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1 Introduction
Let C (R) be the set of all complex (real) numbers and N = {1,2,...,n}. A real m-order
n-dimensional tensor A consists of #™ elements:

A= (ﬂi1i2.~.l'm)’ Vﬂiliz...im €R,ir, iz, ... i, €N.
A is called nonnegative (positive) if a;,;,..;,, > 0 (as,..i,, > 0).
The following two definitions of eigenpairs were introduced by Qi [2] and Lim [3], re-

spectively.

Definition 1 Let A be a tensor with order m and dimension #. If there exist a nonzero

vector x = [x;,%y,...,%,]7 € C" and a number A € C satisfying the equation
Ax = plm11,

then (A, x) is called an eigenvalue-eigenvector of A, where

n
m—1
Ax"" = E Riiy...iXin """ Ki,
5) 1<i<n

and " =[x a1 xm 1T (A, x) is called an H-eigenpair of A if they are all real.
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Definition 2 Let A be a tensor with order m and dimension n. We say that (A,x) € C x
(C"\ {0}) is an E-eigenpair of A if

Ax™ 1 =x and xTx=1
(A, %) is called a Z-eigenpair if they are real.

As we know, the Z-eigenpair for nonnegative tensors plays an important role in some
applications such as high order Markov chains [4, 5] and best rank-one approximations in
statistical data analysis [6, 7]. Some effective algorithms for finding Z-eigenvalue and the
corresponding eigenvector of tensors have been implemented [8, 9]. Generally, we cannot
judge that Z-eigenvalues generated by the above algorithms are the largest Z-eigenvalues.
Therefore, the following definitions were introduced and used by Qi [2] and by Chang [8]
for studying important characterizations of the largest Z-eigenvalue of a tensor.

Definition 3 ([2]) Let .4 be a tensor with order 7 and dimension #. We define o (A) the Z-
spectrum of A by the set of all Z-eigenvalues of A. Assume o (A) # @. Then the Z-spectral
radius of A is denoted as

p(A) = max{|r| : L € o (A)}.

Definition 4 ([8]) Let.Abe atensor with order m and dimension #. A is weakly symmetric
if the associated homogeneous polynomial Ax™ satisfies

VAX™ = mAx"

Based on the weakly symmetric condition, Chang et al. [8] established the equivalent re-
lation between the largest Z-eigenvalue and Z-spectral radius of nonnegative tensors. On
the basis of the relationship between the Gelfand formula and the spectral radius, Song et
al. [10] gave the Z-spectral radius bound for nonnegative tensors. He et al. [11-13] pre-
sented the largest Z-eigenvalue for weakly symmetric nonnegative (positive) tensors. Fur-
thermore, Li et al. [14] improved some bounds for the eigenvector and Z-spectral radius.
For general tensors, Wang et al. [1] established Gershgorin-type Z-eigenvalue inclusion
theorems. Moreover, Zhao et al. [15] extended some results of [1]. Very recently, Li et al.
[16] introduced an S-partition method and established S-type H-eigenvalue localization
sets, which may reduce computations. Therefore, we want to use the S-partition method
and propose S-type Z-eigenvalue inclusion sets for general tensors.

The remainder of this paper is organized as follows. In Section 2, we establish S-type Z-
eigenvalue inclusion sets for general tensors by breaking N into a disjoint subset S and its
complement, which is proved to be tighter than the sets in [1]. In Section 3, as applications
of the above results, we propose some new bounds on the Z-spectral radius of a weakly
symmetric tensor and show that they are tighter than the existing bounds in [1, 8, 10-12,
14] by Example 2.

2 S-Type Z-eigenvalue inclusion sets

In this section, we give S-type Z-eigenvalue inclusion sets of the tensor A by dividing
N into disjoint subsets S and S, where S is the complement of S in N. Furthermore, we
establish comparisons among different Z-eigenvalue inclusion sets.
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In what follows, we introduce a lemma for a general tensor.

Lemma 1 (Theorem 3.1 of [1]) Let A be a tensor with order m and dimension n > 2. Then

all Z-eigenvalues of A are located in the union of the following sets:

o (A) € KA = | JKi(A),

ieN
.....

By using the partition technique in [16], we present the following notations. Let .4 be an

mth order n-dimensional tensor and S be a nonempty proper subset of N. Set

AN = {(ig,ig,...,im):eachij eNforj:Z,...,m},
AS = {(iz,ig,...,im):eachi,-eSforj:Z,...,m},

AS = AN\ AS

Then

RiAS(A)= Z | @iiy..ipy | R;'FS(A)= Z | @iiy..ipy |-

Theorem 1 Let A be a tensor with order m and dimension n > 2 and S be a nonempty
proper subset of N. Then all Z-eigenvalues of A are located in the union of the following
sets:

G(A)EQS(A)=( U g;?,»uu) u( U gf,(A)),

ieSjeS ieSjes
where
G5 (A) = [z € C: 2l (12l - R (4)) < R(ARN (4)},
G5 (A) = {z € C: I21(12l - R (A)) < RAR (A)).
Proof Let A be a Z-eigenvalue of A with corresponding eigenvector x, i.e.,

Ax™t=ax, xTx=1 (1)

Let |x;| = max{|x;|:i €S}, |xs] = max{|x;|:i€S}. Then at least one of |x;| and |, is

nonzero. We next divide the proof into three parts.
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(i) If x5 # 0 and |xs| > |x;|, then |x5| = max{|x;| : i € N} > 0. From equality (1), we have

AXs = E Asiy...igyKiy * * * Xiyy, T E Asiy..igpKin *** Kiyy »

Noting that |x; | < |x;| <1, |x5]" ! < |x,| <1 and taking modulus in the above equation,
one has

A = S A o POy S ) SO /S [N RS

(i25eemip) EAS (i3ign) DS
-1 -1
I S N 1Y K SO T A | o
(i25eemip) EAS (i9erim)EAS
AS AS
<R (A)lxe| + RS (A) ). ()

Dividing both sides by x| in (2), we get

W RSAS(A)% + RA(A). 3)

On the other hand, by (1), we obtain

-1
e e S P o P o - YN I A | o

Dividing both sides by |x;| in the above inequality and from |x;|" ! < |x,|, one has

m-1

[ |25 | |2 |
M Y Natgigl ——— = Y iy | = Re(A) (4)
. ot | iyoimeN Joce | [oc |

Multiplying (3) by (4), we see

IA1(1A] = RE(A)) < R(ARE (A),

thus, 1 € G;(A) € G5(A).
(ii) If x;x5 # 0 and |x¢| > |5, then |x;| = max{|x;| : i € N}. Similar to the proof of (i), we

can get that

01 - RS () = R () 22!

|oce |

and

2] = R,

|oxs |

which implies
(2] = R (A)) < R(ARY (A),

that is, A € G5,(A) C G5(A).
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(iii) If x.x; = 0, without loss of generality, let |x;| = 0 and |x;| # 0. It follows from (3) that
- RY(A) 0.
For any i € S, we have
11(14] - RE(A)) <0 < R(ARY (A),

that is, 1 € GJ\(A) € G5(A).
The result follows from (i), (ii) and (iii). O

Corollary 1 Let A be a tensor with order m and dimension n > 2, and S be a nonempty
proper subset of N. Then

o(A) CG5(A) S K(A),

where IC(A) is a Z-eigenvalue inclusion set in Lemma 1.

Proof Let z be a point of IC(A). Two cases are discussed as follows:
(i) There exist £ € S and s € S such that z € ggs(A), ie.,

121 (12l — R (A)) < R(ARY (A). 5)

Ith(A)RSAS(A) =0,thenz=0or |z| - RSAT(A) < 0. Hence, z € K;(A) U K (A). Otherwise,
it follows from (5) that

ol |2l =RE(A)
R(A) RE(A)

Furthermore,

Iz 2| - R (A)
1 —_— <1
RA-T T TrRR@ C

)

that is, z € K;(A) or z € K;(A). This implies z eilCt(.A) UK (A) CK(A).
(ii) There exist s € Sand ¢ € S such that z € ggt(A), ie.,

12l(12] - R (A)) < RGARE (A),
similar to (i), we obtain z € K;(A) U K, (A) C K(A). So, the result holds. O

Based on an exact characterization of (1), another S-type Z-eigenvalue localization set
involved with a proper subset S of N is given below.

Theorem 2 Let A be a tensor with order m and dimension n > 2 and S be a nonempty
proper subset of N. Then

o(A) S Q5(A) = ( U @5u <1>§,(A))> u < U (25u @f,(A))),

icS,jeS ieS,jeS
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where
Q5 (A) = {2 € C: (2] - R (W) (12l - R (A)) < RY (AR (W)},
Q5 (A) = {z € C: (121 - RY (W) (12l - zreA (A)) <RAS(A)RA (A},
)={zeC:lel <R (A) 1l < RF(A),
<I>S (A) ={zeC:zl <RA (A), |z| <RA A}

Proof Let A be a Z-eigenvalue of A with corresponding eigenvector x. Let |x;| = max;cg |x;|
and |xs| = max;g |#;|. Similar to the proof of Theorem 1, we also divide the proof into three
cases as follows.

(i) If %% # 0 and |xs| > ||, then |xs| = max{|«;| : i € N}. By an exact characterization of
(1), one has

e = D 7 S 7S P P D S PSP L PRy Eol

= RE ()™ + RE (A" < R (Al + RE (Al
since |a " < |x¢| <1, |a|™! < |x5] <1 hold. Furthermore,
(111 - R (A)) bl < RE (A )
When 4] > R2°(A) or |A] > RA* (A) holds, multiplying (2) by (7), we see
(131 = RE* (A)) (1] - R (A)) < RA (ARA (A).
This shows A € QiS(A) C Q5(.A). Otherwise, when |A| < RSF(A) and |A| < RtAS(A) hold,
one has A € @fS(A) C Q5(A).

(if) If x5 # 0 and |x;| > ||, then |x;| = max{|x;| : i € N'}. Similarly, by equality (1), we get

(1] = R () x| < R ()]

and

(121 = R (A) x| < R (Al
When [1] - R2°(4) > 0 or 1] = R4 (A) > 0 holds, we obtain
(141 = R (A) (121 - R () = R (AR (A),
which implies & € @5,(4) € Q5(A). When |A| - R’ (A) < 0 and |A| - R (A) < 0 hold,

one has A € CDSt(A) C Q5(A).
(iii) If |x;||xs5| = 0, we could assume that |x;| = 0 and |x;| # 0. It follows from (7) that

Al - R (A) <.
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Forany;j € S, when |A| — Rj?s(A) > 0 holds, we get
(1= RY (W) (11 - R (A) < R (ARX (A),

thatis, % € Q5;(A) € Q5(A); otherwise, when [ ~R**(4) < 0 holds, 1 € ®5,(A) € Q5(A).
It follows from (i), (i) and (iii) that the results hold. a

Corollary 2 Let A be a tensor with order m and dimension n > 2.
(1) If there exists S € N such that o
(i) foralli€S,j €8, R¥(A) < |z < R(A) and R> (AR (A) > 0 hold;

(i) forallie$,jeS R (A) < |2 < Ri(A) and R (ARA(A) > 0 hold, then
G*(A) € Q*(A).

(II) Ifthere exists S € N such that o o
(i) forallie S,j€S, |z < min{RiAS(.A),RjAS (A)} holds; or |z| > max{Ri(.A),RjAS(A)}
and RiAS(A)R/AS(.A) > 0 are satisfied;
(ii) forallieS,je€S, |z| < min{RiAS(A),RIZS(A)} holds; or |z| > max{R,-(A),RIZS(A)}
and RF(A)R?S(A) > 0 are satisfied, then

Q5(A) C G5(A).

Proof (I) Let z€ G5(A), then z € ij(A) orze gf,.(A). We divide the proof into two parts.
(i) Suppose that z € gf],(A), then there exist £ € S and s € S such that z € QES(A).
If R,(A) = 0, then RtAS(A) = RtA_S(A) =0, we have z =0 or |z] - RSA_S(.A) < 0. Hence,
z€ Q} (A).
If R,(A)R* (A) > 0, by (6), we have

Iz 2| - RA(A)
1 = Vg
RA - TrE@y C

When @ > 0and -2 <1, lettinga = |z|, b = RAS(A) c=0,d —RF(.A) >0, from
AS A - Rt(.A) =4 g - ) = 84 ’ =Y = 8y ’

Rs
Lemma 5 in [16] and (6), we get

21 = RE*(A) 2|~ RE*(A) _ Iz] |2l —RE(A) _
RM(4)  REUA) T RA) RNU) T

Furthermore,
(121 - RA* () (121 - R2*(A)) = RE (AR (A),
which implies z € QES(A). So,

z2eGS(A) C QS (A) and G5(A) C Q5(A).
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(ii) Suppose that z € GS5(A), then there exist s € S and € S such that z € th(.A). Similar
to the proof of (i), the conclusion holds.

(I) Let z € Q5(A), thenz e |
also divide the proof into two parts.

(i) Suppose that z € UlES]ES QS (.A) U <I>S (A) then there exist £ € S and s € S such that
z€ st(A) orze CDS J(A).

If z € CID‘ZS(.A), that is, |z] < RtAS(A) and |z| < RSA_S(A), then it is easy to get that
Q5(A) € G5(A).

If z € Q5 (A), that is,

Q5 (AU DS (A) or 2 € U505 25,(A) U @5 (A). We

i€SjeS ieS,jes

(12l - RX*(A)) (2] - R2*(A)) < R (AR (A). ®)
We assume RF(A)RSAS(.A) > 0, it follows from (8) that

2l - R (A) l2 - R (A) _

— . )
R¥MUA)  R¥(A

When

% >0 and Rtl(zk) > 1, lettinga = |z|, b= RtAS(A), c=0,d= RtA_S(A) >0, from

Lemma 5 in [16] and (9), we obtain

2l Izl = RE(A) _ |2l =R (A) 21 - R (A) _
R(A)  RMA) ~  pASQ RAS(A)  ~

Moreover,
121121 - R2°(A)) < RAARY (A),
which implies z € G7(A). Hence,
z2€Q(A) S G (A and Q5(A) S G5 (A.

(ii) Suppose that z € Utei,jes (ij( YU CIJS (A)) Similar to the proof of (i), we arrive at
the result. O

Owing to the uncertainty of S, we cannot compare G5(A) with Q5(A) theoretically
without the conditions of Corollary 2. Example 1 shows that they are different, since ng;

(A)(gfj(A)) and QZSJ (A)(ij(A)) do not include each other.

Example1 Let A = (a;%) € RI33] be a tensor with elements defined as follows:

aim =1; an = -1; a1 =1; a3z = -1

ann = —1; ans =1; a1 =2; a3z = —1;
Ajjk =

azn = 3; aszyp = -1 as = -1; assz =1;

ajx =0, otherwise.
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According to Lemma 1, we have

K(A) = KA ={recC:a <6}

ieN

Let S = {1}. Obviously, S = {2, 3}. From Theorem 1, one has

o(A) S G5(A) = {xecws 3+;@},
where
Giy(A) = {reC:al 52+2ﬁ}, Gi3(A) = {/\ eC: A < 32/5},

G (A ={reC:n <14V}, G5 (A)={reC:]Al<1+13).
And it follows from Theorem 2 that

o(A) S Q5(A) = [reC:rl <2++10},

where
Qiz(A)z{keC:|A|§5+;/ﬁ}, Q;5(A) = {1 e C:|rl =2+ 10},
ngl(A):{AeC:|A|§3+;/§}, Q5 (A)={reC:nl<5).

3 Bounds on the largest Z-eigenvalue of weakly symmetric nonnegative
tensors

In this section, by Theorem 1 and Theorem 2, we give new sharp upper bounds for weakly

symmetric nonnegative tensors, which improve the results of [1, 8, 10-12, 14] in a sense.

We start this section with some fundamental results of nonnegative tensors [8].

Lemma 2 (Theorem 3.11 of [8]) Assume that A is a weakly symmetric nonnegative tensor.
Then p(A) = A*, where A* denotes the largest Z-eigenvalue.

Theorem 3 Suppose that an m-order n-dimensional nonnegative tensor A is weakly sym-
metric and S is a nonempty proper subset of N. Then

p(A) < us = max{u®,u’},

where

0 = max R (A) 4 (R ()" + 4R (AR (W),

ieS,jeS 2 /

u® = max l{R,A_S(A) ¥ \/ (RAS(A))” + 4R(AR (A}

ieSjesS

Page 9 of 12
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Proof According to Lemma 2, we assume that p(A) = A* is the largest Z-eigenvalue of A.

From Theorem 1, we get

pAe | G5A)

i€S,jeS

or

pAe | GA.

icS,jeS
For the case that p(A) € Uicses gfj(A), there exist ¢ € S, s € S such that

(p(A) - R (A)) p(A) < R(AR (A).

Solving p(A) in inequality (10), we obtain

P = 3[R () + | (RE () + 4R (AR ().

N =

Furthermore,

p(A) = max ~[RE () (R ()’ + 4R (AR ().

ieS,jeS

For another case that p(A) € U5 es gfj(A), we also get

p(A) = max l{Rf_g(,at) + \/ (RjA_S(A))Z + 4Ri(A)RjAS(A)}.

ieS,jeS

It follows from (12) and (13) that the upper bound holds.

(11)

12)

(13)

O

On the basis of Theorem 2, we obtain another sharp bound of the largest Z-eigenvalue

for a weakly symmetric nonnegative tensor.

Theorem 4 Suppose that an m-order n-dimensional nonnegative tensor A is weakly sym-

metric and S is a nonempty proper subset of N. Then

p(A) <vs= max{ max {1')5, 175}’ max {f)g, ;E}},

ieS,jeS i€S,jeS
where

75 = min_ {RiAS(A),RIA_S(A) },

ieSjeS

P = % {RE () + RY(A) + R (4) - R () + 4RET (AR (A)].

Proof Similar to the proof of Theorem 3, according to Lemma 2 and Theorem 2, the con-

clusion holds.

O
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Remark 1 For a weakly symmetric nonnegative tensor .4, as shown in the proofs of The-

orem 3 and Theorem 4, it is not hard to obtain that
us < rg&}l\[xR,v(A) and vg < rlxgl\;(Ri(A).
Next, we take the following example to show the efficiency of our new upper bounds.
Example 2 ([12]) Consider 3 order 3 dimensional tensor A = (a;) defined by

; ann =1; asssz = 3;
, otherwise.

By computation, we get (p(A),x) = (3.1970, (0.1927,0.1990,0.9609)).

From Proposition 3.3 of [8], we have

p(A) < 9.8150.

From Corollary 4.5 of [10], we have
p(A) <5.6667.

From Theorem 2.7 of [11], we have
p(A) < 5.6079.

From Theorem 7 of [12], we have
p(A) < 5.3654.

From Theorem 3.3 of [14], we have
p(A) < 5.5494.

From Theorem 4.7 of [1], we have
p(A) < 5.2624.

Let S = {3}, then S = {1,2}. By Theorem 3, we obtain
p(A) <5.2624;

according to Theorem 4, we obtain

p(A) < 5.0596.
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4 Conclusions

In this paper, we consider the Z-eigenvalue for general tensors and obtain two new S-type
Z-eigenvalue inclusion sets. According to the above results, we present upper bounds on
the spectral radius of weakly symmetric nonnegative tensors and show that the results are
sharper than the upper bounds provided by [1, 8,10-12, 14] in Example 2.
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