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Abstract

In this note, we give an elaboration of a basic problem on convergence theorem of
(p, g)-analogue of Bernstein-type operators. By some classical analysis techniques, we
derive an exact class of (pp, gn)-integer satisfying lim_, oo [Ny, ¢, = 00 With

liMp 00 pn=1and lim,- 00 gn =1 under0< g, <p, < 1.0ur results provide an
erratum to corresponding results on (p, g)-analogue of Bernstein-type operators that
appeared in recent literature.
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1 Introduction

During the last decades, the applications of g-calculus emerged as a new area in the field
of approximation theory. The rapid development of g-calculus has led to the discovery of
various generalizations of Bernstein polynomials involving g-integers. A detailed review of
the results on g-Bernstein polynomials along with an extensive bibliography is given in [1].
The g-Bernstein polynomials are shown to be closely related to the g-deformed binomial
distribution [2]. It plays an important role in the g-boson theory giving a g-deformation
of the quantum harmonic formalism [3]. The g-analogue of the boson operator calculus
has proved to be a powerful tool in theoretical physics. It provides explicit expressions for
the representations of the quantum group SU,(2) [4]. Meanwhile, the (p, g)-integers were
introduced in order to generalize or unify several forms of g-oscillator algebras well known
in the earlier physics literature related to the representation theory of single parameter
quantum algebras [5].

Recently, (p,g)-integers have been introduced into classical linear positive operators
to construct new approximation processes. A sequence of (p,g)-analogue of Bernstein
operators was first introduced by Mursaleen [6, 7]. Besides, (p,g)-analogues of Szész-
Mirakyan [8], Baskakov Kantorovich [9], Bleimann-Butzer-Hahn [10] and Kantorovich-
type Bernstein-Stancu-Schurer [11] operators were also considered, see [12—15]. For fur-
ther developments, one can also refer to [8,16—18]. These operators are double parameters
corresponding to p and g versus single parameter g-Bernstein-type operators [1, 19, 20].
The aim of these generalizations is to provide appropriate and powerful tools to applica-
tion areas such as numerical analysis, computer-aided geometric design and solutions of
differential equations (see, e.g., [21]).
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For example, consider the (p,g)-analogue of the Bernstein operators proposed in [7].
Given f € C[0,1] and 0 < g < p < 1, operators B, , ; are defined as follows:

Bipq(f3%)
n n—k-1
1 n k(k=1) s [klp,
=D p 7 i~ l_[ (p —qsx)f % , n=12,..., (1)
k p<nl
P % k=0 pa 5=0 P

where, for any nonnegative integer k and 0 < g < p <1, the (p, q)-integer [k],, is defined
by

Mg =P+ 02+ 447 =21 (k=0,1,2,..),  [0],,:=0,

pb—q

and the (p, g)-factorial [k], ! is defined by
Klpgli=Mpgl2lpq - [Klpg (k=1,2,..), [0]p4!:=1.

For integers k, n with 0 < k < n, the (p, g)-binomial coefficient is defined by

|:n] R O
k], Wlpglln=Klpg!

In general, we expect B, , 4(f; x) to converge to f(x) as n — co. But we see that, for fixed
value of p and g with g € (0,1) and p € (g,1],

[nlpg— 0 or 1/(1-q) asn— oo.

To obtain a sequence of generalized (p,q)-analogue Bernstein polynomials which con-
verge, we let g, € (0,1) and p, € (g,,1] depend on n. We then choose a sequence (p,,g,)
such that [#],, ,, — 00 as n — 00, to ensure that B, , ,(f;x) converge to f(x).

The convergence theorems for (p,q)-analogue Bernstein-type operators were estab-
lished in some recent papers (see [6], Theorem 3.1 (Remark 3.1), [7], Theorem 1, and fur-
ther reading [10], Theorem 2.2, [14], Theorem 3.1, [12], Theorem 3, and [11], Remark 2.3,
see also [9, 15]). For example, Mursaleen [7] gives the following.

Theorem 1.1 Let 0 < g, < py, <1 such that lim,_, p, =1 and lim,_, , q,, = 1. Then, for
each f € C[0,1], By, .4, (f; %) converge uniformly to f on [0,1].

All linear positive operators mentioned in the articles cited above require that
lim,—, oo [#], 4, = 00; otherwise, these operators do not define approximation processes.
However, the claim that both lim,,_, o p, =1 and lim,_, »c g, = 1 with 0 < g, < p, <1 imply

that lim,,_, [#],,4, = 00, in general, is not true. A counterexample is presented below.

Example 1.2 Let p, =1 - 1//n, then [n],,,, — 0 for any sequence {g,} satisfying 0 <
qn < pu- Indeed,

0 = [n]anQn ng_l +PZ_261n +oe +pnqz_2 + qZ_l

<mp!t =n(1-1/y/n)"" ~ ne V" -0, n— oo. (1.2)
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Later, the author [8] presented a more accurate assertion: Let g, p,, such that 0 < g, <
pn<landg,—1,p,— 1,4} — a,p), - b (a<b)asn— oo, then lim,_,[#n]p,,4, — 0.
It is natural to ask: What is the class of sequences (p,, q,) satistying lim,_, o [#],, 4, = 00
when lim,_, p, = 1 and lim,, g, = 1 under 0 < g, < p, < 1? Undoubtedly, this is an

important problem. In this note, we will solve this problem in Section 2.

2 Main results
ForO<gqg,<p,<1l,setq,:=1-oy, p,:=1-B,suchthat0 <8, <o, <l,a,—0,8,—0
as n — 00. In the sequel, we use notation a,, ~ b, (a,, b, > 0) < lim,_, « I;—Z =1.

First, let us present the following auxiliary proposition.

Lemma 2.1 Let n €N, then as n — oo we have

(Mlppqy —> 00 = €Pin—0. (2.1)
On the other hand,
e"in—0 = [nlp,q, = 00. (2.2)

Proof We note that

Mlppgn =d " +0udy >+ -+ 05 an+ 0y =gy (L+Pulqn + -+ + (palga)"™)

(=1/an)(n-1)(-an

noty
7

> an’l =n(l-ay,) )~ nle n—> 00. (2.3)

Similarly, we have

(Mpnan = qZJ +19n61372 oo +Pf261n +p271 ZPZA (1 +Gnlpnt -t (qn/pn)nil)

<np'™t = n(1 - B,)TVINED) by s 00, (2.4)

Therefore, from (2.3) and (2.4), for sufficiently large #, there exist two positive real num-
bers C; and C, satisfying

Ci - nle"™ < [nlp, 4, < Co - nle". (2.5)
This yields the proof. 0
The main result of this work is expressed by the next assertion.

Theorem 2.1 The following statements are true:

(A) Iflim, o € Pr=on) =1 and e"Pn|n — 0, then [n),, 4, — 0o.
(B) Iflim,_, o &P~ < 1 and e"Pr(a,, — B,) — 0, then (1] p,.q, = 00
€) Iflim, e Pn=en) < 1, 1im, ., P = 1 and max{e" /n,e"P"(a, — B,)} — O, then

[n]Pn:qn — O0.
Conversely,

(B)) Iflim,_, o e"Pr=n) <1 and [n]}, 4, — oo, then e (e, — B,) — 0.
(C€) If lim, "B < 1,1im, e P~ = 1 and [n),,,, — oo, then max{e"P/n,
e"Pn (ot — Ba)} = 0.
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Proof Case (A):

If lim,,_, oo €"Pr=on) = 1, since lim,_ o €™ /1 = lim,_, o €"P"/n/e"Pr=2n) — 0 and com-
bined with (2.2) imply [#],, 4, — 00 (see Remark 2.1).

Case (B) and Case (B'):

If lim,,_, o, €"Bn=21) < 1. Note that, for sufficiently large n,

_ n—ll_(qﬂ/p”)nN 1 1_(1_(an_ﬂn)/(1_ﬁn))n

[n]p”’q” =Py 1- qn/pn ePn (Oln - :Bn)/(l - ﬂ”) (26)
Since

Oy — :31’1

1- ﬂrz ” 0’ (27)

it is not difficult to obtain from (2.7) and lim,,_, o, €"#7~*") < 1 that, for sufficiently large 7,
there exists ¢ € (0,1) such that

oy — B\
(1 i n) ~ P ¢ (2.8)
1- ﬂn

Setd,:=1-(1- %)”, then for sufficiently large #, d, > 1 - ¢. Thus, from (2.6), (2.7) and
(2.8), we have

1 d,
s 2.9
[I’Z]Pan enﬂn o — /3;1 ( )
which entails that
(lppge —> 00 & &P (a,—B,) — 0. (2.10)

This yields the proof of Case (B) and Case ().

Case (C) and Case (C'):

If lim , _e"Bn=en) < 1, lim,,_, » e"P1~%) = 1. Since the sequence 0 < x;, := "Fr=en) < 1
is bounded, set E := {x|xisalimit pointof{x,},n > 1}, then supE = 1 from
lim,,_, o, "7~ = 1, Now, we are going to extract a subsequence {%n, ) of {x,,} such that

(@) limg_ oo %y, =1, and

(b) E':= {x|x is a limit point of {x,} \ {x,,}}, with supE' < 1.

We verify that it is possible to extract such a subsequence {x,, }. Since 1 is a limit point
of A := {x,,n > 1}, take a subsequence {xng(l)} of A such that limk%ooxng(l) =1, set AD :=
{xng), k>1}andletA; := A\ AW, If1is also a limit point of A, take a subsequence {xn;(z)} of
Aj such that limg 0o 2 =1, set A® .= {xn(kz),k >1}andlet A, := A; \ A?. Continuing this

2

process, we obtain a sekries of sequences, i.e, AV, AP, ..., set Ar:= A\ USE]IQNA(S). Since
A is a countable set, this process will stop until 1 is not a limit point of Ay after finite or
countable steps; otherwise, we will see that 1 is the only limit point of A, which contradicts
to the assumptions of Case (C). Then we can take the subsequence {x,, } = UseNA(S) which
satisfies (a) and (b).

Set {xn;(} := {x,} \ {x4,}, it is obvious that {m,k > 0} U {m},k > 0} = N. Then from
(A) and (a), we have seen that [”]pnk,an — 00 & " — 0 as k — o0o. And since
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ﬁn_moxn;( < 1 from (b), we also have seen from (B) that [#x] - 0 &

i
n?(ﬁn/
e "k ((x,,;( - '3”2) — 0 as kK — oo. In summary,
(1) limy—oo[nlp,.q, = 00 < for any subsequence {Ni} of a natural number set such that
limy_, oo N = 00, we have limy_, o, [n]ka,qu = 00.
(ii) Since {my}i=0 and {#} }x=o are two subsequences of a natural number set such that
limy_, o0 1 = 00 and limy_, o 7}, = 00, thus as k — oo

[n]Pnk,‘Ink —> o0 < e”kﬂnk /I’lk — 0,

li = /
A onan =00 = i@ty — By ) 0.
k k

[n]pn;(,qn,k—>oo & e

We assert that the inverse proposition of (ii) also holds. Indeed, for each sufficiently large
N > 0, there exists a positive integer K; such that for every natural number k > K;, we have
(#p,, 4w, > N; meanwhile, for the previous N > 0, there exists a positive integer K3 such
that for every natural number k > K3, we have [#] P2 4, > N; take ny = max{ng,, n}<2}, for
every natural number # > 19, we have [#],, 4, > N, i.e, lim,_, o [#n]p, 4, = 00. Now we have

proved that as k — oo

. &P /ng — 0, (©)
lim [#n],,q, =00 & A:= B (2.11)
nmee e "k(ay = By)—> 0. (d)
Next, we infer that as k — 0o
A &  lim max{e”ﬂ” In, e (o, — ﬁn)} =0. (2.12)

n—00

‘<’ of (2.12) is straightforward. Now we show ‘= On the one hand, by Remark (2.2),
we know from (d) of A that en/kﬁ”,k /n} — 0, and combined with (c) e"Pre [ — 0, we can
show e""/n — 0 by using a similar method as in the previous paragraph. On the other
hand, e"+Pr« (0t — By,) = 0 is straightforward (since limy_, o %, = limy_, o " Br—om) = 1,
and note (c) in A), and combined with en;‘ﬂ”i (oz,,;< - ﬂ,,;() — 0, we can also deduce that
e"P1(at, — B,) — 0. This yields the proof of ‘=" in (2.12).

Therefore, (C) and (C’) follow from (2.11) and (2.12). a

Remark 2.1 In general, from (2.1) we have only [n],,, 4, — 00 = €"#"/n — 0. However, if
lim,,_, o €"#1=7) = 1 holds, then we have the equivalent relation e"#"/n — 0 < [n],, 4, —
oo from (A). Thus, we have:

(Ap) Iflim,,_, o e™Pr=2) =1 then " /n — 0 < (1] p,.q, — 0.
Similarly, from (B) and (B'), (C) and (C’) we have

(Bo) Iflim,,_, o e"Pr=2) < 1, then "1 (at,, — B,) — 0 & [n],q, — 0.
(Co) Iflim, ,  e"Pr=om) <1, Tim,_, o P~ = 1, then max{e"P"/n,e"P(a, — B,)} — 0 &

(1] p,.q, — 0.

Remark 2.2 In Case (B), we can also deduce directly from 1im,,_, o0 "B~ < 1 and
e"P(a,, — B,) — 0 that &P /n — 0 as n — oo. Indeed, since lim,,_, o, €"#~*") < 1, and com-
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bined with the classical inequality on upper (lower) limit

hm e”(an*ﬁn) . m en(ﬂn*an) > hm (e”(an*ﬂn) . en(ﬁn*“n)) - 1,
n—>00 n—00 T oo

we have lim, _ e"@~Fn) > 1. Thus, for sufficiently large n, there exists ¢y > 1 such that
e"@=Pn) > ¢,. This means that 0 < (logco)e™? /n < " /n - (n(at, — Bu)) — 0, and we have
seen that &% /n — 0.

Remark 2.3 Now we utilize Theorem 2.1 (Remark 2.1) to elaborate Example 1.2 again. In
the example, 8, = 1//n, while "% /n = eV /n - 0 as n — 00, thus (1]p,1.q0 = OO.

Forp, =1, 8,=0, g, =1-a,, then &’ /u=1/n — 0 and " (a,, — B,,) = &, — 0. Thus
any case of (A)-(Cy) is straightforward. In this case, (p,, g,,)-integer reduces to g, -integer,
and it is known that [#],, — 00 < g, — 1 as n — o0. See [19], Theorem 2, and [22],
formula (2.7).

3 Conclusion

In this note, we mainly obtain the sufficient and necessary conditions for (p,q)-integer
[n]p,4 tending to infinity as # — oo. The conclusion guarantees the (p,q)-analogue of
Bernstein-type operators to be approximation processes as n — 0.
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