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1 Introduction

Assuming that p > 1, o + ;- =1, f(x),g0) = 0, f € I’(R,), g € LYR.), [fl, =

( fooo fP(x) dx)l%' >0, |lgll; > 0, we have the following Hardy-Hilbert integral inequality (cf.
(1]):
* b)) m
dxdy < ————— , 1
[ ey W< s lgly )

where the constant factor is the best possible. If a,,,b, > 0, a = {a,,}r, € P, b =

sm(n/p)
b2 €l Nall, = (3. 161m)‘1’ >0, ||bll; > 0, then we have the following Hardy-Hilbert

inequality with the same best possible constant factor W (¢f 1]):

ZZ )|| I, 11511, @)

m=1 n=1

Inequalities (1) and (2) are important in analysis and its applications (cf. [1-3]).
Suppose that 1, ;>0 (i,j e N ={1,2,...}),

u, = i Wi V= 2": v, (m,neN). (3)
i=1 j=1
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We have the following Hardy-Hilbert-type inequality (cf Theorem 321 of [1], replacing

,u%qam and vi,/p b, by a,, and b,):

1
° L aub, 7 [N ad, \ [ b\
For u; = v; =1 (i,j € N), (4) reduces to (2).

In 1998, by introducing an independent parameter A € (0,1], Yang [4] gave an extension
of (1) with the l<err1el - for p = g = 2. Recently, Yang [3] gave some extensions of (1)
and (2) as follows: If Al,kz € R, A + Ay = A, k. (x,y) is a non-negative homogeneous func-
tion of degree —1, with k(A1) = [3~ ki.(£, )17  dt € R,, ¢(x) = #1201,y (x) = x70-72)-1)
S(x),g(0) =0,

felyyRy) = {f; 1 llpp := (./o ¢(x)[f(x)|pdx)p < oo},

g€ Ly (R, fllpe l1€llgy > 0, then we have

fo /0 ko () 2)g () dx dly < k() [ e gl 5)

where the constant factor k(%;) is the best possible. Moreover, if k; (x,7) keeps a finite
value and k; (x, y)x*1 71 (ky (x, )y*2 ) is decreasing with respect to x > 0 (y > 0), then, for
amby >0,

% 7
ac€lyy= {ﬂ; llallpe = (qu(n)la,,lp) < oo},

n=1

={bu}o2y € gy, llallpgs I1bll4y > 0, we have the following inequality with the same best
p0551ble constant factor k(1;):

>

m=

Nk

ki (m, m)amby < k(A1) l|allppllbllg.y- (6)

_
I
—_

n

In 2015, Yang [5] gave an extension of (6) for the kernel k; (m,n) = (mm o™ and (4) as
follows:
oo o0
m=1 n=1 (U + V
1 1
0o U’,i,(l_m_laf,, p[ o VZ(I_kZ)_le 7
< B(A1,A2) |:Z T Z T , ()
m=1 m n=1 n

where the constant B(1, A,) is the best possible, and B(u,v) (4, v > 0) is the beta function.
Some other results including multidimensional Hilbert-type inequalities are provided by
[6-24].

About half-discrete Hilbert-type inequalities with the non-homogeneous kernels, Hardy
et al. provided a few results in Theorem 351 of [1]. Yang [25] gave an inequality with the



Wang and Yang Journal of Inequalities and Applications (2017) 2017:153 Page 3 0of 19

kernel m by introducing an interval variable and proved that the constant factor is the
best possible. Zhong et al. [26—28] investigated a few half-discrete Hilbert-type inequali-
ties with the particular kernels. Applying the weight functions, a half-discrete Hilbert-type
inequality with a general homogeneous kernel of degree —A € R and a best constant factor
k(1) is proved as follows (cf [29]):

/0 @)k, maydx < k() llpg lallg - (8)
n=1

A half-discrete Hilbert-type inequality with a general non-homogeneous kernel and a best
constant factor is given by Yang [30].

In this paper, by means of the weight functions, the technique of real analysis and
Hermite-Hadamard’s inequality, a more accurate half-discrete Hardy-Hilbert-type in-
equality related to the kernel of logarithmic function and a best possible constant factor
is given, which is an extension of (8) in a particular kernel of degree 0 similar to (7). The
equivalent forms, the operator expressions, the equivalent reverses and some particular

cases are also considered.

2 Some lemmas
In the following, we agree that v; >0 (j € N), V}, := Z]'?:l vj, u(t) is a positive continuous
function in R, = (0, 00),

U(x) := /x w(t)dt < oo (x e[o, oo)),
0

0<v, <%, V,=V,-7, v(t)::vn,te(n—%,n+%] (n € N), and

V(y):= /jv(t)dt <ye [%,oo))

2

p#0,1, I% + % =1,0<o0<y,0=<1L38e{-11}, f(x),a, >0 (xR, neN), [fllpo; =
1 o 1
(fo, Ps@)f?(x)dx)?, llall,g = (X W(n)b})1, where

Up(l—Bzr)—l (x) - vg(l—a)—l
q)(;(x) = W, \Ij(}’l) = T (x€R+,n€N).
Example 1 For p >0, we set
P
h(t) = ln<1 + t_V> (teR,).
(i) Setting u = pt™”, we find
k(o) := / ot ln<1 + ﬁ) dt
0 124
oly o _0ly o0 5
_ P / u? In(l+u)du = p f In(Q +u)du™
Y Jo o 0
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oly . oo %
_P |:uvln(1+u)|8°—/ “ du:|
o 0

1+u

ly poo ,~% aly oly

p° uv P’ P’

/ 9)
0

du = = .
o 1+u™ osinw(1-%) osin(%7)

(ii) We obtain, for £ > 0, h(¢) = In(1 + £) > 0,

d —py d?
—h(t) = 0, —
dt © (tr + p)t < dt?

h(t) > 0.

It is evident that, for o <1, t°~'h(t) > 0, we have

d o-1 d2 o-1
E(t h(t)) <0, ﬁ(t h(t)) > 0.

(iii) Since forn e N, V(y) >0, V'(9) = v, >0, V'(y) =0 (y € (n— %,n + %)), then, for ¢ > 0,
we have

h(cV) Vo) >0, dily(h(c\/(y))\/“‘l(y)) <0,

L0V 0)>0 (re(n-nv )

Lemma 1 Ifg(t) >0, g(t) <0, g'(t) >0 (¢t € (},00)), satisfying f%oog(t) dt € R,, then we

have
00 o 00
/ g)dt <y gln) < /1 g(t)dt. (10)
1 n=1 2
Proof For ng € N\{1}, by the assumptions and Hermite-Hadamard’s inequality (cf. [31]),
we have
n+l n+%
/ gitydt <g(n) < / X gitydt (n=1,...,no). (11)
n ﬂ*j
It follows that
no+1 1o o oned no+d
O</ g(t)dt<2g(n)<2/ X g(t)dt:/; g(t) dt < o0.
1 n=1 n=171-3 2
In the same way, we still have
o) o 00
0< f glt)de < Z gln) < / g(t)dt < oo.
no+l n=ng+1 no+3

Hence, adding the above two inequalities, we have (10). The lemma is proved. O
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Lemma 2 Assuming that p > 0, we define the following weight functions:

o U (%), o
ws(o,x) = nXﬂ: ‘7&70 1n|:l + (U‘S(x)XN/,,)V ], x€R,, 12)
* V7 ) P
w(;(a, }’l) = [1-50 (x) n|: + W dx, neN. (].3)
Then we have the following inequalities:
ws(o,x) <k(o) (xeR,), (14)
ws(o,n) <k(o) (neN), (15)
where k(o) is determined by (9).
Proof Since
n+ " vn
V(n):/ vit)ydt—- —=V,— —
1 2
~ 1
=< Vn =< Vn = V(l’l + 5); (16)

and fort € (n — %, n+ %), V'(t) = vy, by Examples 1(ii)-(iii), (16), (11) and (10), we have

U (x)vy [ o }
= n|l+ =~
Vi @V,
U&y(x)vn 1Y
< Treor 1 wwver |
U @V(e) p
< / e e

:|dt (n eN),

oo

"3 U () V() p
‘““""‘”E/n% e @ )

(U x)V () p
- /5 Vi () l“[“(uﬁ(x)\/(t))y}dt'

Setting u = U*(x) V(¢) in the above, by (9), we find

us (x)V(co0) p) uéa (JC) u—é (x)
wa(o‘,x) < /(; ln<1+;>Wdu

5/ u"-lln(uﬁ)du:k(a).
0 u

Hence, (14) follows.
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Setting u = \~/n U4 (x) in (13), we find du = SVV, L% (x) () dx and

~ ~

1 [Vallf0) Jo 7-1(7-15)3-1
w(g(a,n):—/ %ln 1+£ du
8 Jy,ub0) (Vu)s— ur

1 VU (c0)
= - wlin(1+ L du.
1) Vnué(o) 1724

If § =1, then

‘N/nl,l(oo) 0 0 P
wy(o,n) = wWlhn(1+ = )du< wWln(1+ = ) duy;
¥

0 u 0 u”

if § = -1, then

‘N/n/U(oo) 0 oo 0
w_l(a,n)z—/ u“_lln(1+ —) a’ug/ u"_lln(1+ —) du.
[e'e) uy 0 uy

Then by (9), we have (15). The lemma is proved. a
Note If U(0c0) = oo, then (15) keeps the form of an equality.

Lemma 3 If p > 0, there exists a ng € N, such that v, > v,,1 (n € {ng,ny +1,...}), and
Voo = 00, then: (i) for x € R, we have

k(o)(l — 05 (a,x)) < ws(o,x), (17)
where
1 UB (%) Vingy o P
05(o,x) := m/(; u lln(1+u—y> du
- o((uw) ) 0,1y (18)

(ii) for any b > 0, we have

> v, 1 < 1
— = =+ bO(l)). (19)
; Vit b \/50

n

Proof (i) Since for t € (m,n+1) (n > ng), vy, = vy = V'(E+ %), by Examples 1(iii) and (11),

we have

ad So
ws(o,x) > Zln[l + (L[S(;co)vn)y} Uuse (x)vy,

- ‘/}%—0
_y p U (v,
= r;;)ln[l + P @) V(n+ %))y] V1-o (1 + %)

0 n+l 0 U‘S"(x)v’(t+ %)dt
> yg)];, ln|:1 + (U (x)V (¢ + %))V] Vi-o(t+ %)

} /Ooln[1+ z :|L[5"(x)v,(t+ 1
- o (B x)V(t+ %))V Vi-o(t+ %) .
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Setting u = U (x) V(£ + %) in the above, in view of V4, = 00, by (9), we find

o0
wg(o,x)>/ u’" 11n<1+ )du
US )V (no+3) ur

UB (%) Ving
=k(a)—/ u"lln(1+ ﬁ) du
0 ur

= k(o) (1 - 630, ),

1 s (x)vy,
0s(0,x) = m/ 0u"_11n<1+ L'%) du € (0,1).
0

Since F(u) = u? In(1 + £:) is continuous in (0, 00) satisfying F(u) — 0 (u — 0" or u —

00), there exists a constant L > 0, such that F(u) < L, namely,
P -0
ln<1 + —) <Lu? (u€(0, oo)).
uy

Hence we find

U6 Vig o 8 o/2
o<tiom <o [ i HEER

and then (18) follows.
(ii) For b > 0, by (11), we find

o) no 0
Vn Vn Vn
Z Vl+b = ‘71+b + Z V1+b( )
n=1 Vn n=1 " " n=ngp+1 n
+3 V'( t)
1+b
n= n=np+1 v (t)

/ dv(t)
1 V1+b (t

1 1
b(v,fo S
o0 o] 00 n+l / 1
) v V(t+ =
S e et ey [
n=1 'n n=ngq (l’l+§) n=ng V" (t+§)
_foo dv(t+3) 1 1
w VI(E+3)  bVh(ng+3) beo'

Hence we have (19). The lemma is proved. O

Note For example, v, = nif‘ (n € N; 0 < B <) satisfies the conditions of Lemma 3 (for
no = 1)
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3 Main results and operator expressions
Theorem 1 If p > 0, k(o) is determined by (9), then, for p > 1,0 < ||flpes, llall,g < 0o, we
have the following equivalent inequalities:

I:= il /0 wln[l E m]arm dx <k(0)||f |0y 2l 3 (20)
JI‘Z{E%UOWI“(“WV is| }
< k(@) 0, )
00 Y
{/ - qwx)[z1 ( (u@(x)vv> }dx}
< k(o) lall,5- (22)

Proof By Holder’s inequality with weight (cf [31]), we have

o<>1 p d V4
{/0 “[” (ua(xm)y}/(x) x}

:{/wln[u p_ Mu 7 (x)f(x)][ V.7 (x)}dx}}’
0 (U (x) V) 7, 7 1 (%) %(x)

Q=

p(1-b0)

SR e AN
“Jo (U (x)V3n)7 Vi ",wi(x)

> p w1
X{fo ]“[“(w(x)w} 5 (x) dx}

(@s(o,my [ p UV (),
=W/o o1+ VoG | O (23)

In view of (15) and Lebesgue term by term integration theorem (c¢f. [32]), we find

1 110-50)p- 1>(x)vn ’
Sl

é 1% {J1-80)p-1) @), 119
:f XI:IH[l ’ (Lla(x)XN/,,)V] Vi-o ur1(x) 7 (x) dx}

up(l—éa)—l (x) »
|:/(; w,;(a,x)Wfp(x) dx] . (24)

Q=

= (k@)

Then by (14), we have (21). By Holder’s inequality (cf. [31]), we have

~ nd v,’,%' o0 0 Vp Ua,,
I‘ZLL /0 l“[“(ua(x)w}f( )dx}( )

n=1 LV v

< hllall, - (25)

RS
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In view of (21), we have (20). On the other hand, assuming that (20) is valid, we set

Uy oo o 4 p-1
a, = W{\/O ln|:1+m:|j(x) x} s n e N.

Then we find J¥ = IIaIIZq}. If ; = 0, then (21) is trivially valid; if /; = oo, then (21) remains
impossible. Suppose that 0 < J; < co. By (20), we have

lall} g = =1 <k@)|flIposllalys ||ﬂ||q~ =1 <k(@)If .05

and then (21) follows, which is equivalent to (20).
Still by Holder’s inequality with weight (c¢f. [31]), we have

" T (x)vy
00 P U(l—&a)(p_1)(x)vn q-1
< [;ln[l - (ué(x)vn)y:| Tio ]
. 41-0)
V. ¥
: ;ln[l ’ (U‘S(x)\/ )4 :| Ulfag(x)vg—ﬂz
- fole Y p_ NV
= U1 (x) () Elnl:1+ (L[“(x)vn)y] L1=5 (it T al. (26)

Then by (14) and Lebesgue term by term integration theorem (cf. [32]), it follows that
>(1-0)(g-1) i
1 v, a
J < (k(@))? / [1+ P ] M) o
(WPE)VY 1 U= (x)vp

P-oaD i
= (k(o))? {Z/ 1n[ LI“(x) A% ] T aldx

a0t 7a
= (k(0))? [Z (o, } (27)

In view of (15), we have (22). By Holder’s inequality (cf. [31]), we have

00 UT‘S”
1=/0 < 01 (x) f( ))[ 15” Zl[ W} n]dx

< Wfllposf (28)
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Then by (22), we have (20). On the other hand, assuming that (22) is valid, we set
JIC I p ~
= In|l+ ———— |a, , eR,.
T® = e {Zl [ W@V, ] } ¥

Then we find J{ = ||f|I .. If J» = 0, then (22) is trivially valid; if /, = 0o, then (22) keeps
2 p.®s y

impossible. Suppose that 0 < J, < oo. By (20), we have

1B 6, =J5 =1 <K fllposlallyz  1f1a, =2 <k(@)llall,s

and then (22) follows, which is equivalent to (20).
Therefore, inequalities (20), (21) and (22) are equivalent. The theorem is proved. a

Theorem 2 As regards the assumptions of Theorem 1, if there exists a ng € N, such that
Vy > V1 (m € {ng,np +1,...}), and U(c0) = Vs, = 00, then the constant factor k(o) in (20),
(21) and (22) is the best possible.

Proof Fore €(0,q0), wesets =o — fl (< min{1,y}), andf =]7(x), xRy, a=1{a,}5,

86 +e)-1 S
f(x) _ u @), 0<x° <1, (29)

0, x>1,
4, =Vi ', =V, “ v, neN. (30)

Then, for § = 1, since U(c0) = 00, we obtain

/ we) L), 31)
{

x>0;0<x5§1} ul—és(x) &

By (31), (19) and (17), we find

1

1/ s q

~ () dx )p v\’
a ~ = —~
”f”p,cl?‘a ” ”q,‘l’ (Kx>0;0<x3§1} ul—és(x) Z Vr}w

n=1
1
1 s 1 i
=-ur (D(T + 50(1)) , )
e Vno
~ oo X p o~
1;:/ ln|:1+7~i|a ) dx
0 ; (Uﬁ(x)vn)y nf
:/ iln[l s P } VZly,u(x) .
{>0,0<a? <1} 3 77 (US(x) Vv | L-3G+e)(x)
~ u(x)
- ws(0,%) dx
/{x>0;0<x5§1} 3 ul—5s(x)
G ~ p(x)
> k o 1-6 O',x)
@) [x>0;0<x5§1}( 5 )ul—és(x)

P
))) mix

e B 5G4
k@) /{DO;O«SQ}(I o((U(x) T
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~ p(x)
=k(o / dx
( ) [ {x>0;0<xd <1} ul—Sa (x)

{x>0;0<x8 <1} u- (7+5+7q)(x)

- k(o= £ ) (W - o).
& q

If there exists a positive constant K < k(o), such that (20) is valid when replacing
k(o) to K, then in particular, by Lebesgue term by term integration theorem, we have
el < eK|f llp,o, ||E||qu,, namely,

k(a - 2) (U (1) -e0(1) <K - uv (D(% + 80(1)> "

no

It follows that k(o) < K (¢ — 0*). Hence, K = k(o) is the best possible constant factor of
(20).

The constant factor k(o) in (21) ((22)) is still the best possible. Otherwise, we would
reach a contradiction by (25) ((28)) that the constant factor in (20) is not the best possible.
The theorem is proved. d

(n€N), &y (x) = 9 _ (x ¢ R,), and define the

For p > 1, we find W ?(n) = =2 =

n
1—;
Vv, P

following real normed spaces:

Lp,d)g (R+) = {frf :f(x)rx € R+x ||f||p,<l>5 < OO},
g ={aa=1{a)2, lall,g < oo},

L, ora(R,) = {hsh=h(x),x€R,, Wl g1-a < oo},
Lygrvr = {c;c = {cubpep llell, g1» < oo}.
Assuming that f € L, ¢,(R,), setting

p— o0 e * 7/)
c={cn}pors Cpi= /0 ln|:1 + TIPTAL :|f(x) dx, neN,

we can rewrite (21) as ||c||,, g1» < k(o) [f]lp,0; < 00, namely, c € [, g1-».

Definition 1 Define a half-discrete Hardy-Hilbert-type operator 71 : Ly¢;(R:) — [, g1-»
as follows: For any f € Lj¢,(R.), there exists a unique representation T1f = c € [, gi».
Define the formal inner product of 71f and a = {a,};2, € [, § as follows:

py— - = p
(T\f,a):= ;{/0 ln[1+ TPTAL ]j(x)dx}an. (33)
Then we can rewrite (20) and (21) as follows:

(T1f, a) < k(@)If p.0s lall 5 (34)
1Ty Nl 310 < k()1 llp,05- (35)
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Define the norm of operator 77 as follows:

1T 1510

I T1l ==
Tl ®)  Ifllpo;

Then by (35), it follows that || 71| < k(o). Since by Theorem 2, the constant factor in (35)
is the best possible, we have

pa/}/”

71l = k(o) = (36)

o sin(7)
Assuming that a = {a,};2; €, §, setting
h(x):= Zln[l + #]ﬂm xeR,,
e (LX) V)

we can rewrite (22) as ||h”qq>l—q <k(o)llall,y < 0o, namely, h € Lq oi-a(Ry).
P L

Definition 2 Define a half-discrete Hardy-Hilbert-type operator T5 : [, g — Lq oi-a(Ry)
'}
as follows: For any a = {a,};2, € [, §, there exists a unique representation Tra = h €
Lq ol (R,). Define the formal inner product of T>a and f € L, ¢,(R.) as follows:
)

py— ~ - p
(Tha,f) = /0 [;111[1 * Ty :|an ] £ (x) dax. 37)
Then we can rewrite (20) and (22) as follows:

(Taa,f) < k(©@)If llp,0; l2ll ;3 (38)
IT2all, g1-a < k(o)lally- (39)

Define the norm of operator 7T as follows:

. | Taall, 410
IT20l:= sup —————
a(?’é)elq,@ ”ﬂ”q,\P

Then by (39), we find || T, || < k(o). Since, by Theorem 2, the constant factor in (39) is the
best possible, we have

,OU/VT[
in(Te
o sin( , )

T2l = k(o) = = 1Tl (40)

4 Some equivalent reverses
In the following, we also set

- p(1-80)-1

B0 = (1= tu(o,) T ey,
q(1-0)-1

V(n) = VHUT (neN).

n

For 0 <p <1lorp <0, westill use the formal symbols ||f s, Ilf I,,3, and llall, -
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Theorem 3 If p > 0, k(o) is determined by (9), there exists a ny € N, such that v, > v,
(n € {ng,ng+1,...}), and U(cc) = =00, then, for p < 0,0 < ||f ||, llall,§ < 00, we have
the following equivalent mequalmes with the best possible constant factor k(o):

- Z [ 1n[1+ )V)y}anf(xmx>k(o)|V||p,¢,s||a||,,,a, (a1)
— v [ [* P 717
- {Z s L gy e }
KOl (@2)
- o0 (Y
]2:: /0 Ulu;;) [Zln( (U5(x)V)V>an:| dx}
> K@)lal, - (43)

Proof By the reverse Holder inequality with weight (cf. [31]), since p <0, in a similar way
to obtaining (23) and (24), we have

“inlis —2 Trwaxl”
{-/0 “[ +(ua(x)\7)v}/(x) x}
111-50) (- ”(x)v,,

< wf/;’f)p 1n[1+ )V) ] = fp( )dx.

Then by the note of Lemma 2 and the Lebesgue term by term integration theorem, it
follows that

QI'—'

L=30) 1) (), 3
iZ/ 1n|: (U‘S(x)v ) ] an_”lﬂ”‘l(x) fp(x)dX}

up(1—aa>_1 (x) »

= (k(O’))‘_’ |:v/0 wg(a,x)Wfp(x)dx] .

In view of (14), we have (42). By the reverse Holder inequality (cf. [31]), we have

_ > Vrlll’ *© P vn%_aﬂn
= Z{n%a/o 1“[“ (ua(x)w}f(x)dx}( )

V,
> Jillallyg- (44)

ERSIT

Then by (42), we have (41). On the other hand, assuming that (41) is valid, we set a,, as in
Theorem 1. Then we find Jj = ||a||Z@, If J; = oo, then (42) is trivially valid; if /; = 0, then
(42) remains impossible. Suppose that 0 < J; < co. By (41), it follows that

IIaIIZ@ =Ji =1>k@)|fllp.e; lall, s ||a||q~ =N > k(@)Ifllpes

and then (42) follows, which is equivalent to (41).
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Still by the reverse Holder inequality with weight (cf [31]), since 0 < g < 1, in a similar
way to obtaining (26) and (27), we have

q
0
i;;ln{l* @V ]““}

(ws(0, %)) & VA | ()
Z e (o Uqag l(x /’L(x Zl |: (ué(x )y:| Ul,aa(x)vz_l dz.

Then by (14) and the Lebesgue term by term integration theorem (cf. [32]), it follows that

1 V@D () ‘

] > (k(o)) p{/ Zln[ \7) ] LII‘S"(W)VZ1 o ]
(1 o)-1 %
[Zwa(a n——— :| :

In view of the note of Lemma 2, we have (43). By the reverse Holder inequality, we have

Ui, [ i@
1:/0 - f(x){ T Zl[ ﬁ]an}dx

i (x) (%) =1
> |If llp,05)2- (45)

Then by (43), we have (41). On the other hand, assuming that (43) is valid, we set f(x) as
in Theorem 1. Then we find ]2 = |[f||p o5 If J, = 0o, then (43) is trivially valid; if /, = 0, then
(43) remains impossible. Suppose that 0 < J, < 0o. By (41), it follows that

W 1lyws =J3 =1 > k@)fllp.05 @l 5, 1, =2 > k(o)llal, g,

and then (43) follows, which is equivalent to (41).
Therefore, inequalities (41), (42) and (43) are equivalent.
For e € (0,q0), wesetd =0 — fl, andf :f(x), xeR,,d=1{a,2,

§(0+&)— S <
f(x): u laoux), 0<x®<1,

By (19), (31) and (14), we obtain

~ ~ 1 s 1 q
Ifllposllall,e = EU” 1) 7ot e0(1) ) ,

no
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~ 0 -
1= Z/ ln[1+ W]anf(x)dx

~ w(x)
B w5(0,%) dx
/{~x>0;0<x5 <1} s L3¢ (x)

~ m(x) 1 e\, s
< k(a)/ dx = —k(a - —)LI “(1).
{x>0;0<x <1} ui-%e (x) & q

If there exists a positive constant K > k(o), such that (41) is valid when replacing k(o)

to K, then in particular, we have el > eK |[7|| s 1]l 43> namely,

k(a - f)u“(l) SK- Ll%(l)<~L + eO(l)> .
q Vo

Q=

It follows that k(o) > K (¢ — 0%). Hence, K = k(o) is the best possible constant factor
of (41). The constant factor k(o) in (42) ((43)) is still the best possible. Otherwise, we
would reach the contradiction by (44) ((45)) that the constant factor in (41) is not the best
possible. The theorem is proved. d

Theorem 4 As regards the assumptions of Theorem 3,if0 < p <1,0 < [|f ||, lall ;3 < 00,
then we have the following equivalent inequalities with the best possible constant factor

k(o):

I= Zf 1n|: ug(x)v)y:| nf(x)dx>k(0)|[f||p,$5||a||q’@, (46)
s [ o p) 7

" {21: v, [/o ]“(“ (m(xm)y)f(x)dx} }
> k(@) If 3, -
B o) uqaa l(x M(x q %

o\ e S )= ]
> k(o) llall,5- -

Proof By the reverse Holder inequality with weight (c¢f [31]), since 0 < p <1, in a similar
way to obtaining (23) and (24), we have

“nl1s —2 Trwaxl
{/0 “[ g )V)V}[(x) x}

(ws(o, n)y! [ o ] U= (x)p,
> 7 ln 1+ ~
AR Usx)V,)r | Vimo puri(x)

P (x) dox.

In view of the note of Lemma 2 and the Lebesgue term by term integration theorem (cf.
[32]), we find

% {4-80)(p-1) (x)v, p
T e
up(l—&r)—l(

= (k(cr))%’ [/0 ws(a,x)Wx)x)f”(x) dx]ﬁ.
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Then by (17), we have (47). By the reverse Holder inequality, we have

1 Lo
[ vi [ p }/ }(Vn” an>
1= —_— In|l+ ——=— d.
Z{%é /0 “[ RTZEIATE At A
> Jillall,g- (49)

Then by (47), we have (46). On the other hand, assuming that (46) is valid, we set a4, as
in Theorem 1. Then we find /!’ = ||a||q .If 1 = 0o, then (47) is trivially valid; if ; = 0, then
(47) remains impossible. Suppose that 0 < J1 < 00. By (46), it follows that

-1
lalltg =1 =1> k@), lall,g  lal’g =h> koIl I,

and then (47) follows, which is equivalent to (4:6).
Still by the reverse Holder inequality with weight (cf [31]), since g < 0, we have

q
{;m[“( U (x)V,)" } }
(ws(o, x))ql x yi-ola- lu(x)
= Unr 1 (m)a(x) T Zl |: U‘S(x )V] =50 (x)vi™ -

Then by (17) and the Lebesgue term by term integration theorem, it follows that

. P-oaD g
k(a) Kz {/ Zln[ 0 x)V) i| T aldx

1

1 [e'9) W(l—a)—l q
= (k(0))? |:Z ws(a,n)7a3:| .
n=1

-1
vh

Then by the note of Lemma 2, we have (4.8). By the reverse Holder inequality (cf. [31]), we
have

00 1 %_8”
1:/ [(1—95(a,x))ﬁu—(x)f(x)]
0

QU

w(x)
u x)l” - |: ] }d > -
7~ ot dx= |5, (50)
X[(l 03(0,x))? Zl ErA i R

Then by (48), we have (46). On the other hand, assuming that (46) is valid, we set f(x) as
in Theorem 1. Then we find J7 = |[f||§ R If ] = 0o, then (48) is trivially valid; if / = 0, then
(48) remains impossible. Suppose that 0 < J < co. By (46), it follows that

WFID 5, =77 =1 > k(@) ll,3,l1all,5 llflli,_§5=1>k(0)llﬂllq,$y

and then (4.8) follows, which is equivalent to (46).
Therefore, inequalities (46), (47) and (48) are equivalent.
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For ¢ € (0,po), weseto =o + ;;, and7 :f(x), x€R,,d=1{a,152,,

Fw) = U (x)u(x), 0<ad <1,

By (19), (31) and the note of Lemma 2, we obtain

o . u@)dx 17
s s =[ [ -o(ue) ) 5]

1

x <Z ‘7”1) = %(u&(l) —0,(1)? (% +sO(1)>q,

n=1 no

. S o0 P _~
1= Z/o 1n|:1 + m}anf(x)dx

/ 1n[1 + p ] vf//,(x) dx} D
{x>0;0<x5 <1} (L[(S (x) Vn)y UI_BE (x) VV}H

o0 p Voum | v
/0 ln[l o) Vn)y] 1157 (x) d"} Vi

n=1
00 v 00
~ n ~ n
= E w;(0,n)~— = k(o) E ~
1 1+
n=1 VVI+8 n=1 v”l ¢

If there exists a positive constant K > k(o), such that (41) is valid when replacing k(o)
to K, then in particular we have el > 81(”7”19,55 ||Zi||qu,, namely,

q

k(a + f) (% + 80(1)) > K(U‘SE(I) - 801(1))}7 (17% + 80(1)) .

p Vno no

It follows that k(o) > K (¢ — 0%). Hence, K = k(o) is the best possible constant factor
of (46). The constant factor k(o) in (47) ((48)) is still the best possible. Otherwise, we
would reach the contradiction by (49) ((50)) that the constant factor in (46) is not the best
possible. The theorem is proved. O

Remark (i) For § = -1 in (20), we obtain the following inequality with the homogeneous

kernel of degree 0:

v, sin(

. *© U(x) 4 ,OU/VJT )
;/0 ln|:1 + /0( ) ]ﬂnf(x) dx < 07%) ”f”p,dLl ||Ll||q,\l,. (51)
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(ii) For 8§ =1 in (20), we obtain the following inequality with the non-homogeneous ker-

nel:

P Pl R
Z/ ln|:1+ AT ]a,‘f(x)dx< W%)Hfllmnanq,w. (52)

(iii) For i, = 0 (n € N) in (20), we have the following inequality:

pa/y

b
Z/ ln|:1+ e )V :|a,(f(x)dx< T%anp,d)(;”a”q,\% (53)

o/
where the constant factor % is still the best possible. Hence, inequality (20) is a more

accurate form of (53) (for 0 < i, < &, n € N).
(iv) For u(x) = uy =1 (x € Ry, m € N), § = —1in (53), we have the following inequality:

i%/o‘”m[up( ) ]j(x)dx

n=1

- /Ooof(x)gln[l + p(%)y}l” dx

G/V'T[ +G' O' l
<asm(”")|:/ Pras 1P (x) dx] |:an1 1b”i| , (54)

which is a particular case of (8) for A =0, A1 = —0, 1, =0 and k; (x, n) = In[1 + p(3)"].

We still can obtain some inequalities with the best possible constant factors in Theo-
rems 1-4, by using some particular parameters.

5 Conclusions

In this paper, by means of the weight functions, the technique of real analysis and Hermite-
Hadamard’s inequality, a more accurate half-discrete Hardy-Hilbert-type inequality re-
lated to the kernel of logarithmic function and a best possible constant factor is given by
Theorems 1-2. Moreover, the equivalent forms and the operator expressions are consid-
ered. We also obtain the reverses and some particular cases in Theorems 3-4. The method
of weight functions is very important, which is the key to help us proving the main inequal-
ities with the best possible constant factor. The lemmas and theorems provide an extensive

account of this type of inequalities.
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