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1 Introduction
Consider the numerical solution of the non-Fickian flow in porous media modeled by an

initial boundary value problem of the following parabolic integro-differential equation:

ou, —div(AVuy + fOtB(s)Vu(x,s) ds)=f, inQx(0,T],
u=0, on a2 x (0, T], (1.1)
u(x,0) = uo(x), Vx € Q.

This kind of flow is complicated by the history effect, which characterizes various mix-
ing length growths of flow. This model of equation is widely applied in many fields, such
as in non-Fourier models for heat conduction in materials with memory, in engineering
models for nonlocal reactive transport in porous media and in the theory of nuclear reac-
tors. There are many studies on the existence and uniqueness of its solution, also, on the
numerical solution of it.

There are many papers on the numerical methods for this kind of problems. Ewing et al.
[1] derived the finite volume methods, and Jiang [2] considered the mixed element meth-
ods when A, B are proportional to a unit matrix for this problem. Ewing et al. [3] and [4]
presented the L2-error estimate and L -error estimate of the mixed element methods for
this problem in a general case. The mixed element method can obtain the approximations
of u and o simultaneously, but it needs the Ladyzhenskaya-Babuska-Brezzi (LBB) consis-
tency condition. To overcome this disadvantage of mixed element methods, Rui [5] gave
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some split least-squares finite element procedures and the convergence analysis with op-
timal accuracy. Besides these methods, Cui Xia [6] presented an A.D.I. Galerkin method,
and Cannon and Lin [7] considered the finite element methods for this problem by use
of the generalized elliptic projection. When using the conforming finite element methods
approximation of this problem, it can lead to too much degree of freedom. For the non-
conforming finite element methods, there are two disadvantages: first, it needs analyze
the consistency term; secondly, the convergence order is not optimal since the order of
the interpolation error is higher than that of the consistent error for some elements, such
as the Wilson element for the second-order problems [8] and the Adini element for the
forth-order problems (see [9]).

To overcome these disadvantages of the finite element methods, the interior penalty
method was introduced. The study of this method traces back to the 1970s. Douglas etc.
provided a framework for the analysis of a large class of discontinuous methods for second-
order elliptic problems in [10] and a semi-discrete finite element procedure for the second-
order parabolic initial boundary value problem in [11]. Andreas et al. [12] analyzed the
discontinuous Galerkin method for the linear second-order elliptic problem on a compact
smooth connected and oriented surface in R3. For a fourth-order elliptic boundary value
problem, Engel et al. [13] proposed an interior penalty method that uses only the standard
CO finite elements. Brenner and Sung [14] analyzed the C° interior penalty methods on
polygonal domains using the Lagrange finite element. For a plate bending problem, in [15]
we got an optimal estimate by the C° interior penalty method using Adini element and the
penalty parameter was accurately estimated. Brenner et al. [16] developed isoparametric
CO interior penalty methods on smooth domains and proved the optimal convergence in
the energy norm. Comparing with the standard finite element method, the main advan-
tages of the interior penalty method include the ability to capture discontinuities, and less
restriction on grid structure and refinement as well as on the choice of basis functions.

In this paper, we use this idea and construct a semi-discrete scheme and a fully discrete
scheme using the Wilson nonconforming element for the parabolic integro-differential
equation arising in modeling the non-Fickian flow in porous media. Without using the
conventional elliptic projection, which was an indispensable tool in the convergence anal-
ysis of finite element methods in previous literature, we get an optimal error estimate
which is only determined by the interpolation error. Finally, we give some numerical ex-
periments to show the efficiency of the method.

The rest of the paper is organized as follows. We give a semi-discrete scheme using the
interior penalty method in Section 2. Section 3 contains the convergence analysis of the
semi-scheme. In Section 4, we give the convergence analysis of the fully discrete scheme.

Finally, some numerical experiments are carried out in Section 5.

2 The semi-discrete scheme of non-Fickian flow in porous media
In this section, we give a new semi-discrete scheme using the interior penalty method. For
simplicity, we consider the problem on a plane domain, that is, Q C R2.

Suppose that f = f(x, t) is a given smooth function, A = A(x) and B(¢) = B(x, t) are 2 x 2

bounded matrices and A is strongly elliptic: there exist positive constants ki, k, and a,, a*



Wang et al. Journal of Inequalities and Applications (2017) 2017:142 Page 3 of 16

such that
dB(t
O<ki<¢=<ky, 0<ki <|IB|l <k, H @ H ky
(2.1)
a. | < (A&,&) <a*|g|>, VEER.
The variational form of (1.1) is to find u : (0, T] — H}(S2), such that
(puys,v) + (AVu, Vv) + fOt(B(s)Vu(x, s), Vv)ds = (f,v), VveH)(Q), 2.2)

u(x,0) = up(x), VxeQ.

Let {75} be a family of regular rectangle partitions of . That is, denoted by /r, & the
diameter of the element T € 7, and maxre7;, k7, and by pr the superior diameter of all
circles contained in T, respectively, then it is assumed that Z—; <o in which o is a positive
constant. We denote by {&}} the set of all boundaries of 7. We write /g for the diameter
of a boundary E € &,.

Now introduce the jump and average of a piecewise smooth function f as follows. Let
E =9TNAJT bean interior boundary shared by two elements 7 and 7". Then the jump of
f over E is defined by

[N =F1r=flr
and the average as

)= 5 (flr +f1).

The Wilson finite element is defined as follows. The freedom is described as

Xr= {v(a,)1<z<4 m/—dx/ 12}

The finite element space is defined as

Vi = {vh :vyl7 € Po(T); vy |7 is uniquely determined by Xr;

vi(a) = 0 for all nodes a on 852}.

I, : HX(Q) — V}, is the corresponding interpolation operator and define that (-,-), =

ZTE'T;,(" ')T’ (" '>h = ZEES;,, (" ')E

The traditional semi-discrete scheme is to find uy, : (0, T] — V}, such that

(@t Vi)n + AV, V) + [o (B)Vuin(%,5), Vvp)pds = (frvi),  ¥Yvip € Vi,
up(x,0) = Myup(x), Vxe Q.

The traditional norm in Vj, is defined as ||v; ||1 W= |Vh|iT. The error estimation of this
scheme is ||u — uy |1, = O(h).
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To improve the convergence order, we introduce a new semi-discrete scheme: Find u, :
(0, T] — V4, such that

(Dt Vi) + anuan, Vi) + [y b, vi) ds = (f,vh),  Yvi € Vi,

un(%,0) = Myuo(x), Vre, (23)
in which
(it Vi) = (AV ity Vv + EZE { LAt [[vhmg}
—({AVu} - 1, [[vil), = ([[wn]), {AV V) - 1), (2.4)
bu(uan vi) = (BS)Vaay, V), + EZS {Z—Emuhn, [[vhn)f}
~({B6)Vun} -, [vall), — ([[ua]), | B6) Vi) - 1), (2.5)

where « is a proper constant.

The new norm in the space Vj, is defined as

Ivally = Y alir + Z{in[mnniﬁ}, (2.6)

TeTy Ee&y

which is larger than the traditional discrete norm.

To prove the convergence order of the new scheme, we first introduce several lemmas.

Lemma 2.1 There exists a positive constant C, such that
1WI5,07 < CUr7 Wil + Wit 7).
Proof
.o |0T| . 1y A2
Wiar = [ mwPdr= [ 1Pt < crtiae
o oT s 0T 04T

—1p 02 ()1 712 12
< Chy ”W”LT: ht (||W||0,i"+|w|1,T)

< C(hF WG,z + hrlwli 7).
The proof of the lemma is complete. O

Lemma 2.2 Let {7T;,} be a regular rectangle partition of 2, then there exists a positive con-
stant C such that

2
hrllAVvy - nllg 0 < Clvali s Yvn€ Vi,

2 2
hr||BVvy - Vl”o’gT =< C|Vh|1,T, Vv, € V),
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Proof By applying Lemma 2.1 and the inverse inequality, we have

AV - nll§ o7 < C(h7 |AVuy - nll§ 7 + hr|AVuy, - nl3 1)

-1 2 2
=< C(hT |uh|1,T + hT|uh|2,T)
<C|hHup)?, +h i|u |2
= T \%hiyT Th2 hl1,T

T

—1y,, |2

< Chiy |lupli 1

The second inequality can be proved by the same argument. O

Theorem 2.3 a;(-,-) : V), x Vi, = R and by(-,-) : V), x V;, = R are continuous and V-

elliptic bilinear forms.

Proof Obviously, they are bilinear forms.
According to definition (2.4), Holder’s inequality and Lemma 2.2,

ano )| < 3 CIVanlorIwilor + Z{hiunuh]1||0£uuvhuu0£
TeTy, Ec&y, £

ATl g+ Nl 14950

< 3 Cluhrivilir + z{;‘—Enuuhn||0£||nvhn||0£

TeTy Eeg&y

+ \/ih—EWhh,T” [[val] “0,15 + Jih—E"[[”h]]||o,E|Vh|l’T}
< C(Z lunli,r + Z \/%”[[uh]]HO,E)
£

TeTy, Ec&y
1
X Vul,T + —”[[Vh]]” )

< Cllunllnllvilln.

So ay(-,-) is a continuous bilinear form.

Since

> [ (avu mivids

Ee€&y,

= Z ” {AVp}- ”Ho,E“ ([val] ||0,E
EEEh

3 1 3
< (S relavull,) (sl )
Ee&y

Eeé’h

1

< C(Z hr | AV, - n||3,3T) 2 (Z én[[vm ||§,E) ]

TeTy Ee&y
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1

b z
=< C(Z |Vh|%,T) (Z E||[[Vh]]”§,£>

TeTy Ee&y
S Ll
seTeZTh vilir + oo EZgh P LU0) P9
Therefore,
ay(Vp, vi)
=) AV Vv)r+ Y {%([[Vh]], [[w]])E} —2({AVvi} - 1, [[va]]),
TeTy Ee&y E
=3 AV, Y+ Y {hﬁ [twtvinae -2 | ({Awh}-n)[[vhndr}
TeTy Eeg, \EJE E
- St vnl, s X il - 32 [ (Avn) - mmllar
TeTy, Eeg,  F Eeg, “F
= Y il ra X ol —e X - o X ol
TeT, Eegy, E TeTy 4e Eeg&y E Y
. C
> mm{u* —€,a— 2e } ||vh||i.

Page 6 of 16

Select the appropriate value of € independent of / to ensure C; = min{a, — €, — 4—C€} >0,
then the bilinear form ay(-,-) is V-elliptic. By the same argument, with assumption (2.1),
the bilinear form by(-,-) : Vj, x V}, = R is also continuous and V-elliptic. Therefore the

proof is complete.

3 Convergence of the new semi-discrete scheme

O

Lemma 3.1 Suppose u,u; € H*(Q), u;, € H*(Q) and Iy, is the interpolation operator. Then

there holds

| = )|y < CHP|ugelas Nl = Tually < CH? |3,

”(14 - Hhu)tHh < Ch?|uyls.

Proof The firstinequality of the above conclusion is obvious according to the interpolation

theory.
Since

2 412
D lu =Tl < Ch'lul
TeTh

and

5 {o -

Ee&y

1
<Cc> {E””‘ Hhun%,aT}

TeTy
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o o
<CY la-Mull} . <C Y - Mul?,
TeTy TeTy

o
<C Y {la-Thul} ; + - Tul ;)
TeTh

1
=C Z {—2||M— Tjulld 7+ lu - I'IhuliT} < Ch*|ul3.

So

1
= Tl = D lu=Thuldp+ Y {h—H ([ Hhuﬂlli,g}
TeTy, Ee€&y, £

< Ch*|ul3.

The second inequality || — TT,ull;, < Ch?|u|3 is obtained. The third inequality can be
proved by the same argument. 0

Theorem 3.2 Assume that u and uy are the solutions of (2.2) and (2.3), respectively. If
u,u; € H3(Q), uy € HX(Q), then there exists a positive constant C such that

T T 1
||u—uh||o+f ||u—uh||hdssch2<|u|2+[/ (|ut|§+|u|§)dt} )
0 0

Proof Based on definition (2.4)-(2.5),

an(u, vi) = (AVu, V), = {AVu - n}, [[val]),»

by(u,vy) = (B(t)Vu, Vvh)h — ({B(t)Vu . n}, [[Vh]]>h‘
Using the Green’s formula, we can get
t
(Pue, vi)n + an(u, viy) +/ by(u, v,) ds
0
t
= (pus,vy) — (div(AVu), vh) —/ (diV(B(s)Vu), vh) ds
0

= (G, vi) — (div(AVu), vy) — (div(/tB(s)Vu ds),vh)
0

= (d)ut —div(AVu) - div</tB(s)Vu ds),vh)
0

=(f,vn), VYvpe V.
Therefore,
t
(Pt — i), vi), + an(ve — up, vi) + / by(u — up,vy) ds
0

t
:(¢Mtxvh)h+ah(M;Vh)+/ by(u,vy) ds
0
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- [(¢uh,t,vh>h + @ vn) + / bhmh,vh)ds]
0
= (f;Vh) _(f;Vh) =0

This is the key of the paper. Then we have

t
(O (Tt = up)es vi),, + an(Tpse — g, vi) + / by(Tpu — up, viy) ds
0
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t
= (q)(l'[hu - u),:,vh)h +an(Tyu — u,vy) + / by(Myu —u,vy)ds, VvyeV,  (3.1)
0

Let 0, = ITju — uy, and taking v, = 0, in (3.1), we can obtain

d
—l—nehn% + Cllo1?

<z Z ||¢ 9h 7+ an(6n, On)

Te771

t
= (¢(Tpu — 1), 0), + an((Tyue — ), 6;) +/ by (Tyu — u,6)) ds
0
t
—/ bh(eh(s),eh)ds
0
< ko || (T2t = ), ||, 1Bnllo + CITTp2e = wall |16 1
L
-l [ (1Mae= il + o469 ) s
0

t
< CHula|16nllo + CH?ul3110k ]l + C||9hllh/ h? |uls ds
0

t
+ Clloull / 64(s)], ds
0

< Ch* %+%+/ lu |3ds + €1 [|OnllZ + (€2 + €3 + €2)[|6nI7
- 461 462 0 4e €3

v L/t”@h(s)”zd&
464 0 h

Select the appropriate values of €, €3 and €, independent of /4 to ensure

d t t 9
E”eh”g‘*||9h||i§Ch4<|ut|§+|u|§+‘/(; |u|§d8>+C<ll9hII§+/o ||9h(S)||hdS>- 3.2)

Integrating both sides of (3.2) from 0 to 7" and noticing that 6,(0)

T T
(A +/ 164117 ds < Ch4/ (loael5 + ul3) ds
0 0

T t
C/ <||9h||(2)+/ ”911(5)”261.9) dt
0 0

=0, we obtain
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Gronwall’s lemma now implies

T T
16412 + / 10412 ds < Ch* / (2 + luf2) ds.
0 0

So the error between the discrete solution #; and the exact solution u is

T T 2
||u—uh||o+/ ||u—uh||hdssc142(|u|z+[/ (|ut|%+|u|§)dt] ) (3.3)
0 0

The proof of the theorem is complete. d

4 Analysis for the fully discrete scheme
Denote by At = T/N the time increment, where N is a positive integer,

~ . . un_un—l ~
t, = nAt, u" =u(-t,), D.u = Ap n=12,...,N.

For a given smooth function f(s), we have that

/ti f(s)ds = Atf (&) + €(f),

> elf) H = O(A1).
i=1

Then the fully discrete scheme can be formulated as follows:
Forn=1,2,...,N, find u}, € V}, such that

(@Deuf, vi)n + an(uly, vi) + At Y by, vi) = (", vi),  Yvi € Vi,

4.1
ug = I1,u°, (4.1
in which
an(i i) = (AVi, Tw), + 3 {ﬁ [T ds}
’ Ee&y, hE E

- <{AVuZ} - n, [[Vh]]>h - ([[MZ]], {AVv,} - ”>h’ (4.2)

by (uvi) = (B'Vuly, Vvy), +%{;—E /E[[uﬁ,]][[vh]]ds}
= {{B'Va} - (ll), = ([ 1] {BV v} - ) (4.3)

Theorem 4.1 The fully discrete scheme (4.1) has one and only one solution.

Proof Let {¢;};_; be a set of basis functions in V}, then u], can be expressed as uj =
Y Yilta)@i. Select vy, = ¢ (j = 1,...,7) and scheme (4.1) can be written as follows: Find
¥i(t,) (i=1,...,r), such that

(X + ALY + (A2 ZM(t,)
= XY (ty) — (A2 Y1 2" (t) + ALF, Vv, € Vi, (4.4)
¥ (0) = o,
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where Vg is given by u)) = IT,u® = Y7, ¥:(0)¢;, and
X = (¢(¢i!¢j)),xr’ Y= (Yij)rxr:Zn = (Zg)rxr’
F=((fr0),,, V)= (Yt vn(t)
Yy =(AVi, Vo + Z{ ([l@il], [lg]), }

-({{ave - n g}, - (el {AVe) - n),,
Z! = (B'Vg, V), + Z{ (g, [[¢,11>E}
E
- ({B"Vei} - mllg), - (o) {B"V e} - ),

The coefficient matrix X + AtY + (At)2Z" is a symmetric positive definite matrix, so
scheme (4.1) has one and only one solution. O

Theorem 4.2 Assume that u”" and u), are the solutions of (2.2) and (4.1), respectively. If
u",ul € H3(Q),u, € HX(Q), then there exists a positive constant C such that

1
n

2
-l =l 0 (o e+ )

i=1

1
n 2
+cm(z<uu;||§+\ufvi>) -

i=1

Proof Based on definition (4.2)-(4.3),

an(u',vi) = (AVU", V), = ({AVH" - 1}, [va]l),,
by (', vi) = (B'V!,Vvy), — ({B'Vi - n}, [[va]]),,

Using the Green’s formula, we can get

n
(¢Dtu”, Vh)h + ah(u”,vh) + Athh (ui, Vh)
i=1

= (q)Dtu”,vh) - (div(AVu”),vh) - Ati(diV(BiVMi), Vi)

S
_ (6w — (div(AVI), 1) - ( /0 " div(B(s)Va) ds, vh> b (R4 RLv)
pu — div(AVi") div( fo " B(s)Vuds),vh) + (RY + Ry
() + (R4 R, Yun € Vi
in which

R} = ¢(Du" — ul}) = O(Ap), (4.5)
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Ry = /0 " div(B(s)Vu) ds — At Y _ div(B'Vu') = O(A?). (4.6)

i=1

Set u”" —uj = u”" — " + Iu" — uj; = " + 0", There holds the following error equation:
(¢>Dt9", Vh)h + ah(O”, vh) + Atz bh(O Vi

= (—¢Dm”,vh) —ah n" Vh Athh n', Vh Rl +R2,Vh) Yv,e V.  (4.7)

Take v, = 6" in (4.7), we can obtain

(R I

< (qut@”,G”)h +ay (9”,0”)

= (~¢De",0"), — an(n",0") Athh n',0") - Athh (6%,6") + (R} + R3,0")
skz||Dm"||o||e"no+c||n"||h||e"||h+cm(znnfuh)ne"nh

i=1
+cm(2neinh) 1o7l,
i=1
cclReL, e, + Il Io7l,

That is,

k
S (02~ o )+ cad o]
<o ad| Do, 0°], + el o], + Clar? (Znn nh)ne"uh

+c<m>2(z||ef||h) lo"], + cael & o], + caelrgl ], @8

i=1

Now we analyze the right-hand side of (4.8) by e-Cauchy inequality.

kAt D’ [67], = k2

tn
/ (I—l'[h)utdtH ran
ty-1 0

tn
< CAth‘*/ w2 dt + e ])0"||5, (4.9)
tp-1
cat|n®|, 6", < cat?|u|,|6"], < CAth*|u"|; + et 60", (4.10)
c@ Y [, 1071, = cas Yl o],
i=1 i=1
n
canny ul,; (4.11)
i=1
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clary? (Zne"nh) Jo], = Cae? Y102 + cune]o @12)

i=1 i=1

According to the definition of R} and e-Cauchy inequality, we get

cae|ryf, o],

)
[ (t,-l—t)u,tdtH ran
tj-1 0

i n 3 i 2 n||2
§CAt/ llueello de|[67], < C(AL) / lluaee 1§l + €567 (4.13)
b1 b1
Catlrg, 6],
= CAt Z / [div(B(s)Vu) - div(B'Vu')]dt| |6"],
i1 0
n
< C(At)? Zyu;\zuenuo < (A" Jud]; + e 0" (4.14)

i=1 i=1

Combining the above inequalities from (4.8) to (4.14), and choosing the {¢;}}, small
enough, we can obtain

k n n— n
5 (675~ e 5) + cafe"

tn "o 5
< CAth“/t el dt + CAtH | [ + C(ALPH* D |ul[; + C(At)3/ et |2
n-1

i=1 fi-1

+CAN Y ud]; + (e +es +e0)]| 075 + Ca® > ||67]. (4.15)

i=1 i=1

Sum up from i =1 to N, applying Gronwall’s inequality and noticing that 6(0) = 0, we can
get

N
[o¥]+cae ) [,
i=1

<CAth4/ |ut|2dt+CAth4Z|u| +C(At)3f I3

i=1

N
+C(AD* Y Juil3. (4.16)

i=1

So we get

N T N T
Z||9f||j56h4/ |ut|§dt+Ch4Z|ui|§+C(At)2/ e 2
i=1 0 i-1 0

N
can®y |uils. (4.17)
i=1
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Therefore,

v
Io7], < (Znelnh)
i=1

1
2

T N . % T N s
§Ch2(/ |ut|§dt+2|ul|3> +cm(/ ||u£t||%dt+2|u’t|2). (4.18)
0 i=1 0 i=1

So

1
T N 2
||u”—uZ||hSCh2|Mn|3+Ch2</O |”t|%dt+§ :|”l|§)
i=1

T N :
+CAt</ ||Mrt||(2)dt+2|”lt’2) : O
0 i=1

5 Numerical example
Consider the parabolic integro-differential boundary value problem:

Uy — Au— fot Au(x,s)ds = (1 + 4m2)ef — 272) sin(zx) sin(ry), in Q x (0, T],
u=0, on a2 x (0, 7],

u(x, 0) = sin(rx) sin(rr y), Vx € Q,

in which @ = [0,1] x [0,1] and T = 1s. The real solution of this equation is u =
e’ sin(rx) sin(ry). Assume that the time interval [0,1] is divided into M uniform subin-
tervals by point 0 = £ < t! < £2 < --. < M = 1, where t" = nAt. Moreover, define u" =
u(-,nAt) for 0 < n < M and denote the first-order backward Euler difference quotient as
uy (-, nAt) = ”mi;”n

Then the fully discrete scheme can be formulated as follows:

Forn=1,2,...,M, find uj, € V}, such that

(MZ_ALZZ_I Vi + an(ul, vi) + ALY 1 by(ul,vi) = (F"vn), Yo € Vi, 5.1
uf) = Iu’, .
in which
an(uf,vi) = (AViLL, V), + Z{%/[[”Z]][[Vh]]ds}
Ec&y EJE
~ (A} - ), - ([[]}1AVw) ), 62)
i i i o i
by (14 vi) = (B'Vay, Vi), +E€Z¢%{ r /E[[”h]][["h” ds}
~({B'Vi} - [lvall), = ([[4]], {B'Vvi} - n),, (5.3)

Select « = 6 and At = ﬁs, in which N? is the square partition of 2, we respectively get
the error and the order at £ = 0.4s,0.7s,1s in Table 1.
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Table 1 The error and order at t = 0.4s,0.7s, 1.0s, respectively.

Page 14 of 16

N2 Error Order  Error Order  Error Order
2% 2 1.0844 - 15356 - 18760 -
4 x4 0.3886 14805 04826 1.6699  0.6084 1.6246
8x8 0.0937 20522 01327 1.8627  0.1607 1.9207
16 x 16 0.0260 1.8495 0.0319 20565 0.0397 20172
32x32 00058 21644  0.0082 19599  0.0098 20183
10’ :
—6— error-t=0.4s
—*— error-t=0.7s
—>— error-t=1s
10° | 1
107 1
107} 1
1073 0 ‘ 1 2
10 10 10
Figure 1 The error estimate at t=0.4, 0.7s and 1s.

Figure 2 The surfaces of up att=1s when h = % and h= 11—6, respectively.

The curve of the error estimate at ¢ = 0.4s,0.7s,1.0s is drawn in Figure 1.

The following graphics describe the discrete solution uj, and the real solution u at ¢ = 1s,

respectively.

From Table 1 and Figures 2 and 3, we can see that with the increase in the number of

meshes, the discrete solution u;, approximates to the real solution u. The convergence of

scheme (5.1) using Wilson element is approximative of order O(k?) from the table and

Figure 1. Therefore, the numerical result is consistent with the theoretical analysis.
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Figure 3 The surfaces of up and uatt=1s when h= ;—2, respectively.

6 Conclusions

In this paper, for the parabolic integro-differential equation, we present a new noncon-
forming scheme in which the consistency term vanishes. Therefore, we get an optimal
error estimate which is only determined by the interpolation error. Finally, some numeri-
cal experiments show the efficiency of the method.
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