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Abstract

In this paper, we classify sets of solutions of the next generalized Cirtoaje’s inequality
and its reverse, respectively.
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1 Introduction

In recent years, inequalities with power-exponential functions have been intensively stud-
ied [1-7]. They have many important applications. For example, they can be found in
mathematical analysis and in other theories like mathematical physics, mathematical bi-
ology, ordinary differential equations, probability theory and statistics, chemistry, eco-
nomics. For more details, a literature review and the history of inequalities with power-
exponential functions, see [2]. Cirtoaje, in [1], has introduced the following interesting
conjecture on the inequalities with power-exponential functions. The inequality is similar

to the reverse arithmetic-geometric mean inequality where its terms were rearranged.
Conjecture 1 Ifa,b € (0,1] and r € (0, €], then
2WWarbt > a’® + b, )

The conjecture was proved by Matejicka [3]. Matejicka also proved (1) under other con-
ditions in [4, 5]. For example, he showed that (1) is also valid for a,b,r € (0, ¢€]. In [5], one
interesting property of the generalized Cirtoaje’s inequality (CI) was found. In [6], a clas-
sification of sets of solutions of (CI)

n

n n-1
X rx1 TXi+1
]_[xi > x4 E x; ()
i=1 i=1
was made.

2 Methods
In this paper, methods of mathematical and numerical analysis are used. We make a clas-
sification of sets of solutions of the other generalization of (CI).
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Let ¢, ¢ be functions from {1,...,n} to {1,...,n}, where n € N. Put

r n n
F(r)=1 - plnax; | -1 ey Ing ) 3
(r)=Inn+ n<§x¢() nx) n(Ze ) (3)

i=1

The function F(r) is defined on R} where n e N, r > 0, R} = {(x1,...,%,),x;>0,i=1,...,n}.
We note that F(r) > 0 is equivalent to the following generalization of Cirtoaje’s inequal-

ity (I):

The reverse inequality to (I)

n

n n

FXp(; FX (i
| |xi (i) < § :xi {40 (5)
i=1 i=1

we denote by (RI).

3 Results and discussion
We remark that in [6] the special case of our classification for (4) was presented, where
o) =Lyv@)=i+1Li=1,....n-1,9n) =n,¥(n) =1.

The following functions:

1 n
g(xlrnnxn) = ; Zx(p(i) log(xl) — My, (6)

i=1
where m, = lrgnrgécn{x¢(m) log(xm) }»

n

h(@y, ..o x) = (g0 — %) log(x), (7)

i=1

we will call characteristic functions of (I).
Put

S"={(x1,....%) €RIx; = 30, = 1,...,m}.
We prove the following lemma.

Lemma 1 Let F(r) be defined by (3). Let ¢, W be arbitrary functions from {1,...,n} to
{1,...,n}, n € N. Then F(r) is a concave function for each A € R" — §", and F(0) = 0. If
thereis i #j; i,j € N such that xy ) Inx; # xy ) Inx;, then F(r) is a strongly concave function
inA.

Proof F(0) = 0 is evident. Easy calculation gives

1 n tjl_ erx,/,(,v)]nx,'x S Inx;
F'(r) = ; (Z Xy (i) lnxi) - Zl_l 7 v :
i=1

Xy ) Inx;
Do o
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and
-L
PO | R
(2_is exp(ray ) Inx:))
where
n n
L(r) = Z Z exp(rwy () Inx; + rocy ) In ), In
i=1 j=1
n n
- Z exp(rxy ) Inx;) Z exp(roy ) Inx;) (g () Inx)xy ) Inx;
i=1 j=1
1 n n ) )
=3 Z Zexp(rx¢(i) Inw; + racy ) Ing)ay, ) In” x;
=1 j=1
1 n n
2 g2
t3 lzzl FZI exp(ry ) Inx; + ray ) Inxg)ay, ;) In” x;
n n
- Z exp(rxy ) Inx;) Z exp(roy ) Inx;) (g o) In)xy ) Inx;
i=1 j=1
n n
= Z Z exp(ruy o Ina; + rey() Inxg) (ey ) Inx; — xy() Inxy)? > 0.
i=1 j=1
The proof is completed. O

Now we prove the following lemma.

Lemma 2 Let g, h be defined by (6), (7). Let ¢, W be arbitrary functions from {1,...,n} to

1.
1.

.,n}, n € N. Then there are five cases.

Ifh(xy,..x0) =Y (%) — %y) log(x) < O for A = (x1,...,%,) € R? then (RI) is
valid for all r >0 in A = (x1,...,%,) € RY.

Ifh(x1,...,%0) = D1y (B — %y () log(x;) = 0 and

glxy,...,x,) = % Yo %) log(x:) — maxy <pm<n{Xy (m) log(x,)} < O for

A = (x1,...,%,) € R" then (RI) is valid for allr >0 in A = (x,...,%,) € R".
Ifh(x1,...,%0) = > iy (B — Xy () log(x;) = 0 and

glxy,...,x,) = % Yo %) log(x:) — maxy << Xy (m) 10g(xm)} = 0 for
A=(x1,...,%,) R} then F(r) =0 forr >0 in A = (x1,...,%,) € R}.
Ifh(x1,...,%0) = > iy (K@) — Xy () log(x;) > 0 and

g1, xn) = 130 k) log (i) — maxy <pmzp oty om) log(Xm)} = O for
A=(x1,...,%,) € R} then (1) isvalid forallr > 0 in A = (xy,...,%,) € R}.
Ifh(x1,...,%0) = > 1y (K@) — Xy () log(x;) > 0 and

glxy,...,x,) = % o %) log(x:) — maxy<pm<n{Xy (m log(x,)} < 0 for

A =(x1,...,%,) € R} then there is ro > 0 such that ()is valid for r € (0,ry] and (RI) is
valid for r € (ry,00) in A = (x1,...,%,) € R.

Proof The proofis evident. It follows from Lemma 1. O
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Note 1 It is easy to see that if g(xy,...,x,) = 0 and h(xy,...,%,) = O then F(r) = O for
all » > 0. Really, from Lemma 1 we have F'(0) = 0 and lim,_, o, F'(r) = 0. If F(r;) #0
for some r; > 0 then F(r;) < 0. Then there exists z such that F(r;) — F(0) = F'(z)r; and
0 <z < r. It implies F'(z) < 0. Because of F”(r) < 0 we get F’ is non-increasing for r > 0.
For r > z > 0 we obtain F'(r) < F'(z) so lim,_, o F'(r) < F'(z) < 0. This is a contradic-

tion.

4 Conclusion

In this paper, we showed the following. If (I) is valid in (xy,...,x,) for some ry > 0 then (I)
isvalid in (xy,...,%,) for all 0 < r < ry. Similarly, if (RI) is valid in (%, ..., ,) for some ry > 0
then (RI) is valid in (x1,...,x,) for all > ry.

We think that the way how to classify sets of solutions of the power-exponential inequal-
ities could be used for other suitable inequalities.

Now we give examples of concrete applications of our results. We make the complete
classification of sets of solutions for (I) and (RI) inequalities where # = 2. Using Matlab for
plotting graphs of the solution curves for the characteristic equations g(X) =0, #(X) =0
we obtain the following figures for (I) and (RI). In the figures we denote by I + RI the points
where (I) and also (RI) are locally valid. By I we denote points where (1) is valid for all ¥ > 0
and by RI we denote points where (RI) is valid for all r > 0.

It is easy to show that for n = 2 there are only 12 basic cases of inequalities (I). The other

four cases of (I) can be transformed to the previous cases.

Example1 Letn =2, ¢(1) =1, ¢(2) =2, ¥(1) =1, ¥(2) = 2. Then we have (I):

s ey) rx1 rxo
24/ %] Ky =X Xy,

h(x1,%5) = (1/2) (31 — 21) log (1) + (1/2) (% — %) log(xs) = O, ®)

g1, %) = (1/2) (%1 log(x1) + x2 log(x)) — max{x; log(x1), ; log(x2)}.

See Figure 1.

Figure 1 Solution points for inequalities Classification of points of solutions
Examples 1,7,8,11.

B RI

g(x1,x2)=0

3 RI
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Figure 2 Solution points for inequalities
Example 2.

Classification of points of solutions

T .//
6 RI / 4

S/
glx1 ,x2)=y;ﬁ1/,x2)=ﬂ
//

Figure 3 Solution points for inequalities . Classification of points of solutions
Example 3.
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25} €
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ol Tirg . . . .
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Example 2 Let us consider that n =2, ¢(1) =2, ¢(2) =1, ¥(1) = 1, ¥(2) = 2. Then by (I)

24/ %72t >t + X2

) = 5 (6 ) ogle) + 2 (1 ) loger) = - —xl)ln(;—l) (9)

g1, %) = (1/2) (%2 log(x1) + x1 log(x)) — max{x; log(x1), , log(x2)}.
See Figure 2.
Example 3 Putn =2, ¢(1) =1, ¢(2) =2, ¥ (1) =1, ¥(2) = 1. Then we obtain by (I)
2/ 2 a0 a0,

) = 51— 0 log) + (3 ) log(w), (10)

g(x1, %) = (1/2) (21 log(x1) + %2 10g(x2)) — max {x log(x1), %1 log(x2) ]

See Figure 3.
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Figure 4 Solution points for inequalities 05 Classification of points of solutions
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Figure 5 Solution points for inequalities 5 Classification of points of solutions
1
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Example 4 Let us consider n =2, (1) =2, ¢(2) =1, ¥(1) = 1, ¥(2) = 1. Then we get by (I)
24/x72xy >t

h(x1,%0) = (1/2) (0 — x1) log(x1) + (1/2) (%1 — x1) log(xa)

(11)
= (1/2) (%2 — x1) log(x1),
g1, %) = (1/2) (%2 log(x1) + %, log(x2)) — max{a; log(x1), 1 log(xz) }.
See Figure 4.
Example 5 Letn =2, (1) =1, ¢(2) =1, (1) = 2, ¥(2) = 2. Then we have by (I)

24/ 27 ay > a7 + Ky 2

h(x1,%2) = (1/2)(x1 — x2) log(x1) + (1/2)(x1 — x2) log(xa) 12)
= (1/2) (%1 — x2) log(x2%1),

g1, %) = (1/2) (%1 log(x1) + 1 log(x2)) — max {x; log(x1), ; log(x2)}.

See Figure 5.
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Figure 6 Solution points for inequalities
Example 6.

Classification of points of solutions

| =umi (h+g7)
B *I(h+g+)

*1+RI (h+.g)

*1(h+g+)

Example 6 Putn=2,¢(1) =1, ¢(2) =2, ¥(1) = 2, ¥(2) = 1. Then by (I)

20/ w2 > xy

h(x1,00) = (1/2) (1 — %2) log(x1) + (1/2) (2 — %1) log(x2)

(13)

= (112)(x, - x1>1og("—2>,
X1

g1, %) = (1/2) (%1 log(x1) + x2 log(x)) — max{x; log(x1), %1 log(x2) }.
See Figure 6.

Example 7 Let us consider n =2, (1) =1, ¢(2) = 1, ¥(1) =1, ¥(2) = 1. Then we obtain

by (I)
N A A AR AR
h(x1,%2) = (1/2) (%1 — 21) log(x1) + (1/2) (%2 — %) log(xs) = 0, (14)

gx1,%5) = (1/2) (%1 log (1) + %1 log(x2)) — max{x; log(x1), %1 log(x)}.
See Figure 1.

Example 8 Putn =2, (1) =2, 9(2) =2, ¥ (1) =2, ¥(2) = 2. Then by (I)

2\/x7 2%y % > a7 + xy 2,
h(x1,%2) = (1/2) (%1 — x1) log(x1) + (1/2) (% — %) log(x) = 0, (15)

g1, %) = (1/2) (%2 log (1) + %2 1og(x2)) — max{x; log(x1), %, log(x2)}.

See Figure 1.
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Figure 7 Solution points for inequalities
Example 9.

Classification of points of solutions
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Figure 8 Solution points for inequalities
Example 10.
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Example 9 Letus consider n =2, ¢(1) =1, 9(2) =1, ¥ (1) = 1, ¥(2) = 2. Then we get by (I)

X1 rx1 rx1 rxo
2 X Xy =X +Xy 7,

1 1 1
h(x1,%2) = E(xl —x1)log(x1) + §(x1 —xp) log(x2) = 5(961 —x2) Inxy,

g(x1, %) = (1/2) (31 log(x1) + %1 log(x2)) — max{x; log(w1), x5 log(x2) ]

See Figure 7.

Example 10 Letn =2, ¢(1) =1, ¢(2) =1, ¥(1) = 2, ¥(2) = 1. Then by (I)

X X X IX
24/ an > a0

) = 5 (1~ 22 log(w) + 2 (52~ %) logez) = 3 (s~ ) logl),

g(x1, %) = (1/2) (21 log(x1) + x1 log(x2)) — max {x; log(x1), x1 log(x2)}.-

See Figure 8.

(16)
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Figure 9 Solution points for inequalities . Classification of points of solutions
Example 12.
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Example 11 Putn =2, ¢(1) =2, ¢(2) =1, ¥(1) = 2, ¥(2) = 1. We obtain by (I)

24/x x> a +a
h(x1,%2) = (1/2) (1 — 21) log(x1) + (1/2)(x2 — x2) log(x2) = 0, (18)

g1, x0) = (1/2) (%2 1og(x1) + %1 log(x)) — max{x; log(w1), x1 log(x,)}.
See Figure 1.

Example 12 Letn =2, ¢(1) =2, ¢(2) =2, ¥(1) =2, ¥(2) = 1. Then we have by (I)

2./x7 2%y % > X v xh
By, %2) = (1/2) (2 — x2) log(x1) + (1/2) (% — x1) log(xz) = (1/2)(x — 1) log(x),  (19)

g(x1,22) = (1/2) (2 log(x1) + x; log(x2)) — max{x; log(x1), %1 log(x2) .

See Figure 9.
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