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1 Introduction
Let ) a, be an infinite series with sequence of partial sums {s,} and the nth sequence

to sequence transformation (mean) of {s,} be given by u, s.t.

0
U, = Z UnkSk- (1)
k=0

Before discussing ¢ — |C,«, B;8|x summability, let us introduce some well-known basic

summabilities which are helpful in understanding the ¢ — |C, «, 8; 8|, summability.

Definition 1 The series Y .- a, is said to be absolute summable, if

lim u, =s (2)
n—0oQ

and Y 02 iy — ty1] < 00.

Definition 2 ([1]) Let £, represent the nth (C,1) means of the sequence (na,), then the

series ) - ay is said to be |C,1|; summable for k > 1, if

oo

>l <oo. 8

n=1
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Definition 3 ([2]) The nth Cesaro means of order («, 8), with « + 8 > —1, of the sequence

(na,) is denoted by tff’ﬂ, i.e.

1 <
tz’ﬂ = W ZAZ[_]}A{EVQV, (4)
n v=1
where
0, n<0,
A;Hﬂ = 1, n= 0;

Omn**#), n>0.

If the sequence {t,‘f’ﬁ } satisfies

[e¢]

k-1
> Pt <oc, )

n=1
then the series ) - a, is said to be ¢ — |C,«, B|x summable.

Definition 4 For the following condition:

— ot k
> T |£27]" < 00, (6)

n=1

the series ZZO:() a, is said to be ¢ — |C, «, B; §|x summable, where k > 1, § > 0 and (¢,) is a

sequence of positive real numbers.

Bor gave a number of theorems on absolute summability. In 2002, Bor found the
sufficient conditions for an infinite series to be |C,«|; summable [3] and |C,o;8|x
summable [4]. In 2011, he generalized his previous results for |C,«, 8| summability [5]
and |C,«, B;8|x summability [6], respectively. In 2014, Bor [7] generalized the |C, o«
summability factor to the |C,«, 8;8|x summability of an infinite series and in [8], he dis-
cussed a general class of power increasing sequences and absolute Riesz summability fac-
tors of an infinite series. In [9], Bor applied |C, «, y; Bx summability to obtain the sufficient
conditions for an infinite series to be absolute summable.

Bor [10] gave a new application of quasi-power increasing sequence by applying absolute
Cesaro ¢ —|C, a|x summability for an infinity series. Ozarslan [11] generalized the result on
¢ — |C, 1|, by a more general absolute ¢ — |C, «|x summability. In 2016, Sonker and Munjal
[12] determined a theorem on generalized absolute Cesaro summability with the sufficient
conditions for an infinite series and in [13], they used the concept of triangle matrices for

obtaining the minimal set of sufficient conditions of an infinite series to be bounded.

2 Known results
By using |C, o|x summability, Bor [14] gave a minimal set of sufficient conditions for an
infinite series to be absolute summable.
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Theorem 2.1 Let X, be a quasi-f-power increasing sequence for some n (0 < n <1). Sup-
pose also that there exists a sequence of numbers (A,) such that it is &-quasi-monotone
satisfying the following:

Z néan = O(l)r (7)
AA, <&, 8)
[AAy| < |Axl 9)
ZAan is convergent for all n. (10)
If the conditions
[Aa| X, =0Q0Q) asn— oo, (11)
Z (#3) =0X,,) asm— oo, (12)
n
n=1

are satisfied, then the series Y _ ayh, is |C, |y summable, 0 <« <1and k > 1.

3 Main results
A positive sequence X = (X,) is said to be a quasi-f-power increasing sequence if there
exists a constant K = K(X,f) > 1 such that Kf, X,, > f,,X,, for all n > m > 1, where f =
(1, 0)] = {(n"(logn)®,¢ > 0,0 < n < 1} [15]. If we set ¢ = 0, then we get a quasi-n-power
increasing sequence [16].

With the help of generalized Cesaro ¢ — |C,«, 8;8|r summability, we modernized the
results of Bor [14] and established the following theorem.

Theorem 3.1 Let X, be a quasi-f-power increasing sequence for some n (0 < n <1). Sup-
pose also that there exists a &-quasi-monotone sequence of numbers (A, such that

> ng, X, = 0Q), (13)
AAy <&, (14)
|ALy| < 1Anl,  and (15)
ZAan is convergent for all n. (16)

Then the series Y_ ayh, is ¢ — |C, &, B;8|x summable fork>1,0<a <1, 8>-1,a+8>0
and § > 0, if the following conditions are satisfied:

[Aq X, =0Q0) asn— oo, a7)

Xm: . 0 o (18)
nla+B-3+Dk ~ pla+p=s+D)k-1 |’

n=v

mo k-1, 0B \k
Z bu Wn ) SA/;( ) =0X,,) asm— oo, 19)
pr=
n=1
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where Wi’ is given by [17]
maxi<y<, [£2F], B>-1,0<a <1,
W(::,ﬁ - == (20)
£, B>-la=1
4 Lemmas
We need the following lemmas for the proof of our theorem.
Lemma 4.1 ([18]) I[f0<a <1,B8>-land1<v <mn, then
14 m
-1 -1
> A Aba,| < max > oastAba,. (21)
p=0 - T p=

Lemma 4.2 ([19]) Let (X,,) be a quasi-f-power increasing sequence for some n (0 < n < 1).

If (A,) is a &-quasi-monotone sequence with AA, <&, and Y n&,X, < 0o, then

Z nX,|A,| < oo, (22)
n=1
nA,X,=0Q1) asn— . (23)

5 Proof of the theorem
Let tf,“’g be the nth (C,«, 8) mean of the sequence (na,%,). Then the series will be ¢ —
|C,a, B; 8|k summable (by Definition 4), if

= ¢’k_1 k
> | T <o, (24)
n=1

Applying Abel’s transformation and Lemma 4.1, we have

1 n
TP = —= > Ax Alva,
v=1

A n-v*:*ty
n
1 n-1 v 2 n
- n —
D DYV P TEVI ) ey 29
n v=1 p=1 n v=1
1 n-1 v |)x | n
| Te?| < —2p D_1AMI Y AT A pay| + -5 > AT Alva,
A" v=1 p=1 A" v=1
n-1
ST D ALPWEE | Ay | + | MW
n v=1
=T + T3 (26)

We use Minkowski’s inequality,

Tt =Tl s T <2 (T T ). @7
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In order to complete the proof of the theorem, it is sufficient to show that

an 8k|T°‘ﬂ| <oo, forr=1,2. (28)

n=1

By using Holder’s inequality, Abel’s transformation and the conditions of Lemma 4.2 [19],

we have

m+l  j_1 m+l g g n-1 k
P | B |k P 1 a+B B
|| < AP OB AY|

Z pk=sk 11 — nk-8k (A¢n1+ﬁ)k ‘,2:1: v v

n=2
m+1 k-1
(a+B) k we /3
< 3 S i, |(z )
m m+l
= O(l) Z V(M.ﬁ) wy ﬁ |A | Z 1+oz+/3 -8)k
v=1 n= v+1
Ak ng_l
(o + v
- O(l) Z v |A | 1+a+ﬂ—5)k—1

k-1

m
-0 Y viA(w) B
v=1

v

m-1 x (pk—l
DY AMAN) Y () T

v=1 r=
m ok k-1
O)m|A,, o
+0O( )WZ| |;(Wv ) Jk—3k
m-1
=0(1) ) _|(v+ DAIA| - |4]|X, + OW)m| A1 X,y
v=1
m-1 m-1
=0(1) Y VIAAIX, + O(1) Y |AIX, + OW)m|Au X,
v=1 v=1
m-1 m-1
=0(1) Y _vEX, + O) Y |AIX, + OW)m|Au X,
v=1 v=1
=0(1) asm— o0, (29)
Ok - ik On
Z pray Tha | = O(I)Z 2l (w3,)
n=2 n=1

—O(l)ZAwZ “ﬂ“”” + O) A |Z wh)<

m-1
= 0(1) Y [AR|Xs + O) Ry X
n=1

m-1
=0(1) Y 1An|Xys + OW) 2| Ko

n=1

=0(1) asm— oo. (30)
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Collecting (24)-(30), we have

k-1 .
D | T <o, 31)
n=1

Hence the proof of the theorem is completed.

6 Corollaries
Corollary 6.1 Let X, be a quasi-f-power increasing sequence for some n (0 < n < 1) and
there exists a sequence of numbers (A,,) such that it is & -quasi-monotone satisfying (13)-(17)
and the following condition:
m Wa:ﬁ)k
Z f&k =0(X,) asm— 0o, (32)
P

n=1

then the series Y ayhy is |C,a, B; 8| summable, o + $>8,0<a <1,8>-1,8>0,k>1,
where we” is given by (20).

Proof On putting ¢, = n in Theorem 3.1, we will get (32) and the following condition:

m

1 1
Z nltk(a+p-6) =0 pla+p-8)k : (33)

n=v

Here, condition (33) always holds. We omit the details as the proof is similar to that of
Theorem 3.1 using the conditions (33) and (32) instead of (18) and (19). |

Corollary 6.2 Let X,, be a quasi-f-power increasing sequence for some n (0 < n < 1) and
there exists a sequence of numbers (A,,) such that it is & -quasi-monotone satisfying (13)-(17)
and the following conditions:

m

§0k_1 wk—l
n _ v
Z nk(+a+p) - Vk(1+tx+ﬁ)—l’ (34)

n=v

U i)t

T =0(X,,) asm— oo, (35)
n

n=1

then the series Y _ anyhy is ¢ — |C, o, Bk summable,a + $>0,0<a <1, 8 > -1,k > 1, where
wi? is given by (20).

Proof On putting § = 0 in Theorem 3.1, we will get (34) and (35). We omit the details as
the proof is similar to that of Theorem 3.1 using the conditions (34) and (35) instead of
(18) and (19). O

Corollary 6.3 ([14]) Let X,, be a quasi-f-power increasing sequence for some n (0 <n <1)
and there exists a sequence of numbers (A,) such that it is &-quasi-monotone satisfying
(13)-(17) and the following conditions:

— (o)
2,

n=1

=0X,,) asm— oo, (36)
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then the series Y ayh, is |C,a|x summable, 0 < o« <1, k > 1, where w5, is given by

W = |t§f|» a=1, (37)
maxi<y<x |t)|, O<a<l.

=

Proof On putting ¢, =n,8 = 0and 8 = 0 in Theorem 3.1, we will get (36) and the following

condition:

m

1 1
> e = O(VW) (38)

n=v

Here, condition (38) always holds. We omit the details as the proof is similar to that of
Theorem 3.1 using the conditions (38) and (36) instead of (18) and (19). a

7 Conclusion

The aim of our paper is to obtain the minimal set of sufficient conditions for an infinite
series to be absolute Ceséro ¢ — |C, «, 8; §|x summable. Through the investigation, we may
conclude that our theorem is a generalized version which can be reduced for several well-
known summabilities as shown in the corollaries. Further, our theorem has been validated
through Corollary 6.3, which is a result of Bor [14].
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