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Abstract

In this paper, we prove weighted quantitative isoperimetric inequalities for the set
Eo ={x,y) e Ryl < far%csm 5 SN dt, 1x] < 1} in half-cylinders in the Grushin
space R™! with density |x|?, p > 0.
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1 Introduction

The study of isoperimetric problems in Carnot-Carathéodory spaces has been an active
field over the past few decades. Pansu [1] first proved an isoperimetric inequality of the
type Py(E) > C|E|% (C > 0) in the Heisenberg group H' where Py(E) and |E| denote
Heisenberg perimeter and Lebesgue volume of E, respectively. In 1983 Pansu [2] conjec-
tured that, up to a null set, a left translation and a dilation, the isoperimetric set in the

Heisenberg group H! is a bubble set as follows:

1
Eisop = {(z, el : |t < E(arccos |z| + |z]v/1 - |z|2), lz] < 1}. 1)

The formula defining Eip, in (1) makes sense in H” for # > 2 and Pansu’s conjecture can
be naturally extended to any dimension. Until today Pansu’s conjecture has not completely
been solved. It has been only supported by many partial results, where further hypotheses
involving regularity or symmetry of the admissible sets are assumed; see [3—8]. For Carnot
groups, one can only get an isoperimetric inequality [9] though we know the fact that
isoperimetric sets exist [10].

Monti and Morbidelli [11] completely solved the isoperimetric problem in the Grushin
plane R2. Franceschi and Monti [12] studied isoperimetric problem for a class of x-
spherical symmetry sets (here if 4 = 1, the assumption of x-spherical symmetry can be
removed) in Grushin spaces R"*. In particular, they pointed out that when k =1, up to a
null set, a vertical translation and a dilation, the x-spherical symmetric isoperimetric set
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is
B+l 3 1
E, = {(x,y) eR™ 1|y </ sin“*(¢) dt, |x| < 1}. (2)
arcsin |x|

In the case of @ = 1, the set E, (2) is just the Pansu sphere in the Heisenberg group.

On the other hand, manifolds with density, a new category in geometry, have been widely
studied. They arise naturally in geometry as quotients of Riemannian manifolds, in physics
as spaces with different media, in probability as the famous Gauss space and in a number
of other places as well (see [13, 14]). Morgan and Pratelli [15] studied the isoperimetric
problems in Euclidean spaces R” with density; see [16—20] and the references therein. The
weighted Sobolev and Poincaré inequalities for Hérmander’s vector fields were well stud-
ied in [21-23]. The weighted isoperimetric-type and Sobolev-type inequalities for hyper-
surfaces in the Carnot group with density were obtained in [24]. In [25] He and Zhao
proved that the set E, is also a weighted x-spherical symmetry isoperimetric set in the
Grushin space R"*! with density |x|?, p > —h + 1.

Very recently, Franceschi et al. [26] obtained quantitative isoperimetric inequalities for
the bubble set Ejsop in half-cylinders in Heisenberg groups by the construction of sub-
calibrations.

Motivated by the nice work mentioned above, in this paper we consider the quantitative
isoperimetric inequalities for the set E, in half-cylinders in the Grushin space R**! with
density |x[?, p > 0. These inequalities show that the weighted volume distance of a set F
from the set E, with the same weighted volume is controlled in terms of the difference of
the weighted «-perimeter of F and the weighted «-perimeter of E,. We get the following

theorem.

Theorem 1.1 Let F be any measurable set in the Grushin space R"' with density e? =
|x1”, p > 0, where F satisfies V4(F) = Vy(E,). Let C; = {(x,y) € R x| <1,y > .} be half-
cylinders, where 0 < e <1and y, = f(1 — &) with f(r) = ar%csmr sin®*1(¢) dt.

(i) If FAE, CC Cy, then we have

h+p
Py y(F) = Py (Ey) > ——=V,(E,AF).
b (F) = Py ( )_1206013 s )

(i) IfFAE, CC C. with 0 < e <1, then we have

Ve(h+p)
[(A-e)vh + (1 - )t /elwy

Pot,gb(F)_Pa,q&(Ea) = 8 V¢(EaAF)2.

Here P, 4(E) = sup{ [, divy (|x[Pg) dxdy : ¢ € CL(R"; R*1), max |¢| <1} and
Vo(E) = |, ¢ %P dxdy are called the weighted a-perimeter and the weighted volume of
E, respectively. Finally wy, denotes the Euclidean volume of the unit ball.

When p = 0 in Theorem 1.1, we can obtain the quantitative isoperimetric inequalities

for the set E, in half-cylinders in Grushin spaces.
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2 Preliminaries
The Grushin space R"*! = {(x,y) : x € R,y € R} is a Carnot-Carathéodory space with a
system of vector fields

d
X;=—, i=1,...,h and Y =|x|"—,
dy

where « > 0 is a given real number and |x| is the standard Euclidean norm of x.
The a-perimeter of a measurable set E C R"*! in an open set A C R"*! is defined as

P,(E;A) = sup{/ divy pdxdy: ¢ € Ci(A;RhJ'l), lelloo = m?);|go(x,y)| < 1},
E €.

(€57
where the a-divergence of the vector field ¢ : A — R"*! is given by
dive ¢ = Xi¢1 + -+ + Xpgn + Ypi1.
If P,(E; A) < 00, by the Riesz representation theorem there exist a positive Radon mea-

sure g on A and a pp-measurable function vg : A — R"*! such that |vg| =1 pug-a.e. on A
and the generalized Gauss-Green formula

[divapasdy=- [ tg.ve)du ®)
E A

holds forall ¢ € C!(4; R"1). Here and hereafter, (-, -) denotes the standard Euclidean scalar
product. The measure uf is called a-perimeter measure and the function vg is called mea-
sure theoretic inner unit «-normal of E.

Now we endow the Grushin space R"*! with density e? and define the weighted a-
perimeter of a measurable set E C R"*! in an open set A C R"*! as

Pyy(E;A) = sup{/(diva,q; p)e? dxdy: ¢ € C! (A;Rh“),
E
co = MmMax X, <1y, 4
I¢lloc = max ¢ (x,y)] } @

where divy 4 ¢ = e div, (e?¢) is called the weighted a-divergence of ¢.
By the definition of divy,4 ¢, (4) can also be rewritten as

Pyy(EA) = sup{/ div, (e¢¢) dxdy:p e C! (A;Rh“),
E
o = max |@(x,y)| <1;. 5
I¢lloc = max ¢ (x,y)] } (5)
If P, 4(E; A) < 00, then by (3) we have
‘/diva,¢ (pdV¢ = - / (§0, VE) d,LLE,tp, (6)
E A

where dV; = e? dxdy is the weighted volume measure and djugg = €? dug is called the

weighted «-perimeter measure. For any open set A C R"*1, we have Py 4(E;A) = 11g4(A).
When A = R, let P, 4(E) = Py 4(E; R'1).
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Let ¥ be a hypersurface in the Grushin space R"*! with density e?. ¥ can be locally
given by the zero set of a function u € C! such that |V,u| # 0 on %, where V,u =
(Xi4, ..., Xyu, Yu) is called the a-gradient of u. For a set E = {(x,y) € R"*! : u(x,y) > 0},
the inner unit «-normal in equation (6) is given on ¥ = 0E by the vector

Vou(x,y)
VE= —————.
[Vaulx,y)|

Then we define the weighted o-mean curvature of ¥ as

1 . 1, ..
Hsy = “n dive,y VE = _Z(dlva VE + (VE, Va¢>)' @)

Remark 2.1 Noticing that the «-mean curvature of X is defined by Hy, = —% div Vg, then
from (7) we have

1
—(vE, Vo).

Hs 4 =Hs - W

To prove Theorem 1.1, we need the following lemma.

Lemma 2.1 Let the Grushin space R"*! be endowed with density e® = |x|P. For any 0 <
e<1,let Co={(xy) € R"': |x| <1,y > 9.} be half-cylinders, where y, = f(1 — &) with
f(r) = ar%csmrsin“*l(t) dt. There exists a continuous function u : C, — R with level sets
¥ ={(x,y) € Ce : ulx,y) = s}, s € R, such that
(i) u e CYC, NE,) NCYC, \ Ey) and ;ZZ&& is continuously defined on C; \ {x = 0};
(it) Uy Zs = Ce NEy and | ;) Zs = Ce \ Ey;

(iii) Xy is a hypersurface of class C* with constant weighted a-mean curvature, that is,

1 p
H. =—(1+>= ors>1
) S( h) S
and
Hs =1+}h—7 fors<1;

(iv) for any point (x,f(|x]) — y) € X5 with s > 1, we have

h 1,
1- mstvd)(x’f(lx') _y) > gy when s =0 (8)
and
! JE
L= gyt el () =) = Gy whenO <<l ©)

Proof The profile function of the set E, is the function f : [0,1] — R,

T

£ = / T i) dt. (10)

resinr
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Its first and second derivatives are

ro+l r*lar? — (o +1)]
"(r)=- , "(r) s —————. (11)
4 Vi-r2 4 1-r2)3
We define the function g: [0,1] — R,
g(r) = (a+1)f (r) —rf'(r)
T Fo+2
=(x+1) sin®*(¢) dt + . 12
( arcsinr ( ) \/1—}"2 ( )
Its derivative is
ra+1
gr)=—=>0. (13)
(1-r)i

Now we construct a foliation of C,. In C; \ E,, the leaves X of the foliation are vertical
translations of the top part of the boundary dE,. In C, N E,, the leaves X; are constructed
as follows: the surface 9E, is dilated by a factor larger than 1 where dilation is defined by
(x,9) = (Ax, A%*1y) (VA > 0), and then it is translated downwards in such a way that the
surface {y =y, = f(1 — ¢)} is also the leaf at last.

We construct a function u on the set C, \ E, as

wx,y)=f(lxl) —y+1, (%)) €C; \ Eq. (14)

Let X5 = {(x,y) € C. \ Ey : u(x,y) = s}. Then we have s <1 and ¥; = 0E,. From (14), we
know u € C'(C; \ E,) and | J,_, &5 = C,; \ E,.

In the following we will define the function « on the set D, = C, N E, . Setting r = |x| and
re=1-—¢,weletF,:D, x (1,00) — R be a function

Fg(x,y,s):s‘“l[f(g) —f(rs—g>] +Ye — ). (15)

For any (x,y) € D, we have
lir{l F.(x,9,8)=f(r)-y>0, lim F,(x,y,8) =y. —y < 0.
s—>1* §—>00

On the other hand, using (12) and (13) we have

r 7e
O,F, = s [g(;) —g(;)] <0. (16)

So there exists a unique s > 1 such that F.(x,y,s) = 0 for any (x,y) € D,. Furthermore we
can define a function u : D, — R, s = u(x, y) determined by the equation F,(x,y,s) = 0. Ob-
viously we have u € C}{(C, N E,) and C, NE, = | J,.; =5, where Z; = {(x,y) € C; N E, : s =
u(x,y) is determined by Fe(x,y,s) = 0}.

By (15), we find

s>1

thFg(x,y,s)zﬁf(f), =1,k 8,F(xys) =-L (17)
r S
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Using (11), (16) and (17), we obtain

u(x,) il Byuy) = 1s)
u(x,y) = , u(x,y) = r —.
E TP e B TS R A e
Then we have
Xie=9 i Y = |50 &
U= ilfi: ) u=|x u:rirg’
T e 2 g(h) - g()] T sle() -e ()]
and the square length of the a-gradient of u on D; is
h r20¢
Voul® = ) (Xu)* + (Yu)” = RYIZRE
; s22(s2 - r2)[g(5) - g(£))?
Note that |V,u| = 0 if and only if x = 0. So for any (x, y) € D, with x # 0, we have
Xi i Y Por
N T adBR L (19)
| Vo s [Vou| s

If (x,7) € D, tends to (¥,7) € dE, with x # 0 and ¥ > 0, then s = u(x,y) converges to 1.
From (19), we have

Vyu(x,y) _ _ — Vo u(x,)
im ———=(=%x,...,—%,V1-|x]?) = —=,
@)=~ @) |Vou(x,y)| (= " ) [Vou(x,y)|

where the right hand side is computed by the definition (14) of u. The above equality shows

that lgz; is continuous on C; \ {x = 0}.

In the case of e? = |x|?, we get ¢ = pln|x| and V,¢ = (ﬁxl,,,.,ﬁxh,O) for x # 0.
From (14), we know that the inner unit a-normal of X with s <1 is

V):S = (—xl,...,—.Xh,—\/m)'

So the weighted «-mean curvature Hy_4 of X with s <1 is given by

1 . p
Hs 4= Z(_ divy vg, — (VE,, Va(p)) =1+ W
From (19) we know that the inner unit ¢-normal of ¥; with s > 1 is

<_’ﬂ _%n @)

Vs, = )
S N S

So the weighted «-mean curvature Hy, 4 of X; with s > 1 is given by

1 p
Hs o=-[1+=).
o9 s(+h)

Fixing a point x with |x| <1 — ¢ and for 0 <y < f(|x|) — y., we define the function

) = s f () -) =5 (1+7) 20)

Hs,p'
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where s > 1 is uniquely determined by (x,f(|x|) — y) € Z;. Then the function y — h,(y) is

increasing and /,(0) = 1.

From (18) and (20), we know
1

" ) Ie(E) —gG)]

H(9) = =dyu(x.f (1x]) - )

forall 0 <y < f(]x]) — ys.
By (13), g is strictly increasing. So /,(y) satisfies
() > ! (21)
= o)) O]

On the other hand, for any s > 1 we have

re

o(2)-s0]- [ s0e

%5 rowrl
:s"‘/ 5 dr
o (1-r2)3
Srg‘/s ! 5 dr
0 (1-r?)s3

<[0-(5))

[T

(22)

When ¢ = 0, we have r, = 1. So (22) turns into

s* [g<r—€) —g(O)] <
s
By (21), we get

h;(y) >yh(y)-1, y=>0.

Integrating (23) with /,(0) = 1, we get

1

1

“n

(23)

1
h0) =1+ 25

Thus we obtain
52

H (. f (Ix]) =y) =1~ 1:(9) = 41y

1— —

h+
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Noticing
z z
y <f(|x|) <f(0) = f sin®*1(¢) dt < / sin(t)dt =1,
0 0
we have
h 1
1-—H \ —y) > =y~
It p 5,6 (%.f (11) y)_sy

When 0 < ¢ <1, (22) turns into

Sa|: (r_5> _ (0)] < (1 —E)a
§ s £ T Vs—1+e
So by (21), we have

NG

et

y=>0.

Integrating (25) with /,(0) = 1, we have

JE
1-¢)

h(y) =1+ 9.

Noticing y < f(|x]) — ye <1, so we have

h 1
1- ——Hy g(xf(1x]) -y) =1-
jrop 2o ) =) =15 55
>1 1
1+—(l“_/§)ay
S .
Ao+ ve

3 Proof of Theorem 1.1
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(25)

(26)

Let u: C, — R be the function given by Lemma 2.1 and let X; = {(x,y) € C; : u(x,y) = s} be

leaves of the foliation, s € R. We define the vector field X : C; \ {x = 0} — R"*! by

_ Vald
| Vo ul

Then X satisfies the following properties:
@ 1X1=1

(ii) for (x,y) € 0E, N C, we have X(x,y) = —vg, (x,y) where vg, (x,y) is the unit inner

oa-normal to 0E,;
(iii) for any point (x,y) € X; with s <1, we have

divy e X(x,9) = h + p.

(27)
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For any point (x,y) € £; with s > 1, we have
. 1
divyy X(x,y) = -(h+p) <h+p. (28)

s

Let F C R™! be a set with finite weighted a-perimeter such that V,(F) = V,(E,) and

FAE, CC C,. By Theorem 2.2.2 in [27], without loss of generality we can assume that the
boundary 9F of F is C*.

For § >0, let EX = {(x,y) € E, : |x| > 8}. By (28) and (6), we have

VolBNF)= [ iapdvdy

EO\F

divy 4 X
> / T 2 P dedy
ES\F h+p

)
= (X, vE)dur, —/ (X,ves ) dwrs }
h+P{ AFNES g e JESNF Fa Eat

Letting § — 0* and using the Cauchy-Schwarz inequality, we obtain

V4(Ey \ F) = / |x[? dox dy

Eo\F

divy ¢ X
> / TY0 P dxdly
Ey\F h+p

1
=7 {/ (X, vE)diLrg —/ <XrVEa>dMEa,¢}
+ P \JornE, AEy\F

1
> dug,, —/ dpur, }

h+l9{/35a\; Fa? OFNEg i

1
=— Py 4(Ey; Coc \ F) = Py s (F;E,) }. 29
h+p{ o \ F) = Py 4(F; Ey)} (29)

By a similar computation, we also have

Vo(F\ Eo)

= / |x|P dx dy
F\Eq

divy o X
:/ Wag |x|? dx dy
F\Eg4 +p

1
= {—/ (X, ve) dirg +/ (X, vE,) dMEw}
+p OF\Eq dEyNF

1 /
5 dH’F, _/ dl"l’Ea: }
h+p { OF\Eq ¢ dEqNF ¢

1
=iy {Pap(F; Ce \ Eo) — Py (Eai F)}. (30)




He and Zhao Journal of Inequalities and Applications (2017) 2017:162 Page 10 of 12

On the other hand, we have

divg o X divy 4 X
/ 1Vi'cp|x|”’dxdy=/ |:1+< Wag —1>:||x|pdxdy
ENE h+D Eq\F h+p

divg ¢ X
= Vy(Eo \ F) - (1 - ‘hv—qb) el dac dy. (31)
Eq\F +p

From (29), (30) and (31), we obtain

1
— Py s (Ey; Ce \ F) — Py (F; E,
h+p{ o \ F) = Po,y(F; Eo) }
divg o X
< / Yol P dxdy
E4\F +p

divg o X
= V¢(Ea\P)—/ (1—‘Z—’¢)|x|”dxdy
Eg\F +p

diVaqu
=V4(F\ E,) —/ <1 - ’ )lepdxd
o(F\ . It p ly

divy o X
(1 - W—¢> |xl” dx dy.
\F l’l+p

1
< m{Pa,QD(F; Cg \Ea) _Pa,¢(Ea;F)} _/

Eq
It is equivalent to

diva'¢

X
Py y(F) = Py (Eg) > (h +p) (1 - )le" dxdy. (32)
Eq\F +p

For any x with |x| < 1- ¢, we define the vertical sections E¥ = {y: (x,y) € E,} and F* = {y:
(%, y) € F}. By the Fubini theorem, we have

divg ¢ X
f (1— Vag )|x|pdxdy
Eq\F h+p
divg ¢ X
=/ / (1—W7'¢>|x|1’dydx.
(lx|<1-¢) J EX\F* h+p

Letting m(x) = L}(E% \ F¥), where £! denotes 1-dimensional Lebesgue measure, then we

obtain

divg.s X (=D dive
/ (1— w7’¢)|x|pdxdy:/ / ( Vag )lepdydx
Eo\F h+p {lsl<1-e} J () h+p
m(x) 1
= 1- |x|? dy dx, (33)
Axlds} v/O ( hx()’))

where 41, (y) = u(x,f(|x|) — ) is the function introduced in (20).
So from (32) and (33) we have

) |x? dy dx. (34)

m(x)
Pa,q»(F)—Pa,d,(Ea)z(mp)f{ . }fo (1_ hl(y)
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When ¢ = 0, by (8) in Lemma 2.1 and the Holder inequality, (34) turns into

Py y(F) = Pyy(Eq) = (h+p / / —y dy|x|1’dx
{|x|<1}

h
> +p/ (m(x))3|x|3pdx
15 S«

h 3
> 5 </ m(x)|x|P dx)
15wj; \Jyjxi<1)

_h+p
12007

Vs (Eo AF). (35)
When 0 < ¢ <1, by (9) in Lemma 2.1, and the Holder inequality, (34) turns into

Pug(E) = Pug(Es) = (h+p) / 'y
{|x|<1-¢}

f

Veh+p) 2 1y
T 2[( - &) + Vel Jyxi<a-e) @) Ial* dx

Velh+p) 2
2[(1 - 8)a+h + (1 - S)h\/g]wh </{Ix|<1£} m(x)|x|p dx)

_ Ve (h ”’ ) Vi (Ey AF)2. (36)

8 [(1 )a+h + hf
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