @)
n=1

where
ATn(S) = Tn(s) - Tn—l(s)'

If we take ¢, = ﬁ—z, then ¢ — |T, p,|x summability reduces to | T, p, | summability (see [4]).

If we set ¢, = n for all n, ¢ — | T, p,,|x summability is the same as |T'|; summability (see [5]).
Also, if we take ¢, = II:—Z and t,, = 1;—:, then we get [N, p,,|x summability (see [6]).
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2 Known result
In [7, 8], Bor has established the following theorem dealing with |N, p,,|x summability fac-
tors of infinite series.

Theorem 2.1 Let (Y,) be an almost increasing sequence such that |AY,| = O(Y,/n) and
Ap — 0 as n — o0o. Assume that there is a sequence of numbers (B,,) such that it is §-quasi-
monotone with y_ nY,8, < 00, > B, Y, is convergent and |Akr,| < |B,| for all n. If

|

Z;w:o(n as m — 0o, 3)
n=1

Z;|z,,| =0,,) asm— oo, (4)

n=1

and
m
Z%Iznlk =0(Y,,) asm— oo, ®)
n=1 ="

where (z,,) is the nth (C,1) mean of the sequence (na,), then the series Y a,A, is summable
IN, puli, k> 1.

3 Main result

The purpose of this paper is to generalize Theorem 2.1 to the ¢ — |T, p,|x summability.
Before giving main theorem, let us introduce some well-known notations. Let T’ = (t,,) be
a normal matrix. Lower semimatrices T = (¢,,) and T= (2, are defined as follows:

n
znv:Ztm‘; mv=01,... (6)
i=v
and
too = too = too, by =ty — byt n=1,2,... @)

Here, T and T are the well-known matrices of series-to-sequence and series-to-series
transformations, respectively. Then we write

Tn(s) = Z LuySy = Z vaﬂv (8)
v=0 v=0
and
n
AT, ()= Y bpay. )
v=0

By taking the definition of general absolute matrix summability, we established the follow-
ing theorem.
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Theorem 3.1 Let T = (t,,) be a positive normal matrix such that

to=1 n=0,1,..., (10)

L1y 2= taws for n>v+1l, (11)
V4

tun = O(p) 12)

and (%) be a non-increasing sequence. If all conditions of Theorem 2.1 with conditions
(4) and (5) are replaced by

k-1

m ; 1
> o (’”—) 2| = O(Y,) asm— o0 (13)
—~ P, n

and
m p k
Zwﬁ‘l(IT") |zl = O(Y,)  as m — oo, (14)
n=1 n

then the series Y _ ayhy, is ¢ — | T, pulx summable, k > 1.

We need the following lemmas for the proof of Theorem 3.1.

Lemma 3.2 ([7]) Let (Y,) be an almost increasing sequence and A, — 0 as n — oo. If (B,,)

is 8-quasi-monotone with y_ B, Y, is convergent and | AL, | < |B,| for all n, then we have

[Au|Y,=0O1) asn— oo. (15)

Lemma 3.3 ([8]) Let (Y,) be an almost increasing sequence such that n|AY,| = O(Y,). If

(By) is 8-quasi monotone with y_nY,8, < 0o, and y_ B,Y, is convergent, then

nB,Y,=0(Q1) asn— oo, (16)
o0

> nY,|AB,| < oo. 17)
n=1

4 Proof of Theorem 3.1
Let (I,) indicate the T-transform of the series > a,A,. Then we obtain

n

" .

_ . Bk

Al = § By = § ””V “va, (18)
v=0

v=1

by means of (8) and (9).
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Using Abel’s formula for (18), we obtain

n-1

AI ZA <th)L )Zm, bunde Zm,

n-1

v+1 v+l
= ZTAV(tnv VZV+Z— nVHA)“’ZV

v=1

-1

z, n+l1
§ n, v+1)hv+1 —+ P tunhnZn
v=1

=1y + In,2 + In,S + In,4'

For the proof of Theorem 3.1, it suffices to prove that

oo

k-1 k
> @k lf < 00
n=1

forr=1,2,3,4.
By Holder’s inequality, we have

m+1 m+1

n-1 k
Z<p“|1,,1|k (1)Zwﬁ-l(Z|AV(%W)||AV||zV|)
n=2 v=1
m+l n-1 n-1 k-1
SODIN (Z|AV(2nv)||xv|k|zv|k> (Z |AV(2,,V)|> :
n=2 v=1

v=1

By (6) and (7), we have

A~ ~ A~

Av(tnv) =Ly — tn,v+1
=ty — n-1,v — tn,w—l + tn—l,v+1

=ty —ty-1,- (19)

Thus using (6), (10) and (11)

T
—
=
|

—

Z |Av(2m/)| = (tn—l,v - tnv) < tun.

<
I
—
<
I
—

Hence, we get

m+1 m+1 n-1
Y ek Nl =00) ) ek 1tk1(Z|Av(tw>|m|k|zv|k>
n=2 n=2

v=1
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by using (12)

m+1 m+1

k-1 k _ PnPn
> o5l —0(1)2( b,
n=2 n=2

k-1 [/ n-1 .
) (Z|Av(tw)||xv|k|zv|’<>
v=1

m m+1 onp k-1
=0 Y Mzt D (P—) | Ay(Ew)|
v=1 n=v+l
m op k-1 m+1
= omZ(%) MlMzul* D [ Ay
v=1 v n=v+l
Now, using (11) and (19), we obtain
m+1 m+1
Z |Av(tnv)| = Z (tn—l,v - tnv) <ty.
n=v+l n=v+l

Thus, by using Abel’s formula, we obtain

m+1

m k-1
_ ‘4’4 _
Yo Ml = omZ(ﬂ) M Az B
n=2 =1 PV

m k
= omef-l(%) Mzl
v=1 4
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m-1 v k m k
- O(l)ZAwaf—l(%) 2l + O(1>|Am|2w5—1(%) 21t
v=1 r=1 r v=1

m-1

=0(1) Y 1AM, + O) [ hu| Vo
v=1

m-1

=0(1) ) IBIY; + Ol Y,

v=1

=0(Q1) asm— oo,

in view of (14) and (15).

Again, using Holder’s inequality, we have

v=1

m+1 m+1 n-1 k
D i Ll =0() ) k! (Z [Enper || ALy | |zv|)
n=2 n=2

m+1

n-1
=0(1)) g5 (Z |En1]1B] |zv|k)
n=2 v=1
X <Z |2n,v+1||Bv|> .

v=1

14
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By means of (6), (7) and (11), we have

tn,v+1 = tn,v+1 - tn—l,wrl

n n-1
= Z bui — Z bu-1,i

i=v+1 i=v+1
n-1

= tnn + Z (tm' - tn—l,z’)

i=v+1

S t}’lVI'

In this way, we have

m+1 m+1 1
Z‘Pkl|1n2| =0()) ety (Z‘ Buge 1Byl 12,
n=2

=1

m+1 1
=O(1)Z<%) (Z Bustl 1Bl

n=2 =

m m+1 p
=0 ) 1Bz " ) ( -

v=1 n=v+l1 n

N
-0 (P”) B Y .
v=1 v

n=v+l

By (6), (7), (10) and (11), we obtain

v

|2n,v+1| = Z(tn—l,i — bui).

i=0

Thus, using (6) and (10), we have

m+1 m+l v
Z |tn,v+1| = Z Z(tn—l,i - tni) <]
n=v+l n=v+l i=0

then we get

m+1 k-1
Z‘Pkl|ln2|k O(I)Zw (”V) v|Bv|%|zv|k
m—1 v k-1
=0())_A(vIB,I) Y ¢f™ (%) §|zr|k
N = rkil by k_ll k
0(1)m|Bm|;sov (17) Izl

m-1 m-1

=0(1) ) VIAB,|Y, + O(1) ) |B,|Y, + O)m|B,,|Y,,

v=1 v=1

=0(1) asm— o0,

in view of (13), (16) and (17).
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Also, we have

m+1 m+1

2|
Zwﬁlu slf < Zso“(anuxm -

m+1

Z (thmnxm = V'k> (Zl - |Av+1|) -

n=

m+1 n-1 IZ 1 | -
1
<Z¢k 1tkl(Z|tnv+1ll)»v+1| - )(Z = )

v=1
m+1 p k=1 / n-1 |Z |k
—O(l)Z¢ () (Zm,mnx :)
v=1
m+1 onp n-1 |Z |k
_O(I)Z< Z n) (Z nv+1||)"v+1| : )

v=1
" 2 & (papn
= O(l) Z |)\'V+1| TV Z ( ;)nn) |tn,v+1|
v=1 n=v+l
m op |Z m+1
= 0(1)2( P) Pl == > By
v=1 n=v+1

-1 k
p IZI
Zw <) |
m-1 v p k_11
1)Z|A/\MIZ¢§‘1<;’> “lalf
v=1 r=1 r

k-1 1

m
1 Pv
o(1)|xm+1|2¢fl(p—> ~lal*
v=1 v

m-1

1)) 1BualYoi + O Ayt [ Yo

v=1

=0(1) asm— oo,

in view of (3), (12), (13) and (15).

Finally, as in I,,;, we have

Zwk "lyalk = 1>Zgok e ¥zl
m p k
= O(DZwﬁl(F”) a5 22
n=1 n
1)Z§0 ( ) Aullzal = 0Q) asm — oo,

in view of (12), (14) and (15). Finally, the proof of Theorem 3.1 is completed.
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5 Corollary

If we take ¢, = 22 and ¢,, = f% in Theorem 3.1, then we get Theorem 2.1. In this case,
Pn n

conditions (13) and (14) reduce to conditions (4) and (5), respectively. Also, the condition
‘(%) is a non-increasing sequence’ and the conditions (10)-(12) are clearly satisfied.

6 Conclusions

In this study, we have generalized a well-known theorem dealing with an absolute summa-
bility method to a ¢ — |T, p,|x summability method of an infinite series by using almost
increasing sequences and §-quasi-monotone sequences.
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