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Abstract

In this paper, we consider three types of functions given by products of Bernoulli and
Genocchi functions and derive some new identities arising from Fourier series
expansions associated with Bernoulli and Genocchi functions. Furthermore, we will
express each of them in terms of Bernoulli functions.

MSC: 11B68; 11B83;42A16

Keywords: Fourier series; finite product; Bernoulli function; Genocchi function

1 Introduction
Utilizing the generating function, the Bernoulli polynomials B,,(x) can be written as

t = "
t
o € ;Bm (x) — (see [1-5]). (L1
For x = 0, B,, = B,,,(0) are called Bernoulli numbers.
Asasecond definition, we have the Genocchi polynomials G, (x) by the generating func-
tion as follows:

2t
el +1

=y Gm(x)% (see [6-10]). (12)
m=0

Forx =0, G,, = G,,(0) are called Genocchi numbers.
As to the Bernoulli and Genocchi polynomials and numbers, we will need only the fol-

lowing:
d d
—B,,(x) = mBy,_1 (%), —Gpu(x) =mG,(x) (m=1),
dx dx
Bu() =By +01m  Gul)) =G+ 281, (m>0), (1.3)

Go(x) =0, degG,,(x) =m—-1 (m>1).
For any real number x, we let
(x) =x—[x] € [0,1) (1.4)

denote the fractional part of x.
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We recall the following facts about the Fourier series expansion of Bernoulli functions

B ({x)):
(a) for m > 2,

oo eZm'nx
Bm ((x)) =—-m! Z (271 li’l)m ’ (15)
n=—00,n#0
(b) form =1,
i p2inx ) Bi({x)), forx¢Z, (1.6)
27in 0, forx € Z. .

n=—-00,n#0

Throughout this paper, we will assume that r and s are nonnegative integers with
r+s> 1. Here we will consider three types of sums of finite products of Bernoulli and
Genocchi functions «,,({x)), B, ({x)), and y,,({(x)) and derive the Fourier series expansions
of them. In addition, we will express each of them in terms of Bernoulli functions. We

have

M) an(@)= Y By((x) - Be () x G ((0) - Gy (%) (m>s);

Cl+e+Crtfl+e+Hs=m

@ fu(@)= Y :

CLt- -+ Cr4f1 4 Hfs=m m
X By ((x)) -+ B, (%)) Gy (%)) - G (%) (m > 5);
1

C ... C ] ...
Lttt oo tfs=mm L s

X Gh((x))u'G,S((x)) (m>r+s,ifr>0o0rm>s,ifr=0).

Here the sums for (1) and (2) run over all nonnegative integers ¢, ..., ¢, and positive
integers ji,...,js with¢; + - -+ ¢, +j1 + - - - + s = m, and the sum for (3) runs over all positive
integers ci,...,Cpj1,.. . js With¢cp + -+ ¢, + j1 + -+ + s = m.

For elementary facts about Fourier analysis, the reader may refer to any textbook (for
example, see [11-13]).

As to a,,((x)), we note that the polynomial identity (1.7) follows immediately from The-
orems 2.1 and 2.2, which is in turn derived from the Fourier series expansion of «,,({x)).
We have

Y. By B, (0G()- - Gy @)

Cl+e+Crtfl+ - +js=m

1 N mAT+s
:——————E:( , )AmjﬂBmw, (L7)
m+r+s},=0 j
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where, for [ > s,

w0

0<a<r,0<c<s,r+s—l<a<r

X Z BB, -+ B, Gj -+ Gj,

Cl+e+CqHl o He=l+at+c—r—s

_ Z B - B,Gj -G (1.8)

c1+etCptj e Hjs=l

The obvious polynomial identities can be derived also for ,,({x)) from Theorems 3.1
and 3 2. It is noteworthy that from the Fourier series expansion of the function
Zk ! k(m ) By ({x))Biu—-r({x)) we can derive the Faber-Pandharipande-Zagier identity (see
[14-18]) and the Miki identity (see [16—19]). The reader may refer to the recent papers
[20-24] for related results.

2 The function o, ({x))

Let () = 3 0 4 iepijissjomm Be (8) -+ Be, (%) Gjy (%) - - - G (x) (m > s), where the sum is
over all nonnegative integers cj,..., ¢, and positive integers ji,...,Js satisfying ¢; + --- +
¢ +j1+ - +js = m. Then we will consider the function

am((x))

Cl+e+Crtjl+ - +js=m

defined on R, which is periodic with period 1.
The Fourier series of a,,({x)) is

Z A 271mx (22)
where
1 ) 1 .
Aglm) — / am(<x>)e—2mnx dx = / am(x)e—Zmnx dx. (23)
0 0

To proceed, we need to observe the following. We have

Ol;,n (x) = Z Cchl—l (x)Bcz (x) o Bcr (x)Gh (x) e st (X)

1+ Cp ]+ Hs=m,c1 >1

bt BBy e Bea()G,()--Gy )
Cl+e+Cp 41+ Hs=m,cr>1

+ Z Bcl (x) s Bc, (x)lejlfl(x)sz (x) e G]s (x)

Clt++Crtf] +oe s =1 =2

+ -+ Z Bcl (x) e BCr (x)Gll (x) e ij—ljSst—l(x)

Cl+e et Cptf] oo Hs =M, >2
= > (c1+1)Byy (%) -+ B, (%) Gy, (%) - - - G, (x)

Cl+-HCr 1+ Hs=m—1
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+ot > (¢ + DB, (%) - B, (%) G, (%) - - Gy, (%)
Cl+e+Cptjl+e e s=m—1
+ > (i + 1)Bey (%) - B, (0) Gy, () - - - G ()
Cl+e+Cp 1+ +Hs=m—1
- > (s + )Bg, (x) - - - B, (%) G}, (%) - - - Gy, ()

ClL+-+Cr+j1 4 +s=m—1

=(m+r+s—1a,_1(x). (2.4)

From this, we obtain

(M) = a,,(%) (2.5)
m+r+s
and
! 1
R e R ) (2.6)
0 m+r+s

For m > s, we set

Am = am(l) - Olm(O)

- Z (Bcl(l)'“Bcr(l)Gjl(l)”’st(l) - B, ---B,, G ...st)

Clt-+CrHfl+ - +fs=m

= > By +8ia) (B +816)(=Gy +281) -+ (=G + 281)

Cl+-+Crtj1+-+js=m

_ Z B, ---B,Gj -G

Clt-4Crtfl+ - +s=m

SN0

0<a<r,0<c<s,r+s—-m<a<r

X > B, -+ B, Gj - G,

Cl+-+Cq+j1+Hjc=m+a+c—r—s

- > B, ---B,Gj - Gj. (2.7)

ClL++Crj1+-+fs=m

Note here that the sum over all ¢; + -+ + ¢, +j1 + - - - + js = m of any term with a of B,,,

r—aof 51,9« (1<ef <r),cof -Gj,,and s — c of 26, (1 < u,v <) all give the same sum

Y. BaBobig, o di6(=Gy) o (-Gy)

Cl+e4Crtfl++s=m

X (281,,,) - -+ (281,)

= > (-1)°2°B,, - -- B, G, - - - G, (2.8)

Cl+-+Ca+j1+--Hc=m+a+c—r—s

which is not an empty sum as longasm+a+c—-r—s>c.
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We now see that
o, (0)=a,(1) <= A,=0

and

m+r+s

! 1
/ Ap(X)dx = —— A,
0

We are now going to determine the Fourier coefficients Al
Case I: n # 0. We have

1
qum) =/ am(x)e—Zninx dx
0

1 ; 1 [t ,
= [am(x)e‘zm”“]:) +— / o), (x)e™>" " dx
0

2min 2min
1 m+r+s—1 ! ;
= —F(am(l) otm(O)) W/\ (xm,l(x)efzﬂmx dx
0
:m+r+s—1 (m-1) _ 1
2min " 2min
_mAr+s=1(m+r+s=2 ., 5 1 1
- , . An - . m . Am
2mwin 2mwin 2mwin 2mwin
_(m+r+s—1)2 mz)_i(m+r+s—1)/,l "
(2min)? A = (2miny mIr
(m+r+s—1)ms ms(m+r+s—1),1 '
2min)m—s = 2miny oyl
Z Sm+r+s— 1)
2miny oyl
Thus we have shown that
A _ = (m+r+s)] ’
" mr+s S (2mwin) Amjs1:

Case 2: n = 0. We have

1
1
Ag") :/ (%) dx = ———— A1
0 m+r+s
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(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

ay((x)) (m > s) is piecewise C*°. Moreover, o, ({x)) is continuous for those integers m > s

with A,, = 0, and discontinuous with jump discontinuities at integers for those integers

m >swith A, #0.
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Assume first that A, = 0, for an integer m > s. Then «,,(0) = «,,,(1).
Hence «,,({x)) is piecewise C*°, and continuous. Thus the Fourier series of «,,({x)) con-

verges uniformly to «,,({x)), and

1
am(<x>) = ey as ol
it 1 Em+r+s)
] 27inx
+ - — A,_ii1 |e
Z ( m+r+sZ 2miny m“l)
n=—-00,n#0 =1
1 1 N (m+r+s
= —Am+1 + Z ( . )Am—j-d
m+r+s m+r+s = j
( i ez;rinx >
X —]' P
e o0 2miny
1 -~ [m+r+s
= m+1 ( . >Am—j+1Bj(<x>)
m+r+s m+r+s},=2 j
Bi({x)), forx¢Z,
+ A, X () (2.14)

0, for x € Z.
We are now ready to state our first result.

Theorem 2.1 For each integer [ > s, we let

v E (e

0<a<r,0<c<s,r+s—I<a<r

x Z B, ---B.,Gj -G,

c1te+CgHj +oHe=ltatce—r—s

_ Z B ---B,Gj -G

Cl+e+Cptj1 e Hfs=l

Assume that A, =0, for an integer m > s. Then we have the following:
(a) ch+---+cr+j1+---+js=m B, ((x)) - - - B., ((x))Gj, ((x)) - - - G, ({x)) has the Fourier series

expansion

Y. Ba(@)Be()Gy (@) Gy ((x)

Clt-+Cr+j1+-+js=m

1 it 1 Em+r+s)
— A + _ - IA » e27rimc’
mar+s " Z ( m+r+sZ 2miny m”l)

n=—00,n#0 j=1

for all x € R, where the convergence is uniform.
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(b)

Yo Ba(®) - Be () Gy () - Gy ()

Cl+e+Crtf1+ - +s=m

1 1 s [m+r+s
=—Ap + m 22: < . )Am—juBi((x))’
j=

m+r+s j

Sor all x € R, where Bj({x)) is the Bernoulli function.

Assume next that A, #0, for an integer m > s. Then «,,(0) # a,,(1). Hence o,,({x)) is
piecewise C*°, and discontinuous with jump discontinuities at integers. The Fourier series

of a,,,({x)) converges pointwise to «,,({x)), for x ¢ Z, and converges to
1 1
3 (m(0) + 0 (1)) = 0, (0) + > Am (2.15)

for x € Z.
Now, we are ready to state our second result.

Theorem 2.2 For each integer | > s, we let

SRR o

0<a<r,0<c<s,;r+s—I<a<r

X Z BCIBCZ o 'BCa Gjl T G/c

Cl+e+CqH1 e He=l+at+c—r—s

- Z B ---B,Gj -G

c1+etCptjl s =l

Assume that A, # 0, for an integer m > s. Then we have the following:

(@)
1
Am+l
m+r+sS
> 1 = (m+7+5); i
+ _ N Tinx
Z < m+r+sz 2miny m,+1)e
n=—o0,n#0 j=1
ch+"'+ﬁr+/1+"'+js=m Bcl((x)) o 'Bcr((x))
= x Gj, ((x)) - - - G, ({x)), forx ¢ 7,
ch+~~+cr+j1+m+/5:m BCI o 'BCVG/I T G/s + %Am’ forx €Z.
(b)

1 Z(mir+s
M+r+s Z( i )Am_/+lBj(<x>)

j=0 J

= Be, (%) -+ B, (1)) Gjy (%)) -+~ Gy (), forx ¢ Z,

Cl++Cp 41+ +js=m

I
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1 i (m+r+s>A , B»((x))
m+r+s 4 j mjH

o N

1
= Z BCI---BErG,»1~~~GjS+§Am, forx e Z.

Cl++Cp 1+ ts=m

3 The function $,,({x))
Let Bn(%) = Doy s.oviyajirjom aregigiBea @) -+ Be, (0) Gy, (1) - -~ Gy (x) (m > 5), where the

sum is over all nonnegative integers cj, ..., ¢, and positive integers ji, ..., s satisfying ¢; +
-e-+ ¢ +j1+ -+ js = m. Then we consider the function

()= Y B (%) B ()

Clt-+Crtj1 4 4s=m Cl! o Cr!jl! AN
x Gy (@) -+ Gy, (),

defined on R, which is periodic with period 1.

The Fourier series of 8,,({x)) is

o0
Z qum)ebrinx’ (31)
n=—00
where
1 ) 1 .
B = [ (e dn= [ et s 2
0 0

To continue further, we need to observe the following:

B, (%)

P>

Cl+-+Cptj1++Hs=m,c1 =1

-G et WPl Bo )

x Gj (%) - - - G, (%)

+ ..

+ 3 ! B (x)- B, (x)Be,1(x)

al- e, — DYt !
Cl+e+Cr 1+ Hs=m,cr>1 1 1 ( r )]1 Js

x Gj (%) - - G, (%)

1
+ Z 61!...Cr!(jl_1)!}.2!'“].s!Bq(x)"'BCy(x)

ClL+-+Cr+j1+-+fs=m,j1 =2

X Gjl_l(x)Gj (x) s st (x)

+ ..

1
' Z Cl!'~~cr!j1!...]’S_ll(js_1)!Bc1(x)"'Bgr(x)

clteter e s =myjs>2

x Gj, (%) - - - Gj,_, (%) Gj—1(x)
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P>

Cl++Cptjl+e e Hs=m—1

2

4]

+ -+

Cl+-+Cr+j1+-+s=m—1

DD

Cl+-tCptj1+Hs=m—1

2

+ -+

Cl+-+Cr+j1+-+s=m—1

= (r +)Bm(x).

From this, we have

<ﬁm+l(x)> :,Bm(x)

r+s

and

7) 2017:157

1
oo c,!jl! .. .]-S!Bq(x) v 'Bcr(x)Gjl(x) te st(x)

1
Bo () B,

- G (x)---G:
cl-- Cr!jl! . 'js r(x) 11(x) 15(36)

1
chl (x)--- B, (x)Gjl () Gj, (%)

1
mBq (%) - -B, (x)G,»l () - st (%)

1
f Bn@) dx = —— (Busr(1) = Brar(0)).
o r+s

For m > s, we put

Qm = ,Bm(l) - ﬁm(o)

2

Cl+-+Crtjl1+-+js=m

-

Cl+-+Cr+fl+ - +s=m

2

Cl+-+Crtj1+-+js=m

61!

C1!

X (—G}‘1 + 281'1'1) ..

-

Cl+-4CrHf1++s=m

2

x 2

Cl+-+Ca+j1+-+jc=m

-2

Cl+-+CrHf1+ - +fs=m

:Bm (0) = ﬁm (1)

R AT A

B, (1)--- B, (1)G; (1) G;(1)

- B, ---B.G; ---G;
Cl!”'cr!jll"'jsl c1 cr = Js

1

c ‘]' 1 ] ,(Bcl + Sl,q) e (Bcr + 81,5,)
RN Ry |

(=Gj, +281)
1

(I") (S) (_1)525—5
a 9
0<a<r,0<c<s,r+s-m<a<r

m il "'BCrGjl "~G]‘S
1 B G
%Bq e Cﬂ(;jl -Gy,
s !l .Ca!h!. . .]C!
: G G
Cl!..'crljll"'jslﬁcl-”BCV i G

< szo;

Page 9 of 19

(3.3)

(3.4)

(3.5)

(3.6)

3.7)
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and

1 1
/ Bl di = —— Q1.
0 r+s

We now would like to determine the Fourier coefficients B;m)

Case 1: n #0. We have

1
m) :/ ﬁm(x)e—erinxdx
0

[,Bm( ) —2mnx 0

fﬁ x)e 2mnxdx

“omin 2min

r+s

:_—(ﬁm(l) ,Bm(O / Bon— l(x)e—Zmnxdx

_ r+sB(m_1)_ 1

2mwin " 2mwin

Qm;

from which we can deduce that

- (r+s)’1
Z mj+1'

2miny

Case 2: n = 0. We have

1
" 1
) - / B)dt = —— Q.
0 r+s

Page 10 of 19

(3.8)

(3.9)

(3.10)

(3.11)

Bm({x)) (m > s) is piecewise C*. Moreover, B,,({x)) is continuous for those integers m > s

with A, = 0, and discontinuous with jump discontinuities at integers for those integers

m >swith A, #0.

Assume first that A,, = 0, for an integer m > s. Then S,,(0) =

Bm(1). Hence B,,({x)) is

piecewise C*, and continuous. Thus the Fourier series of §,,({x)) converges uniformly to

Bm((x)), and

B(Wl)_ 1 Q ”’5(,,+S)11 27 inx
" r+s et Z Z 2miny mojil [

n=—00,n#0

1 m—s (7‘ n S)j_l S eZnimc
= —Qm+ 7Qm—’+ —j! ;
+s L Ji 1 X ( / Z Q2miny

r j=1 ! n=—-00,n#0
1 - (r+sy™?!
= —Qm+l + 1 S.Zm—j+lBj(<x>)
r+ - j
j=2
Bi({x)), forx¢?Z,
+Q,, X

0, forx € Z.

Now, we are ready to state our first result.

(3.12)
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Theorem 3.1 For each integer [ > s, we let

e E (e

0<a<r,0<c<s,r+s-I<a<r

1
> o hBGG

X .
al et je!

c1+e+CqHj+oHe=l+ate—r—s

1
) Z -l 01!---cr!f1!"'js!BCl o BeGy o G

ClL+-+CrHj1++]s

Assume that 2, = 0, for an integer m > s. Then we have the following:
@) Cerrrerosjoom s Be (@) -+ Be () X Gy ((x)) -+ G, (x)) has the
Fourier series expansion

1

———— B, (%)) -~ B, ((*)

Cl+m+cr§...+/’s=m CI! A Crljl! .. ]S' 1( ) ( )
x Gy ((x) - G ()

_ 1 - «— (V+S)j_l 27 inx

= mQWHl + Z (- Z ngju)e ,

n=—00,n#0 j=1

for all x € R, where the convergence is uniform.

(b)

1
C1+m+cr+2jl;....+j5:m CI! . CVIjI! .. ]S! a ((x)) Cr(<x>)

X Gjy (%) -+~ Gy ()
m-s '71

= Z (r+,;g)1 Qm—jHBj((x));
o

Sor all x € R, where Bj({x)) is the Bernoulli function.

Assume next that Q,, # 0, for an integer m > s. Then 8,,(0) # B,,(1). Hence B,,({x)) is

piecewise C* and discontinuous with jump discontinuities at integers. The Fourier series

of B,,({x)) converges pointwise to B,,({x)), for x ¢ Z, and converges to
1 1
E(ﬁm(O) + ﬁm(l)) = Bm(0) + EQWH (3.13)

forx e Z.
We are now ready to state our second result.
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Theorem 3.2 For each integer | > s, we let

v E 0

0<a<r,0<c<s,r+s-l<a<r

X Z Clg...cagjlg.../‘chcl"'BCaGh"'Gic

c1+e+CgHj +oHe=ltate—r—s

1
- —— B, -+ B..Gj, - - - G;...
Z Cll"'cr!jll'~~js! 4] r =1 Js

Cl+eHCptjl 4=l

Assume that Q,, # 0, for an integer m > s. Then we have the following:

(@)
. = Ty .
Qm+ _ 2T Qm— iy 27 inx
res et 2 ( Z(Zm‘n)/ e
n=-00,n#0 j=1
s sty soesiyom ey Be () - Be, ()
= X G/1(<x>)G}s((x))’
ch+---+6r+/1+"'+js=m chchz .. 'BC’Gjl . G]s + %
(b)
m-s i
(r+sy™!
Y 2 aBi(%)
o

1
= Z Cl!“.Cr!jll_njs!Bq((x))"'ch((x))

Cl+-+Cr+j1+--+fs=m

x G, (%) - G ((x), forxe¢Z,

m—s i1
Z M Qm—j+lB/ ( <x>)

1
o T

1
=) oapnataBerBaGi G,

Clt+-+Crtjl+ - +s=m

1
+ EQW” forx e Z.

4 The function y,,({(x))
Here we assume that r, s and m satisfym > r+sifr>0orm>sifr=0.

Page 12 of 19

forx ¢ Z,
Qy, forxel.

Let Vr,s,m(x) = ch+..4+cr+]‘1+...+szm Cl"—'C:ilmjs Bq (?C) o 'Bc, (x)Gjl (JC) s st (x), where the sum

is over all positive integers ¢y, ..., ¢ j1,...,Js satisfying ¢; + -+ + ¢, +j1 +
we will consider the function

1
Vrsm(%) = ) Z y mBq ((x)) - 'Bsr(<x))
14O+ s =m

x Gy (@) - G (%),

defined on R, which is periodic with period 1.

-+ +js =m. Then

(4.1)
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The Fourier series of y,,,({x)) is

o0
Z C}(/lr,s,m)eZJTinx, (42)
n=—00
where
1 ) 1 )
Cysm = / Vrsm (%)) e dx = / Vrsm(@)e” 2" dx. (4.3)
0 0

To proceed, we need to observe the following. We have

Vs ()

-y __L_ﬁmw%mmmM%mm

Co++"Cpj1 -+
Cl+e+Crtjl++js=m 2 /1 $

Gj, (%)

+ “ e
1
+ Z P s BC1 (x) o ‘Bcr_l (x)Bcr—l(x)Gh (x) cee G]b (x)
Cl 4+ CpHf oo Hfs=m 1 =117 Js
1
* Z ; B, (x) - - - B, (%) G}, -1(x) Gjy (%) - - - G ()
vt terioam CL G2 s
CLt+ o+ CpHf] +-Hfs=m
+ .
1
" > ——— B, (%) -+ B, (%) G}, (%) - - - G, (%) G2 (%)
Lot Cr bt 4ooetfs=m L G sl

Co+ e Crtj1+eHfs=m—1

>

.crjl...js

1

Be,(x) -+ Be, () Gj, (%) - - - G ()

1
+ > —— B, () B, (%) G, (%) - G, (%)
Cl+-+Cptjl o Hs=m—1 €2 Crfie s
1 rtj1 Js
+ .
Py BB, WG, W) G, ()
— Gy o N o
Cl+e+Cr1 4+l + - Hs=m—1
1
+ —— B, (%) -+ B., (%) G (%) - - - G (%)
o Z . _161"'61”—1}1"']5 1 J1 J.
14+ Cr 1+ s =M
1
+ Z . . Bq (x) - - 'Bcr (x)sz () st (%)
Cl+e+Crtjo+Hjs=m—1 CreeGjas
1
sY B0 ByWG, () Gy ()
Cl+-+Cr+j1+-+s=m—1 CreeGjas
+ .
1
+ > ————————B,(®)---B,(0) G, (%) - Gy, (%)
; o C1--Cpj1 - Js1
Cl+-+Crtj1++js—1=m—1
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Y e BB WG W G

c .. C i e _
Cl 4+ CpHjl oo Hs=m—1 1 Wi s

= ryr—l,s,m—l(x) + Syr,s—l,m—l(x)

1 1
+ —_——+ -+
>

-'C‘voo’ Ctvtci‘vvo’
Cl+ o 4Cp ]+ Hfs=m—1 s 1 r=J1 s

1 1
+——f—f+w——f—fﬂ%mm%M%mm@m
Cl e erz .. .]S C1 e erl . .]S*I

= ryr—l,s,m—l(x) + syr,s—l,m—l(x) + (Wl - l)yr,s,m—l(x)~

Thus, we have shown that

Vism@®) = 1¥Vr15m-1(X) + Vps—1m1(X) + (1 = 1) Yy 5mo1 (%).
Let m >r+s, for r > 0, and let m > s, for r = 0. Then we put

Ar,s,m = yr,s,m(l) - yr,s,m(o)

= Z ;} (B (1) B, (DG (1) - - - G, (1)

Cl++-Coj1--
Cl+e4Crtjl+-+js=m 1 1 s

—Bcl”'chGh'“G/s)

P>

Cl+e+Crtjl+ - +js=m

1
- . ((Bcl + 81,61) e (Bcr + 81,@)
Cl...crjl...]s

X (_Gil + 231,}'1) s (—st + 28”’5) - Bc1 s Bch

it
L Z. 00
0<a<r,0<c<s a ¢

-Gj,)

1
X E TBcl”‘Bcanl"'jS
Cl+-+Cq+f1+ - He=m+a+c—r—s 1 a1 Je

1
- 2 oo BaBaG G
Cl+etCrtjl+eHs=m 1 Zl Js

From (4.5), we obtain
r s 1
Vr,s,m(x) = _Z)’r—l,s,m(x) - Zyr,s—l,m(x) + EV,’,S,W,H(?C)«

Denoting fol Vrsm(X) dx by dyg ., from (4.7) we have

r S
Arsm =~ Qr-lsm — —Qrs-1,m T _Ar,s,m+1’
m m m

! (-1 ()
Ar,0,m =/ Yrom(X) dx = Z 7 ! Arji1,0me+1 (r>1),
0 1 m

1
1
ao,s,m = / VO,s,m(x) dx = _AO,s,m+1 (S > 1)
0 m
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(4.4)

(4.5)

(4.6)

(4.7)
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Clearly, (4.8) together with (4.9) and (4.10) determines a,.,, = fol Vr.s,m(X) dx recursively
for all r, s, m satisfyingm >r +sifr >0 orm>sif r=0.

Also, we note that

yr,s,m(o) = Vr,s,m(l) < Ar,s,m =0. (411)

We now would like to determine the Fourier coefficients C*™.
Case 1: n #0. We have

1
CEIr,s,m) — / yr’s,m(x)e—anx dx
0

1
2mwin

1
_2winx1l _27i
2nmx]0 + / yr,,s,m(x)e 2mnxdx
0
1

s {ryr—l,s,m—l(x) + Syr,s—l,m—l(x)
2min J

1
e [yr,s,m (x)e
2min

1
== (o) = Yrm(0) +

+ (Wl - l)yr,s,m—l (x) }e—2ninx dx

1 1
— A+ = (rCUTI g COS D) (g 1) COrsD))

2min 2mwin
m-1 r s 1
— C(rsm 1) + _C(r—l,s,m—l) + _C(r,s—l,m—l) _
2win " 2in " 2win " 2min” "
_ m—1(m-2 (r,8,m-2) + r (r-1,s,m-2)
2win \ 2mwin " 2win "
s 1
+ C(r,s—l,m—Z) _ A ~
2win " omin’ !
r s 1
(r-1,s,m-1) (r,s—1,m-1)
+— +—~C -
2min " 2win " 2in "
_ (m B 1)(1’71 B 2) (r,s,m-2) r(m B 1) (r-1,s,m-2)
(2min)? " (2min)?
r C(r—l,s,m—l) S(Wl - 1) C(rs 1,m— 2) S C(r,s—l,m—l)
2min " (2min)? 2nin "
m-1 A 1 A
(2min)? P o in
m—(r+s)
_ (Wl - 1)m—(r+s) C(r,s,r+s) + Z T'(WI B 1)/_1 C(r—l,s,m—/)
(2min)m-tr+s) " = Q2miny "
m—(r+s) m— (r+s
+ Z S(Wl 1)l 1 rs 1,m—j) _ Z Wl 1)1 1 -
= 2miny = 2miny Arss
m—(r+s)+ m—(r+s)
r(m 1)1 1 ~(r-1,5,m—j) S(Wl - l)f—l (r,s—1,m—j)
Qminy " : Qminy "
j=1 j=1
m—(r+s)+1
(m—-1),
_ i Aramrn. (4.12)
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Note that

(I’}’l - l)m—(7‘+s) C(r,s,r+s)
(27-[ in)m—(r+s) n

_ (m_l)m—(Hs) /1 x_l rdx
T Qmin)yn-tr+s) ), 2

- (27 in)m=0r+9)

_ (Wl - 1)m—(r+s) {

r /1 1

+ - X— =
2min Jy 2

r(m - 1)m—(r+s)

(27-[ l‘n)m—(r+s)+1 n

_ (Wl - 1)m—(r+s)
(2w in)m-

(r+s)+1

Thus we have shown that

m—(r+s)+1 —(r+s)
crom =3 Dt sy 5 S i
n = (2miny o 2- riny
_m_(rimﬂ |
e iy
m-r+1 —1
rim —1)j1 j (m—-1);1
Cr0m) _ 7 olr-L0m—)) _ =i, ) r>2),
g ; @miny " 12:1: 2miny r,0,m—j+1 (r>2)
clom _ (m . 1)! ,
2min)m

m-=s

1 (m);
C(O,s,m) _ —/A
" m le 2miny

(r-=1,s,r+s-1) _

wal(s)-(3))

r-1
) e—27rmx dx }’

r(m - l)m—("+s) ! 1 - —Zninxd
- (27Tl‘n)m—(r+s)+1 o x= 5 € %

A _ (Wl - 1)m—(r+s) l " _ _1 !
nSrts = (znl‘n)m—(ﬂs)ﬂ 2 2 :

0,s,m—j+1 (S = 1)
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(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

We now see that CI"*"™ (1 #0) can be completely determined by (4.14)-(4.17), for all r,

s, msatisfyingm>r+sifr>0orm>sifr=0

Case 2: n = 0. We have

1
C(()r,s,m) = / Vr,s,m(x) dx,
0

(4.18)

which can be determined from (4.8)-(4.10), for all r, s, m satisfying m > r + s if r > 0 or

m>sifr=0

Vr.s,m ({x)

) is piecewise C*.

Moreover, ¥y, ({x)

) is continuous for those integers r, s, m

with A, s, = 0 and discontinuous with jump discontinuities at integers for those integers

r, s, mwith A, # 0.

Assume first that A,,, = 0, for some integers r, s, m satisfyingm > r+sif r>0 orm > s

if = 0. Then Vr,s,m(o) = Vr,s,m(l)- Thus Vr,s,m((x>

) is piecewise C* and continuous. Hence
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the Fourier series of y;,,,({x)) converges uniformly to y;s,,({(x)), and

00
Vr,s,m((x)) _ Cér,s,m) + Z Cv}gr,s,m}emec7

n=—00,n#0

where C(()r’s’m) are determined by (4.8)-(4.10) and crs™ (1 #0) by (4.14)-(4.17).

We are now going to state our first result.

Theorem 4.1 For all integers r, s, | satisfying | >r +s, forr >0 orl>s, forr =0, we let

Apsi= Y (;) (i)(—l)czﬂ

0<a<r,0<c<s

1
X E : %Bcl "'BCaGil ”'Gic
. - Cl"'ca]l"']c
C1+e+Cq )1+ He=l+atc—r—s

1
— E %BQ'HBWGH'”G/V
- ,761"'Cr]1"'/s
Cl+eHCptj e 4fs=1

Assume that A, = 0, for some integers r, s, m satisfyingm >r +s ifr >0 or m > s if
r = 0. Then we have the following:

Y Ba(i) By (W)

C .. C 1 e
Lt Cr by e tfszm L 1 s

x Gy ((®) -~ Gy (@)

has the Fourier series expansion
> — L B(w) - Ba(w)
Clater g +eotjymm CL T s
x Gy (%) - Gy ((0))

00
_ C(()r,s,m) + 2 : C;r,s,m)e%rmx’

n=—00,n#0

where CI™ (n # 0) are determined by (4.14)-(4.17) and C(()r’s'm) by (4.8)-(4.10). Here the

convergence is uniform.

Next, assume that A,;,, # 0, for some integers satisfying m > r + s if r > 0 or m > s if
r = 0. Then y,4,,(0) # Vrsm(1). Here y,5,,({x)) is piecewise C* and discontinuous with
jump discontinuities at integers. Then the Fourier series of y;,,({x)) converges pointwise

to Vysm((x)), for x € Z, and it converges to

1 1
E(Vr,s,m(o) + Vr,s,m(l)) = Vr,s,m(o) + EAr,s,mr (4-19)

for x € Z.
Now, we are going to state our second result.
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Theorem 4.2 For all integers r, s, | satisfyingl > r +s, forr >0 orl>s, forr =0, we let

Ar,s,l = Z (;) (z) (_1)c23—c

0<a<r,0<c<s

1
x > —— B,---B,G; -G,
. - Cl"'Call"']c
Cl+-+Cq 1+ He=l+a+c—r—s

1
- ) o BaBaGi G
Lt Cr b1 4tjs=l L W1 s

Assume that A, # 0, for some integers r, s, m satisfying m > r +sifr >0 or m > s if
r = 0. Then we have the following:

00
C(()V,S,m) + Z C}(/Ir,s,m) e27rinx

n=-00,n#0
Zc1+~~~+c,+j1+~~~+j3:m ﬁBQ((x)) o Bcr(<x>)
= X G]1(<x>)st(<x))’ fOl"xéZ,

1 B B, Gj -G +

Zcﬁ...ﬂﬁjﬁ...ﬁé,:m c1Crj1-s €L

1
5 Mrsmo forxeZ,

where CI*™ (n #0) are determined by (4.14)-(4.17) and C(()r’s'm) by (4.8)-(4.10).

5 Results and discussion

In this paper, we study three types of functions which are given by products of Bernoulli
and Genocchi functions and we give some new identities arising from Fourier series ex-
pansions associated with Bernoulli and Genocchi functions. In addition, we will express
each of them in terms of Bernoulli functions. The Fourier series expansion of the Bernoulli
and Genocchi functions are useful in computing the special values of the zeta and mul-
tiple zeta function. It is expected that the Fourier series of the Bernoulli and Genocchi
functions will find some applications in connection with a certain zeta function and the
higher-order Bernoulli numbers.

6 Conclusion

In this paper, we considered the Fourier series expansion of the Bernoulli and Genoc-
chi functions which are obtained by extending by periodicity of period the Bernoulli and
Genocchi polynomials on [0, 1). The Fourier series are explicitly determined.
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