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Abstract

Our aim in this paper is to consider the integer part of a nonlinear form representing
primes. We establish that if A1, A,,..., Ag are positive real numbers, at least one of the
ratios Ai/A; (1 <i<j <8)isirrational, then the integer parts of

A + X3 + A3x§ + Aaxi + Asxd + AeX + Aox3 + Agxg are prime infinitely often for
X1,X2,...,Xs, where x1,X,,...,xg are natural numbers.

Keywords: diophantine approximation; mixed power; integer variables

1 Introduction

The integer part of linear and nonlinear forms representing primes has been considered by
many scholars. Let [x] be the greatest integer not exceeding x. In 1966, Danicic [1] proved
that if the diophantine inequality

[A1p1 + Aopa + A3ps + 1| <€ 1@

satisfies certain conditions, and primes p; < N (i = 1,2, 3), then the number of prime so-
lutions (py, pa, p3, pa) of (1) is greater than CN3(log N)™*, where C is a positive number
independent of N. Based on the above result, Danicic [1] proved that if A, i are non-zero
real numbers, not both negative, X is irrational, and m is a positive integer, then there exist
infinitely many primes p and pairs of primes p;, p; and ps such that

[Ap1 + upa + ups] = mp.

In particular, [Ap; + ups + ups] represents infinitely many primes.

Briidern et al. [2] proved that if 4,..., A are positive real numbers, A1/, is irrational,
all Dirichlet L-functions satisfy the Riemann hypothesis, s > %k + 2, then the integer parts
of

Alx’f + Alez‘ +eoet Asxf

are prime infinitely often for natural numbers x;, where x; is a natural number.
Recently, Lai [3] proved that for integer k > 4, r > 2k-1 4 1, under certain conditions,
there exist infinitely many primes py, ..., p,, p such that

[,ulplf +et ,u,p],‘] = mp. (1.1)
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It is natural to ask if the above results are true when primes p; in (1.1) are replaced by

natural numbers x;. In this paper we shall give an affirmative answer to this question.

2 Main result
Our main aim is to investigate the integer part of a nonlinear form with integer variables
and mixed powers 3, 4 and 5. Using Tumura-Clunie type inequalities (see [4, 5]), we es-

tablish one result as follows.

Theorem 2.1 Let Ay, A, ..., g be nonnegative real numbers, at least one of the ratios \;/A;
(1 <i<j <8)isrational. Then the integer parts of

MXS + AoXs + A3X3 + AaXy + AsXe + AeXy + A7XS + Agy
are prime infinitely often for x1, %3, ...,%s, where x1,%,...,xg are natural numbers.

Remark It is easy to see from Theorem 2.1 that primes p; in (1.1) are replaced by natural
numbers x; and there exist infinitely many primes p,...,p, and p such that Lph +---+

M,+1p’r‘+1] = mp,, where m is a nonnegative integer (see [6]).

3 Outline of the proof

Throughout this paper, p denotes a prime number, and x; denotes a natural number. § is
a sufficiently small positive number, ¢ is an arbitrarily small positive number. Constants,
both explicit and implicit, in Landau or Vinogradov symbols may depend on Ay, Ay, ..., Ag.
We write e(x) = exp(2mix). We take X to be the basic parameter, a large real integer. Since
at least one of the ratios A;/}; (1 < i <j < 8) is irrational, without loss of generality, we may
assume that A;/A, is irrational. For the other cases, the only difference is in the following
intermediate region, and we may deal with the same method in Section 4.

Since A1/A; is irrational, there are infinitely many pairs of integers g, a with |A1/Ay —
alql > q7%, (p,q) =2, g >0 and a # 0. We choose p to be large in terms of A1, Ay, ..., Ag, and
make the following definitions.

Put 7 = N T = N3, L = logN, Q = (JA1]2 + |A2]®)N?3, [N-%] = p and P = N%,

where N =< X. Let v be a positive real number, we define

sinmva )
K,(a)=v , a#0, K,(0)=v,
Tva

Fla)= Y e(ex'), i=12,  Fl)= Y e(a®), j=34,5

ISxSX% ISxSX%
Fr(a) = Z e(axs), k=6,7,8, Gla) = Z(logp)e(ap),

o Py (3.1)

<x<

e

1
e X5
fil) = / e(Oth) dx, i=1,2, fila) = / e(oth) dx, j=3,4,5,
1 1

x5 N
Sfila) = /1 e(ozx4) dx, k=6,7,8, gla) = /2 e(ax) dx.
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From (3.1) we have

+o0 9
J= f ]_[F(/\ o) G(~ a)e(—%a)](l( )do
<logN Z 1,

\)le:f +A2x%+)»3x§ +A4x2+k5xg+-»-+k9xg—p— % [< i-

1<x) 29 <XV/5 1<xz,24 <XV/4 1<x5,..,09 <X1/6 p<N
which gives that
N(X) > (logN)%J?
(X) = (logN)™"J".

Next comes the time to estimate J. As usual, we split the range of infinite integration
into three sections, C={ax e R: |Jo¢| <t},D={aeR:1<|a| <P}, c={x e R: |a| > P}
named the neighborhood of the origin, the intermediate region, and the trivial region,
respectively.

In Sections 3, 4 and 5, we shall establish that J(€) > X%, J(®) = o(X%), and J(c) =
o(X 0 ). Thus

> X0,  NEX)>XoL?,
namely, under the conditions of Theorem 1.1,

1 1
Ale + )\.296% + Agxg + )»4962 + ksxg + AGxZ + )\7x§ + Agxg -p- 5 < 5 (3.2)

has infinitely many solutions in positive integers x;,%3,...,xg and prime p. From (3.2) we
have

P <MD+ hoXs + A3 + Aoy + AsxS + Aexl + AsaS + Agad < p + 2,
which gives that

[)lef + )\zxg + A3x§ + Mxi + A5x§ + A6x2 + A7x§ + Agxg] =p.
The proof of Theorem 1.1 is complete.

4 The neighborhood of the origin
Lemma 4.1 (see [7], Theorem 4.1) Let (a,q) =1. If« = alq + B, then we have

q Nl/z
Z =q IZe am'/q) / e(By') dy + O(q"***(1+ N|BI)).
m=1

lffol/t

Lemma 4.1 immediately gives that
= filer) + O(X?), (4.1)

where || e €andi=1,2,...,8.
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Lemma 4.2 (see [8], Lemma 3 and Remark 2) Let

I(a) = Z an_le(na),

ly|<T,p=}% n=N

J(a) = O((1+ |aIN)N3 LE),

where C is a positive constant and p = B + iy is a typical zero of the Riemann zeta function.
Then we have

1
‘/j |I(oz)|2da <<Nexp(—L%),
-3

/ !](a)|2doz < Nexp(—L%)

and
Glo) = gla) — I(a) + ] ().

Lemma 4.3 (see [8], Lemma 5) Fori=1,2,j=3,4,5,k=6,7,8, we have
: : :
1 1 3
[ de<xs,  [Cpelaecxt, [ ] de <t
-3 -3 -3

Lemma 4.4 We have

/@K%(a) |

9 9
HH(Aia)G(—a) - Hﬁ(kia)g(—a)
i=1 i=1

X
do K —.

Proof 1t is obvious that

1 1 1 1
Fi(ho) < X3,  filho) € X3, F(ho) < X%,  flhjo) < X3,

FOue) X3,  fillha) X3,  G(-a) <N and g(-a) <N

hold fori=1,2,j=3,4,5and k=6,7,8.
By (4.1), Lemmas 4.2 and 4.3, we have

J

101
N

9
(Fima) - i) [ [Ei(ni) G(-a)

i=2

Ky (o) do <

and

9

[ [£0i)(G(-e) - g(-)

i=1

da

/K%(a)
[

< X% (/Q[ﬁ(kla)|21(% (oz)doz>7</¢|](—a)—1(—01)|21<% (a)da)

1
2
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«x% (/f[ﬁ(xla)ﬁda)i </€|](a)|2doz +/j|l(a)|2da)7

2

The proofs of the other cases are similar, so we complete the proof of Lemma 4.4.

Lemma 4.5 The following inequality holds.

121 ¢

da <<X%*6o

[TfGuwg-e)

9
/ K (@)
bty [

Proof Fora #0,i=1,2,j=3,4,5, k=6,7,8, we know that

1 1 1
file) <lel™3,  fye) <lal™®,  filha) <5, gl-a) < Jo|™.

Thus

-/a|> L

NI

K%(a)d(x <</ loe|” 0 do < X 60600,

‘0‘|>N1 5

9
[T/ Gueg(-e)

i=1

Lemma 4.6 The following inequality holds.

+o0 9
/ [ [fiGio)g(- a)e<——a)1<1 () da > X 0.

RS |

Proof We have

+o0 9
_/ Hf()\ a)g(- oe)e<——oe)1<1 (o) da

1 1 1
X3 X3 X4 X4 X4' X5 X5 X5 N +00
—00

1
+ AaXy + AsXa + heXo + A7xs + AgiXg — X — E))

x K1 ( 1 o) da dx dxg dx; dxe dxs dxy dxs dxo dx,

_3 _3 _
72000/ / f / % x2 xs x44x54x6 X7~ Xg

X e(oc (Z)\lx, x— —))I(1 ()dadxdxg - dx;

2 44 g
72000/ f / xp %%y x3 x4 x5 x6 Sx;°xg°

Zkixi—x %

i=1

(S

( 1
x max| 0, — —
2

from (2.3).
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Let | Z?Zl AiX; — X — %l < =. Then we have

° 3 ° 1
Z)»txt— Z =x= Zkixi— R

i=1 i=1

By using

8
3 1
;klxi—1>1 and Zkixi—1<N,

we obtain that

8 -1 8 -1
A,-X(SZA,-) gxigij(4ZAi) , j=1...8,
i=1 i

and hence

+o0 9
[ Toigt-ae( -5 )i @de
- i=1

00
1 $ $ - 121
> — Ail 8 Ai] Xeo.
~ 576,000 E[ ’( 21: ‘)
Then we complete the proof of this lemma.

5 The intermediate region
Lemma 5.1 We have

+00
[ 10 K e 3

o0

+00
/ ]F,(A,»a)]mK% (@) da < X3*1°,

o0

+00
/ |Fk()\ka)|321<% (@) do < X3 +5¢

00

and

/ |G(-a)"Ky (@) dor < NL

00

fori=1,2,j=3,4,5and k=6,7,8.

Proof We have

/ |E(je)| K (@) der

o0

+00 m+1
<y /m |E(3j0)| °Ky (@) de
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m+l +oo m+l
& Z/ |Ifj(kja)|l6 do + Zm‘Z/ |1’:/()\j04)|16 do

m=0"Y " m=2

< X3+%s

from (3.1) and Hua’s inequality.

The proofs of others are similar. So we omit them here. O

Lemma 5.2 (see [7], Lemma 2.4 (Weyl’s inequality)) Suppose that

a - 1

a-—|<—,

ql~ q*
(a,q) =1 and

k-1 +

o(x) = ax® + ogx cee 0K+ O

Then we have

M
Ze((rb(x)) < M1+5 (q_l + M—l + qM_k)Zl_k

x=1
Lemma 5.3 For every real number o« € ©, we have

W(O[) < X%—%(S#—%E,

where

W (e) = min(|Gi(r1e0)

/| Ga(raa)).

Proof For o € ® and i = 1,2, we choose a;, g; such that |Aa — a;/q;| < qi‘lQ‘1 with
(ai,q;) =1and 1 < g; < Q. We note that aya, #0. If q1,q5 < P, then

ay/ a
2 q2q1q2<kla——l>‘+
Ay 7l

Al
arh— —a
291 * 192

=

ay/ a 1
LV D92 <A2a - —2>‘ <PQ'<—.
Ay q2 2q

We recall that g was chosen as the denominator of a convergent to the continued frac-
7 A

iy
all integers a’, g’ with 1 < ¢’ < g, thus |ayq1| > g = [N'-%]. On the other hand, |a,q1| <

tion for A;/A;. Thus, by Legendre’s law of best approximation, we have |¢' 5 — d/| > i for

@192P < N'®, which is a contradiction. And so, for at least one i, P < q; < Q. Hence, by
Lemma 5.2, we obtain the desired inequality for W(«). (]

Lemma 5.4 The following inequality holds.

9
1
/ HFi(Aia)G(—a)e<—Ea>Ké(a)da <<X%_%5+8.
D a1
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Proof We have

8
/H’Fi()‘ia)G(—a)V(l(a)da
D 2

3

< max| W (o) (( / Oo |F1(A1a)|8)g ( / Oo |F2<x2a>|8)32
+ (/ |F1()»105)|8> ¥ (/ |F2()»20l)|8) 3)

S 16 68 o 32 %
x (]‘[ / |Fi(a)| 1<%(a)da> (]‘[ / |Er(uer)| K%(ot)dot)
j=3 Y~ k=6 Y~
+00 1
2 2
X |G(—oe)| Ki () da
<« (X%_%a%g)%(xg%e);ﬁ(Xs%g)%(x%gs)g%(m)%
< X%—%Ma
from Lemmas 5.1, 5.3 and Holder’s inequality. O

6 The trivial region
Lemma 6.1 (see [9], Lemma 2) Let

Via) = Z e(otf(xl, ... ,xm)),

where the summation is over any finite set of values of x1, ..., %, and f is any real function.
Then we have

3 23 [ 3
v/ot|>A|V(a)| I<u(05)d0( = I/:DO‘V(O‘)‘ 1<v(0l) do

forany A > 4.
The following inequality holds.

Lemma 6.2 We have
° 1 121
fl_[Fi(Aia)G(—a)e(—ia)K% (o) do <« X 60 765+¢
¢ =1

Proof We have
2 1
/ I Fi()\ia)G(—a)e(—Za)K% (o) det
€ =1
9

< %[wm ];[F,»(Aia)G(—a) Ky(o)do
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55 1 +00 9 3% +00 9 %
K N max|F(\a)|? ( / |F1(na)| ) ( / |F2(h20)] )
—00 —00
1 L
5 +00 16 8 +00 32
<[] / [EGyo)| Ky (@)de ) (]] / |Fe() K (o) dat
j=3 ¢~ ’ k=67~ ’
] =
1
+00 2 2
X (/ |G(—Ot)| K (Ol)dot)
—00 2
< X%—&Hs
from Lemmas 5.1, 6.1 and Schwarz’s inequality. O

7 Results

In this paper, we established that if A;,1,,..., g are positive real numbers, at least one
of the ratios A;/A; (1 < i< j < 8) is irrational, then the integer parts of xS + Aoxs +
AaXg + haxy + Asx® + Aexl + AzxS + Agxg are prime infinitely often for x1,x,,...,xs, where

X1,%2,...,%g are natural numbers.
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