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1 Introduction

The role of mathematical modeling has been intensively growing in the study of epidemi-
ology. Various epidemic models have been proposed and explored extensively and great
progress has been achieved in the studies of disease control and prevention. Many authors
have investigated the autonomous epidemic models. May and Odter [1] proposed a time-
periodic reaction-diffusion epidemic model which incorporates a simple demographic
structure and the latent period of an infectious disease. Guckenheimer and Holmes [2]
examined an SIR epidemic model with a non-monotonic incidence rate, and they also
analyzed the dynamical behavior of the model and derived the stability conditions for
the disease-free and the endemic equilibrium. Berryman and Millstein [3] investigated
an SVEIS epidemic model for an infectious disease that spreads in the host population
through horizontal transmission, and they have shown that the model exhibits two equi-
libria, namely, the disease-free equilibrium and the endemic equilibrium. Hassell et al.
[4] presented four discrete epidemic models with the nonlinear incidence rate by using
the forward Euler and backward Euler methods, and they discussed the effect of two dis-
cretizations on the stability of the endemic equilibrium for these models. Shilnikov et al.
[5] proposed a VEISV network worm attack model and derived the global stability of a
worm-free state and local stability of a unique worm-epidemic state by using the reproduc-
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tion rate. Robinson and Holmes [6] discussed the dynamical behaviors of a Schrodinger-
prey system and showed that the model undergoes a flip bifurcation and a Hopf bifurca-
tion by using the center manifold theorem and bifurcation theory. Bacaér and Dads [7]
investigated an SVEIS epidemic model for an infectious disease that spreads in the host
population through horizontal transmission.

Recently, Yan et al. [8], Xue [9] and Wan [10] discussed the threshold dynamics of a time-
periodic reaction-diffusion epidemic model with latent period. In this paper, we will study
the existence of the disease-free equilibrium and endemic equilibrium, and the stability of
the disease-free equilibrium and the endemic equilibrium for this system. Conditions will
be derived for the existence of a flip bifurcation and a Hopf bifurcation by using bifurcation
theory [11, 12] and the center manifold theorem [13].

The rest of this paper is organized as follows. A discrete SIR epidemic model with latent
period is established in Section 2. In Section 3 we obtain the main results: the existence
and local stability of fixed points for this system. We show that this system goes through a
flip bifurcation and a Hopf bifurcation by choosing a bifurcation parameter in Section 4.
A brief discussion is given in Section 5.

2 Model formulation

In 2015, Yan et al. [9] discussed the threshold dynamics of a time-periodic reaction-
diffusion epidemic model with latent period. We consider the following continuous-time
SIR epidemic model described by the Schréding-prey equations:

% = BSWI®),

G = BSOI(O) ~y1(0), ()

% = Vl(t)r
where S(¢), I(t) and R(¢) denote the sizes of the susceptible, infected and removed individ-
uals, respectively, the constant g is the transmission coefficient, and y is the recovery rate.
Let Sy = S(0) be the density of the population at the beginning of the epidemic with ev-
eryone susceptible. It is well known that the basic reproduction number Ry = 8Sy/y com-
pletely determines the transmission dynamics (an epidemic occurs if and only if Ry > 1);
see also [8]. It should be emphasized that system (1) has no vital dynamics (births and
deaths) because it was usually used to describe the transmission dynamics of a disease
within a short outbreak period. However, for an endemic disease, we should incorporate
the demographic structure into the epidemic model. The classical endemic model is the
following SIR model with vital dynamics:

4 = uN - uS(r) - B9,

% = ’SS(]”\)[I(” —yI(t) — pnl(t), (2)

R = yI(t) - ul(),

which is almost the same as the SIR epidemic model (2) above, except that it has an inflow
of newborns into the susceptible class at rate ©N and deaths in the classes at rates uN,
wl and uR, where N is a positive constant and denotes the total population size. For this
model, the basic reproduction number is given by
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which is the contact rate times the average death-adjusted infectious period ﬁ IfRy <1,
then the disease-free equilibrium E(N, 0,0) of model (2) is defined as follows:

Sn+1 = Sn + h(//«N - /’LSVI - /35]‘\,}1" )¢
In+1 = In + h(ﬂi\[—nlﬂ - VIn - Pdn)¢ (3)
Rn+1 = Rn + h(yln - //Lln))

where i, N, i, B and y are all defined as in (2).

3 Main results

We firstly discuss the existence of the equilibria of model (2). If we take two eigenvalues
Of](El),

wy=1-hp and wy=1+hB-h(y +un),
then we have the following results.

Theorem 1 Let Ry be the basic reproductive rate such that Ry < 1. Then:

1
0<h<min{g,#},
w(y+pn)-p
then E1(N, 0) is asymptotically stable.
2 If
h>max{z,#} or E<h<#
w(y+u)-p w (y +n) -8
or
2
<h< g,
(y +1)-B W

then E1(N,0) is unstable.
®3) If

2

h: Sl ———
(y+n)-p

2
— or
n

then E1(N, 0) is non-hyperbolic.

The Jacobian matrix of model (2) at E5(S*,I*) is

1- —h(y + )
E,) = VI ,
/) (th‘ﬂ(ﬁ—y—u) 1

which gives

F(w) = * - trJ(Ey)w + det J(E,), (4)
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where
h
W) =2 - 2P 5)
Yy +tu
and
h
det/(Ex) =1- 2P 2 [up - iy + ). ®)
Y+

Two eigenvalues of J(E,) are

1( hup
a)1,2=1+— —
ytup

5 i\/(MRo)z—‘L[IJ«ﬂ—M(V +u)]). 7)

Next we obtain the following result as regards E»(S*, I*).

Theorem 2 Let Ry be the basic reproductive rate such that Ry > 1. Then:
(1) Put
(A) h>h, and (uRo)* — 4[uB — u(y + )] <0,
(B) h > hyy and (uRo)* — 4[up — u(y + @) = 0.
If one of the above conditions holds, then we know that Ey(S*,1*) is asymptotically
stable.
(2) Put
(A) h < hy and (uRo)* — 4[uB — n(y + 1)l <0,
(B) h < huw and (uRo)* - 4[up — pu(y + 1)1 > 0,
(C) h = hy and (uRo)* — 4[uB — u(y + 1)) <O0.
If one of the above conditions holds, then E»(S*,I*) is unstable.
(3) Put
(A) h>hy orh < hy and (WRo)* — 4[uB — u(y + )] =0,
(B) h <K hyy and (uRo)* — 4[uB — pu(y + )] < 0, where

_ B =y + 1)y (Ro)? — 41 — uly + )]

h* )
(v + w)[uB — u(y + p]
_ up
(y + W - uly + )’
and
b By + WV (1Ro)* =4[ — n(y + )] '

(v + W) [uB — uly + )]

If one of the above conditions holds, then Ey(S*,1*) is non-hyperbolic.

By a simple calculation, Conditions (A) in Theorem 2 can be written in the following
form:

(M,N,ﬂ,h,y) €M1 UMz,
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where

M, = {(M,N,ﬂ,h,y):hzh*,N> 0,A>0,Ry>1,0<u, B,y <1}
and

My ={(u,N,B,l,y) :h =hys, N >0,A > 0,Ry > 1,0 <, B,y <1}.

Itis well known that if /1 varies in a small neighborhood of 4, or /... and (u, N, 8, h,, y) €
M; or (U, N, B, By, ¥) € My, then there may be a flip bifurcation of equilibrium E;(S*,I*).

4 Bifurcation analysis
If /1 varies in a neighborhood of /1, and (u, N, B, h,, ) € My, then we derive the flip bifurca-
tion of model (2) at E5(S*, I*). In particular, in the case that / changes in the neighborhood
of Ny and (0, N, B, Hssr, ¥ ) € Mo we need to give a similar calculation.

Set

(M?N) /3¢h: )’) = (Mlle: ,Bl;hl; Vl) € M1~

If we give the parameter /; a perturbation /#*, model (2) is considered as follows:

! 8)
In+l = In + (h* + hl)(ﬁlfgln - ylln - Hlln)r

{Sn”" =S+ (7 + )N, — S, — Bl

where |1*| « 1.
Put U, =S,,1 - S, and V,, = I,,,; — I,. We have

Uy =anly, + anVy, + asl,V, + bul,h* + by V,h* + bisU, V,h*, ©)
Vi = anlly + an Vi + apl,V, + by Ui + by V,h* + bysU, V7,
where
a —1—]’! +:31[* a __hllgls* a __@
1 1| M1 N ) 12 N, ’ 13 N ’
1311* ﬂls* ﬂl
b = - + ) b = - ) h =T
11 (Ml N, 12 N, 13 N
oo o I il 2 =1 Do = B
VI 2 =1, 8=
:311* ﬂl
by = —, by, =0, byz = —.
2=y 22 ®= N

If we define the matrix T as follows:

a2 ain
T= ,
-l-an wy;—an
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then we know that T is invertible. If we use the transformation
u, T X, ,
Va, Y,

then model (2) becomes

Xn+1 = _Xn + F(Un: Vnr h*),
Yn+1 =—wy Yn + G(Un; Vn; h*)

Thus
W(0,0) = {(X,,, ) : Yy = an X2 + an X, h* + o((1X,l + |1*])) ),
where o((|X,| + |/*|)?) is a transform function,

_aiz(an —axn -1)

ai
w2+1

and

_b(l+an)®  anbi +bu(l+an)

27 an(wy + 12 (wg +1)?
Further we find that the manifold W*(0, 0) has the following form:

o = ar3(1 + an) (@2 —an +an)
! wy + 1 ’

B bu(wy — an) — annbx B bia(wy — an)(1 + au)
wy +1 ap(wy +1)

Cy =

)

o ar3(w2 = 2an = 1)(@2 — an + aiz) = bi3(1 + an)(wz — an + aiz)
’ > wy +1 ’

and

amaiz(wy — 2a11 — 1)(wy — an + a12)

€2 =065 = wy +1
2

Therefore the map G* with respect to W¢(0, 0) can be defined by

G (Xy) = =X + a1 X2 + o Xph™ + 3 X2H* + ca X, h™

+esX3 4 o((1X] + [1*])?). (11)

In order to calculate map (11), we need two quantities o; and «; which are not zero,

* 1 *
o1 = (Gth* + EGZ* GXan)
0,0

and

1 * 1 * 2
oo = 6 XpXnXn T EGXWXH
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By a simply calculation, we obtain

2
=C=---,
(241 2 I
h1 B h1 B 2
= e p— L — Y ) - 2-h ,
oy =C5 + ¢ Ni(wg + 1) |:( i ( 1Y1)
where
h h
= tole [+ m) - 2] [2 +hi(y + pa) + I'BIM11|~
Yi Yit

Therefore we have the following result.

Theorem 3 Let i** change in a neighborhood of the origin. If a3 > 0, then the model (9)
has a flip bifurcation at E,(S*,I*). If ap < 0, then the period-2 points of that bifurcation
from E3(S*,I*) are stable. If a3 < 0, then it is unstable.

We further consider the bifurcation of E3(S*,1*) if & varies in a neighborhood of /...
Taking the parameters (u, N, 8,4, y) = (42, N2, B2, ha, v2) € N* arbitrarily, and also giving
h a perturbation /#* at /5, then model (2) gets the following form:

— * B2Snln
:SVHI = Sn + (h + hZ)(M2N2 - MZSn - 2N2 )r (12)

1r1+1 = In + (h* + h2)(%zlﬂ - )/2[;1 - M2In)'

Put U, =S, — S, and V,, = I,, — I,. We change the equilibrium E5(S*,*) of model (9) and

have the following result:

: un+1 = Un + (h* + hZ)(_MZUn - %Unvn - %unl* - ]{%VMS*): (13)

Vn+1 = Vn + (]’f'< + hZ)(][\%UnVn - ()’1 + ,LL1)Vn + %unl* + %Vns*)r
which gives

wy + P(h*)a) + Q(h*) =0,

where
2 +P(h*) _ Bapz(hy + 1)
Yalh2
and
hy + h*
Qi) =1- Py + 1) | (s + 1) [112B2 = 12 (2 + 12)]-

Yall2

It is easy to see that

_ =P(h*) £ /(P(h*))* - 4Q(h*)
w1 = 5 )
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which gives

_dlwp]

Mo
ol =\[Q(H), k=2 = 202

woo 202 +12)

We remark that (o, Na, B2, 12, 72) € N* and A < 0, and then we have

(12B2)? <4

(V2 + 12)? (22 — 2tz + 12)]

Thus
(n2B2)?

P(0) = -2 + +2,

2+ 1 lsBr —1aan + 7201 7
which means that
2B Jlya + ,U«2), i=2,3.

(V2 + 12)? (2 B2 — 2tz + 12)] 2B

Page 8 of 10

(14)

Hence, the eigenvalues w; » of equilibrium (0, 0) of model (14) do not lie in the intersec-

tion when /#* = 0 and (14) holds.
When /* = 0 we begin to study the model (14). Put

o= (12B2)?
2(y2 + 12)* (12 B — pa(pta + 1)1

g = B/ A2 By — 112 (2 + ¥2)] — (2 Ba)?
2(ya + )2 fa — papeg + 12)]

T:(o 1))
B «

where T is invertible.

and

If we use the following transformation:

() ()

then the model (14) gets the following form:

Xn+1 = O[)(n - ,BYn + F(Xny Yn)y
Yn+1 = ,BXn + Ole, + G(Xm Yn)»

where

haBo(1+ a)(BX,Y, +aY?)

P(XmYn) = N2,3

(15)
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and
_ —h X,Y, +aY?
G(Xn,Yn) _ 2/32(l3 ndpt+ Q& n)‘
N,
Moreover,
- - 2h 1+ - h 1+
Fex, =0, Fyy = 2B ( 05), oy, = 2Ba( Ol),
Ny Ba N,
Fx,x,%, = Fx, v = Fxu ¥ = Fy, 1,1, = 0,
_ - 2h _ h
Gx,x, =0, Gy,y, =— zﬂza, Gx,v, = — 2/32'8,

Nz NZ

Gx, XXy = G XYy = GX, VY, = Gy, v,y, = 0.
Thus we have

1-2w

l1-w

1
a= —Re|: 511520] - 5”511”2 — [|€02I* + Re(@&21),

where

| - = > = = = ,
§02 = g[(Fxnxn - Fy,y, —2Gyx,y,) + (Gx,x, — Gy, v, + 2Fx,v,)i],
1, - = = = .
&n = 1[(Fxnxn + Fy,y,) + (Gx,x, + Gynyn)l],
1. - _ _ _ _ _
&0 = g[(FXan = Fy,v, +2Gx,y,) + (Gx,x, — Gy, — 2Fx,1,)i],

and

1. - _ _ _
§n = % [(Fx,xux + Exututy + Gxoxn¥ + Grovov)]-
Therefore we have the following result.

Theorem 4 Let a # 0 and h* change in a neighborhood of ... If the condition (15) holds,
then model (13) undergoes a Hopf bifurcation at E;(S*,I*). If a > 0, then the repelling in-
variant closed curve bifurcates from E; for h* < 0. If a < 0, then an attracting invariant
closed curve bifurcates from E, for h* > 0.

5 Conclusions

The paper investigated the basic dynamic characteristics of a Schrodinger-prey system
with latent period. First, we applied the forward Euler scheme to a continuous-time SIR
epidemic model and obtained the Schrédinger-prey system. Then the existence and local
stability of the disease-free equilibrium and endemic equilibrium of the model are dis-
cussed. In addition, we chose / as the bifurcation parameter and studied the existence
and stability of flip bifurcation and Hopf bifurcation of this model by using the center
manifold theorem and the bifurcation theory. Numerical simulation results show that for
the model (2) there occurs a flip bifurcation and a Hopf bifurcation when the bifurcation
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parameter / passes through the respective critical values, and the direction and stability
of flip bifurcation and Hopf bifurcation can be determined by the sign of ¢, and 4, respec-
tively. Apparently there are more interesting problems as regards this Schrodinger-prey
system with latent period which deserve further investigation.
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