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Abstract

In this paper, we study the irregular growth of an entire function defined by the
Laplace-Stieltjes transform of finite order convergent in the whole complex plane and
obtain some results about A-lower type. In addition, we also investigate the problem
on the error in approximating entire functions defined by the Laplace-Stieltjes
transforms. Some results about the irregular growth, the error, and the coefficients of
Laplace-Stieltjes transforms are obtained; they are generalization and improvement of
the previous conclusions given by Luo and Kong, Singhal and Srivastava.
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1 Introduction

Dirichlet series

o0
f(s)= Zane)‘”s, s=o0 +it, 6))
n=1
where
O0<A<Ay< <A <, Ap—> 00 asu—> O0; (2)

s=o0 +it (o, t are real variables), a, are nonzero complex numbers. When a,, A, n satisfy
some conditions, the series (1) is convergent in the whole plane or the half-plane, that
is, f(s) is an analytic function or entire function in the whole plane or the half-plane. In
the past few decades, many mathematicians studied the growth and value distribution of
the analytic (entire) function defined by Dirichlet series and obtained lots of interesting
results (see [1-9]).

As we know, Dirichlet series is regarded as a special example of the Laplace-Stieltjes
transform. The Laplace-Stieltjes transform, named for Pierre-Simon Laplace and Thomas
Joannes Stieltjes, is an integral transform similar to the Laplace transform. For real-valued
functions, it is the Laplace transform of a Stieltjes measure, however it is often defined for
functions with values in a Banach space. It can be used in many fields of mathematics,
such as functional analysis, and certain areas of theoretical and applied probability.
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For the Laplace-Stieltjes transforms,
G(s) = / e ¥da(x), s=o +it, (3)
0

where «(x) is a bounded variation on any finite interval [0, Y] (0 < Y < +00), and o and ¢
are real variables. Let

B = sup

An<x=<Aj4+1,—00<E<+00

/ e da(y)‘,
A

n

where the sequence {1, }32; satisfies (2) and

lim sup(A,41 — Ay) = /1 < +00. (4)

n—+00

In 1963, Yu [10] proved the Valiron-Knopp-Bohr formula of the associated abscissas
of bounded convergence, absolute convergence, and uniform convergence of Laplace-
Stieltjes.

Theorem A Suppose that Laplace-Stieltjes transforms (3) satisfy (2), (4) and
logn

limsup,_, ., == < +00, then

log B log B lo
lim sup 282 <0of <limsup 082, lim sup gn’

n—+00 n n—+00 n n—+00 n

F

where o,

is called the abscissa of uniform convergence of F(s).

Moreover, Yu [10] first introduced the maximal molecule M, (o, G), the maximal term
(o, G) and the Borel line, and the order of analytic functions represented by Laplace-
Stieltjes transforms convergent in the complex plane. After his works, considerable atten-
tion has been paid to the growth and value distribution of the functions represented by
the Laplace-Stieltjes transform convergent in the half-plane or the whole complex plane
in the field of complex analysis (see [11-15]).

In 2012, Luo and Kong [16] studied the following form of Laplace-Stieltjes transform:

F(s) = /0+00 e“da(x), s=o +it, (5)

where «(x) is stated as in (3), and {A,} satisfies (2),(4). Set

fxeify doz(y)‘.

An

Al = sup

n
A <x<Ay41,—00<E<+00

By using the same argument as in [10], we can get a similar result about the abscissa of
uniform convergence of F(s) easily. If

logA;

lim sup L D < o0, lim sup = —00, (6)

n—+00 n n—+00 n

by (2), (4) and Theorem 1, one can get that o = +00, i.e., F(s) is an entire function.
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Set

M(o,F)= sup |F(o +it)|, M, (o,F) = sup

—00<t<+00 0<x<+00,-00<t<+00

/ e(a+it)y do ()’))
0

and

ulo,F) = max{A:eA"“}(o <+00), N(o,F)= max{)»,, : A:‘,ex”" = pc(a,F)}.
neN
Since M(o, F) and M, (o, F) tend to +00 as ¢ — +00, in order to estimate the growth of
F(s) more precisely, we will adapt some concepts of order, lower order, type, lower type as
follows.

Definition 1.1 If Laplace-Stieltjes transform (5) satisfies 0'5 = +00 (the sequence {1, } sat-
isfies (2), (4), and (6)) and

log*log* M, (o, F
lim sup 08 08 .5 =P
0—>+00 o

we call F(s) of order p in the whole plane, where log* x = max{logx, 0}. If p € (0, +00), we
say that F(s) is an entire function of finite order in the whole plane. Moreover, the lower
order of F(s) is defined by

log* log* M, (o, F
liming 08 108" Mule. D) _
0—+00 o

Remark 1.1 We say that F(s) is of the regular growth, when p = X, and F(s) is of the irreg-
ular growth, when p # A.

Definition 1.2 If Laplace-Stieltjes transform (5) satisfies o/’ = +00 (the sequence {1} sat-
isfies (2), (4), and (6)) and is of order p (0 < p < 00), then we define the type and lower type
of L-S transform F(s) as follows:

log* M, (o, F) .. log"M,(o,F)
p————— =T, liminf —— =<

eor 0 —+00 eor

lim su
o0 —>+00

Remark 1.2 The purpose of the definition of type is to compare the growth of class func-
tions which all have the same order. For example, let f(s) = e, g(s) = ee2s, by a simple com-
putation, we have p(f) =1 = p(g), but T(f) =1 and T'(g) = co. Thus, we can see that the
growth of g(s) is faster than f(s) as |s| — +oo.

2 Results and discussion

Recently, many people studied some problems on analytic functions defined by the
Laplace-Stieltjes transforms and obtained a number of interesting results. Kong, Sun, Huo
and Xu investigated the growth of analytic functions with kinds of order defined by the
Laplace-Stieltjes transforms (see [16—22]), and Shang, Gao, and Sun investigated the value
distribution of such functions (see [23—26]). From these references, we get the following
results.
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Theorem 2.1 If Laplace-Stieltjes transform (5) satisfies of = +0o (the sequence {1} sat-
isfies (2), (4), and (6)), and is of order p (0 < p < 00) and of type T, then
A log ) A L
0 =limsup&, T=1imsup—n(AZ)‘".
n—+00 - OgAZ n—+00 Pe
Furthermore, if F(s) is of the lower order A and the lower type t, and A, ~ Ay, and the
function

log A}, ~ log A},

w(n) B )Ln+1 - )Ln

forms a non-decreasing function of n for n > ny, then we have

A, log A A L
Jo=liminf 22282 0 liminf 22 (A7) P
n—+00 —]()gA;‘; n—+00 pe

From Definition 1.2, a natural question to ask is: What happened if e°” is replaced by e**
in the definition of lower type when p # 1? We are going to consider this question.

Definition 2.1 If Laplace-Stieltjes transform (5) satisfies o = +00 (the sequence {1} sat-
isfies (2), (4), and (6)), and is of order p (0 < p < 00) and of the lower order A (0 < A < 00),

if A # p, and
.. log*M,(o,F)
hmmfik =T,
0—>+00 e’

we say that 7, is the A-type of F(s).

Remark 2.1 Obviously, 7, > 7 and 7, = T as p = . But we cannot confirm whether 7, > T
ort, <T.

The following results are the main theorems of this paper.

Theorem 2.2 If Laplace-Stieltjes transform (5) satisfies of = +oo (the sequence {),} sat-
isfies (2), (4), and (6)), and is of order p and of the lower order A, 0 < A # p < 00, then we

have
log M(o, F 1 ,F
liming PN E) g logr@ B @)
o—00 er o—00 ero
and
N(o,F
imint N E) o, 8)
T—00 ero

Theorem 2.3 If Laplace-Stieltjes transform (5) satisfies of = +oo (the sequence {},} sat-
isfies (2), (4), and (6)), and is of order p and of the lower order A, 0 < A # p < 00, type T,

A-type Ty,
N(o,F . . .N(o,F
lim sup (0, F) =H, liminf (0, F) =h,
00— +00 ero 0—+00 ero
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and let
1 ,F 1 ,F
T (0,F) = 08ME) oyl E)
exp(po) exp(ro)
then we have
H—pTglimsupT;)(o,F)SH, 9)
0—>+00
—o0o <liminf T} (0,F) < h - Aty (10)
0—+00

Jfor almost all values of o > 0o, where T),(0') and T; (o) are the derivatives of T,(c) and

T, (o) with respect to o.

Theorem 2.4 If Laplace-Stieltjes transform (5) satisfies of = +oo (the sequence {\,} sat-
isfies (2), (4), and (6)), and is of the lower order A (0 < A # p < 00), if Ay ~ Any1, then

A A
T > 1iminf(—) (A3)% (0 <1, <00) (11)

n—oo \ ex

Furthermore, there exists a positive integer ngy such that

n+l

)\n+1 - )"n

log A —log A%
Y = —Eor e

forms a non-decreasing function of n for n > ny, then we have

T, = 1&@(2—;)(&;)& (0 <1, <00). (12)

We denote by Lg the class of all the functions F(s) of the form (5) which are analytic in
the half-plane Ns < B (00 < B < 00) and the sequence {A,} satisfies (2) and (4); and we
denote by Ly the class of all the functions F(s) of the form (5) which are analytic in the
half-plane Ns < +o0 and the sequence {1, } satisfies (2), (4), and (6). Thus, if —0o < B < +00
and F(s) € Zﬂ, then F(s) € L. If Laplace-Stieltjes transform (5) A% = 0 for n > k + 1 and
A% #0, then F(s) will be called an exponential polynomial of degree k usually denoted by
Pr, i.e., pr(s) = fokk exp(sy) da(y). When we choose a suitable function «(y), the function
pi(s) may be reduced to a polynomial in terms of exp(sA;), that is, Zle b; exp(sA;).

For F(s) € Z,g, —00 < 8 < +00, we denote by E, (F, B) the error in approximating the func-
tion F(s) by exponential polynomials of degree # in uniform norm as

En(Frﬂ): inf ||F—P||,3: n=12,...,
pEy
where

IF =plp=_max_|F(B+it)-p(B +it)].

In this paper, we will further investigate the relation between E,(F, 8) and the growth of
an entire function defined by the L-S transform with irregular growth. It seems that this

problem has never been treated before. Our main result is as follows.
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Theorem 2.5 [fthe Laplace-Stieltjes transform F(s) € Lo, and is of lower order A (0 < A #

p < 00), if Ay ~ A1, then for any real number —oo < B < +00, we have

o= timine( 2 ) (B, (F plexp(-pi)) B (0 <5, = 00) 13)

Furthermore, there exists a positive integer ngy such that

n+l

)\n+1 - )\n

log Ay —log Ay,
() = —————

forms a non-decreasing function of n for n > ny, then we have

T, = li}gl)j)tf(i—;)(lfn1(F,/‘Dexp(—ﬂkn))ﬁ (0 < 1), < 00),

exp(BA)eA;, = liminf A, (E,_(F, B)) . (14)

3 Conclusions

From Theorems 2.2-2.5, we can see that the growth of Laplace-Stieltjes transforms is in-
vestigated under the assumption p # A, and that some theorems about the A-lower type
Ty, Ay, A, and A are obtained. In addition, we also study the problem on the error in ap-
proximating entire functions defined by the Laplace-Stieltjes transforms. This project is a
new issue of Laplace-Stieltjes transforms in the field of complex analysis. Our results are
generalization and improvement of the previous conclusions given by Luo and Kong [16,
27], Singhal and Srivastava [28].

4 Methods
4.1 Proofs of Theorems 2.2 and 2.3

To prove the above theorems, we require the following lemmas.

Lemma 4.1 (see [27], Lemma 2.1) Ifthe L-S transform F(s) € Lo, for any o (—00 < o < +00)

and (> 0), we have
1
iu(O’,F) <M,(o,F) < C,u((l + 28)(7,F),

where C is a constant.

Lemma 4.2 (see [16], Lemma 2.2) Ifthe L-S transform F(s) € Lo, then we have
log (o, F) =log (oo, F) + / N(t,F)dt
00

forag > 0.
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4.1.1 The proof of Theorem 2.2
Since p > A > 0 and F(s) is of the lower order A, that is,

loglog M ,F
% = liminf 102108 Mu(o, F)

0—>+00 o

(15)

for any small £(0 < & < p — A), it follows from (15) that there exists a constant op such that,

for o > oy,

logM, (o, F) > exp{(A - €)a }, (16)
and there exists a sequence {0y} tending to +oo such that

log M, (ox, F) < exp{(k + s)ok}. 17)

Since 0 < € < p — A, it follows from (16) and (17) that

logM,(o,F
liminf &M@ F) _ (18)
o—>+00  exp(po)
From Lemmas 4.1 and 4.2, we have
. loglogM,(o,F) . loglog u(o,F) .. logN(o,F)
p =limsup ——— = =limsuyp ——— = =limsup ———
0— 400 o 0— 400 o 0 —+00 o
and
. . loglogM,(o,F) . loglog u(o,F) .. logN(o, F)
A=liminf ———— =liminf —————— =liminf ————,
0—+00 o 0—+00 o 0—+00 o
Thus, similar to the process of (18), we can easily prove
I ,F F
liminf 08O D) e MO D)
o—>+00  exp(po) a»+oo exp(po‘)
Hence, this completes the proof of Theorem 2.2.
4.1.2 The proof of Theorem 2.3
From Lemma 4.2, it follows that
o
N(t, F)dt 1 ,F
lim sup ’ﬁ'oi = limsup w =limsupT,(0,F)=T (19)
o—+00 ero o—+00 ere 0—+00
and
N(t,F)dt 1 F
lim inf ﬂ“i ~timinf 28D it T (0, F) = (20)

0—+00 elo 0—+00 eho 0—+00

Dividing two sides of the equality in Lemma 4.2 by e”° and differentiating it with respect
to o, for almost all values o > 0, we have

T)(0,F)=—-

logpo(ao,F) / N F)d N(a F)' (21)



Xu and Liu Journal of Inequalities and Applications (2017) 2017:164 Page 8 of 14

On the basis of the assumptions of Theorem 2.3, taking limsup in (21) when 0 — +o0,
from Theorem 2.2 and (19), we get (9) easily.

Similarly, dividing two sides of the equality in Lemma 4.2 by €*° and differentiating it
with respect to o, for almost all values o > oy,

N(o,F)
e)»a

lOg /’L(UO:F) _

T, (0,F)=-x pv

A' o
eho
a0

On the basis of the assumptions of Theorem 2.3, taking liminf in (22) when o — +00,
from Theorem 2.1 and (20), we get (10) easily.
Thus, this completes the proof of Theorem 2.3.

4.2 The proof of Theorem 2.4
Let

Ay e
® =liminf == (A%)™ (0 < ¥ < +00).

n—>+00 en

Thus, for any ¢ > 0, there exists an integer n¢(g) such that, for n > ny(¢),

An(A) fi s (¥ —g)el. (23)

By Lemma 4.1, it follows from (23) that for # > ny(¢)

logM,(0,F) _ logA} + 1,0 —log2
eko = eka

A An
>et? (Ano e log[(¥ — €)er] - R log 2, —log 2)- (24)

Let

1 1
ﬁ » < ea < )\n+1 * ,
AU AU

and take

1 A 1
o=—log|l — ) +ol — ).
A (M/‘) (M)

Then from (24) it follows

logM,(0,F) 1O (A, 1 A,
— e > o m log T + N log((ﬁ — s)ek) —log2 +0(1) ). (25)
Since A, ~ A,y1 and A, — +00 as n — +00, thus by a simple computation, from (25) we
have 1) > . When ¢ = 0, 7, > ¥ is obvious; if ¢ = oo, we also prove that 7, > ¥ by using
the same argument as above. Hence we prove that (11) holds.

Let u(o, F) denote the maximum term for Rs = o, —00 < £ < +00. Since

log A}, ~ log A,

w(n) B )Ln+1 - }\n
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forms a non-decreasing function of n for #n > ng, then for ¥(n—1) <o < ¥ (n)

logu(o,F) =log A} + 1,0.
Since T, < 00, for any small ¢ > 0, it follows from (20) that

log (o, F) =1log A} + A,0 > (1, — &) exp(ro) (26)
for o > 0 and all # such that Y (n - 1) < o < ¥ (n).

Let fis = 0 > 09 and A}, exp(oAy,) and A}, exp(ohy,) (m1 > no, ¥ (n—1) > 0y) be two con-
secutive maximum terms such that 7, — 1 > #, it follows from (26) that

logA,";2 + Ayy0 = (1) — €) exp(ro)
for all o > oy satisfying ¥ (n; —1) <o < ¥ (n2). Let n; <n <mn, —1, then

Ym)=y(m+1)=--=y@m=-- =y -1)

and A} exp(A,0) = A}, exp(A,,0) for o = ¢/ (n). Then there exists a positive integer 71 such
that, for n > n; and o > oy,

logA} > (1) — £)er” —r,0.

Since €¢* > ex for any x, so it follows

2 Ay Mo —¢) , A e(T—)A
)»,,(A:‘,)'\" > ek_"eXp{A—ne o> e*_"Te T =e(ty —&)A. (27)

Thus, for ¢ — 0 and n — +00, from (27) it follows

Mn g o
® =liminf — (A%)™ > ;. (28)

n—>+00 en

Hence, this proves that (12) holds.

4.3 The proof of Theorem 2.5

To prove this theorem, we require the following lemma.

Lemma 4.3 Ifthe abscissa of = +00 of uniform convergence of the Laplace-Stieltjes trans-

u =

formation F(s) and sequence (2) satisfies (4), (6), then for any real number B, we have

/ exp{(B + it)y} doc(y)‘ <2 Ay exp{Bhinalb
A

n=k

where

AY = sup

A <x<Ay41,—00<E<+00

/ ey da(y)‘.
An
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Proof Set

I(x;it) = /‘x exp{ity} da(y).
0

For any real number g, since

) b
/ exp{(,B + it)y} doz(y)‘ = blim / exp{(,B + it)y} da(y)|.
A —+00| g

k

Set Ii(bsit) = ff_ . explity} da(y), (Ajk < b < Ajira), then we have |1 (b it)| < A;."+k. Thus,
]+

it follows
b
f exp{(ﬂ + it)y} da(y)‘
Mk
n+k-1 A b
|3 [ ewisnd o [ exptprid it
j=k A Ansk
n+k-1 A1
= [ > Lzt - B / P Iy it) dy}
j=k &
b
+ PP, i (bsit) - B f P I(y;it) dy
Antk
n+k-1
< Z |:14]’4"‘e)\j+ll3 + A}* (e)\jﬂﬂ _ e)bjﬂ)] + 2eﬂkn+k+1A;+k _ eﬂ)tn+kAZ+k
j=k
n+k
< 2 ZA;kte)L’Hlﬁ'
j=k

When n — +00, we have b — +00, thus we have

f exp{(,B +it)y} doz(y)' < ZZA: exp{Bius1}- 0
Mk n=k
Now, we are going to prove Theorem 2.5.

4.4 The proof of Theorem 2.5
Let

A
%

H = liminf<k—;> (En_l(F,ﬁ)exp(—ﬁAn)) 1 (0 <P < +00).

n—oo \ e

Then, for any small ¢ > 0, there exists an integer ny(¢) such that, for any n > ny(¢),

A (191 - 8)6)\
> —log ——.

10g(En—1(Fr ﬁ) exp(_ﬂ)“”)) A A
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Since F(s) € Lo, thus for any constant 8 (—oo < 8 < +00), we have F(s) € Z,g. For B <o <
+00. It follows from the definitions of E,(F, 8) and p,, that

Eu(F,B) < |IF = pullg < |F(B + it) — pu(B + it)|

An

/o exp{(ﬂ + it)y} da(y) —/0 exp{(ﬂ +it)y} da(y)

=

./x exp{(B +it)y} doz(y)‘. (30)

Thus, from the definition of A} and M,(c,F), and by Lemma 4.1, we have A} <
2M, (o, F)e* for any o (B < o < +00). It follows from (30) and Lemma 4.3 that

EJF,B) <2 ) Afjexp{Bre} < 4M,(0,F) ) exp{(B-0)i}. (31)
k=n+1 k=n+1

From (4), take 4’/ (0 < /' < k) such that (A,,1 —A,) > # for n > 0. Then, for o > g, it follows
from (31) that

[o¢]
En(F’ :3) = 4MM(U7F) eXP{)\ml(,B - 0)} Z exp{()‘k - )\n+1)(,3 - 0)}
k=n+1
< 4M, (o, F)exp{rn1(B—0)}exp —éh’(n +1) i exp éh'k
a 2 k=n+1 2
B -1
=4M,(o,F) exp{kn+1(ﬁ - a)} <1 - exp{ 51/1’}) ,
that is,
Eu1(F, B) < KM,(0,F) exp{ia(B - 0)}, (32)
where K is a constant. Let
vn = E 1 (F, B)exp(=BAr,) (n=1,2,...).
Thus, from (29) and (32), it follows that for # > ny(s)
logM,(o,F) logy, +r,0 —logK
eka = 6)“7
Ao An An
>e AnO + o log[(ﬂl - s)ek] Y log A, —logK ). (33)

By using the same argument as in Theorem 2.4, we can easily prove that 7, > 9.
From the proof of Theorem 2.4, we have that there exists a positive integer #; such that

log A% > (1), — £)e"” — A0
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for n > m and o > oy. Since for any § < +00, from the definition of Ex(F, 8), there exists
p1 € 1,1 such that

|F = p1ll < 2E,1(F, B). (34)
And since
X
Ay exp{Br,} = sup f explity} da(y) | exp{Br,}
An<xX=<Ap41,—00<t<+00|J Ay
X
< s / exp{ (8 + it)y) da(y)‘
Ap<x=<Ay41,—00<t<+00|J Ay
< sup / exp{(ﬂ + it)y} da(y)',
—00<t<+00|J Ay
thus for any p € I1,,_4, it follows
Ajexpl{Bhrn) < [F(B +it) - p(B +it)| < | F - pllg. (35)

Hence from (34) and (35), for any § < +00 and F(s) € L, we have
A exp{Brn} < 2E,1(F, B).

Since €* > ex for any x, so it follows

A Ay Mz —¢) ,, Alog2
An(Yu) o > e)\—aexp{ . e’ — n
A —&)A
e)u_(T (weka exp{o(l)}) = e(TA - 8))\.. (36)

Thus, for ¢ — 0 and n — +00, from (36) it follows

. )"n 2
P =liminf —(y,) % > 1.
n—>o00 er

Since [E,_1(F, 8) exp(=BAn)] 7 = [Enr(E, B)]7r exp(—pA), then (14) follows.
Therefore, we complete the proof of Theorem 2.5.

4.5 Remarks
From the proof of Theorem 2.5, and combining those results of the Laplace-Stieltjes trans-
forms in Ref. [14, 16, 27], we can obtain the following results on the approximation of

Laplace-Stieltjes transforms, which can be found partly in [28].

Theorem 4.1 Ifthe L-S transform F(s) € L, and is of order p (0 < p < 00) and of type T,
then for any real number —oco < 8 < +00, we have
Ay logh, Ay log A,

p =limsu =limsuyp —
n—>+00p —log E,,_1(F, B) exp(—BA,) n—>+oop —logE,_i(F, B)
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and

£
An

T = timsup 22 (E, (F, ) exp(—p1,)

n—+o0 €

-1 M (£, (B

=limsup —————(E,1(F, "

s pexp(pB +1) < "

Furthermore, if F(s) is of the lower order A and the lower type t, and A, ~ Ay, and the
function

log A}, ~ log A},

w(n) B )‘«n+1 - }‘«n

forms a non-decreasing function of n_for n > ny, then we have

Anlog A, A 2
—hmlnfL t =liminf ——————(E,1(F, B)) b
n—>+00 —log E,_1(F,B)’ n—>+co pexp(pf +1)
Theorem 4.2 Ifthe L-S transform F(s) € Lo, then for any real number —oco < 8 < +00. For
p =1, we have
h(logM, (o, F)) h(),)

S ey T L oalE (B, B exp B

and forp=2,3,..., we have

lim sup i)
nsso0 h(=35-10g[E, 1(F, B) exp(—BL,)])
< limsup 7h(log;’\;[;()cr, F)
h(Ay)

<limsup +1,
n— +00 h(——log[En I(F lg)cxp( ﬁ)‘n)])

where h(x) satisfies the following conditions:
(i) h(x) is defined on [a, +00) and is positive, strictly increasing, differentiable and tends
to +00 as x — +oo;
P d(h(x)
(ii) limy_ o0 (o gLD] )
log? x = log(log? ! x).

=k € (0,+00), p > 1,p € N*, where log'® x = x,log!! x = log x and
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