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Abstract

We study new sequence spaces associated to sequences in normed spaces and the
band matrix F defined by the Fibonacci sequence. We give some characterizations of
continuous linear operators and weakly unconditionally Cauchy series by means of
completeness of the new sequence spaces. Also, we characterize the barreledness of
a normed space via weakly* unconditionally Cauchy series in X*.
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1 Introduction
By w, we denote the space of all real sequences x = (xy). Any vector subspace of w is called
a sequence space. We have €, ¢ and ¢, for the spaces of all bounded, convergent and
null sequences x = (x¢), respectively, normed by |x|lo = supy |xx|, where k € N, the set of
positive integers.

A sequence space A with a linear topology is called a K-space provided each of the maps
pi: A — Rdefined by p;(x) = «; is continuous for all i € N. A K-space A is called an FK-space
provided A is a complete linear metric space. We say that an FK space A D cgo has AD if
oo is dense in A, where cgg = span{e” : n € N}, the set of all finitely non-zero sequences.

Let A = (a,x) be an infinite matrix of real numbers a,, where n, k € N. Then we write
Ax = ((Ax),), the A-transform of x € w, if (Ax), = )_; amxr converges for each n € N. For
a sequence space A, the matrix domain 14 of an infinite matrix A is defined by

Ay = {x:(xk)ew:Axe)L},

which is a sequence space.

A series ), x¢ in a real Banach space X is called weakly unconditionally Cauchy series
(wuCs) if ), |f (xx)| < oo for every f € X* (the dual space of X), and is called uncondition-
ally convergent (ucs) if ) ", () is convergent for every permutation = of N. By ucs(X),
£1(X), cs(X), wes(X) and wuCs(X), we denote the X-valued sequence spaces of uncon-
ditionally convergent, absolutely convergent, convergent, weakly convergent and weakly
unconditionally Cauchy series, respectively.

It is well known that (see [1] and [2]) that x = (x;) € ucs(X) if and only if (axxk) € cs(X)
for every a = (ax) € loo, and x = (xx) € wuCs(X) if and only if (arxi) € cs(X) for every
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a = (ax) € ¢o. It is also well known (see [3] and [4]) that X has a copy of ¢ if and only
if wuCs(X) \ ucs(X) # 9, and if X is a normed space then x = (x;) € wuCs(X) if and only if
the set

n
E= Zakxk:|ak|§1,k=1,2,...,n;neN (1.1)

k=1

is bounded. Another characterization of weakly unconditionally Cauchy series that ap-
pears in [1] states that a sequence x = () is in wuCs(X) if and only if there is a bounded
operator T : co — X defined by T(a) = Y, arxx with Te, = x, where €" (n € N) the se-
quences with e}, = 1 and ef = 0 for k # n.

In the literature, the Fibonacci numbers are the numbers in the following integer se-

quence:
1,1,2,3,5,8,13,21,34,55,89,144,... .
The sequence (f;,) of Fibonacci numbers is given by the linear recurrence relations

fo=fi=1 and f,=fia+fr2 n=2.

This sequence has many interesting properties and applications in arts, sciences and ar-
chitecture. For example, the ratio sequence of Fibonacci numbers converges to the golden
ratio which is important in sciences and arts.

In [5], the Fibonacci matrix E = (ﬁk) obtained using the Fibonacci numbers were defined

as follows:
—f;’f—:, ifk=n-1,
Tk = J%, ifk=n, (1.2)
0, if0<k<n—-lork>n,

for all k,n € N, and studied some topological properties of the sequence space Ep(f) for
1 < p < 00. Later, in [6] the sequence spaces Eoo(f) and co(f) were introduced as follows:

< oo}
and

CO(/F\) = {x = (x,) €w: lim (/fn Xy _fn+1xn_1> _ 0}.
=0\ Jn+1 fy,

Also in [7-14], many authors have defined and studied some new sequence spaces by using

fn x _fn+1
fn+1 " fn

Eoc(’l-:) = {x = (x,) € w:sup X1

n

the matrix domain of a triangle infinite matrix.

In [15], for a sequence x = (x}) in a normed space X the spaces S(x) and S, (x) were
defined by the set of all sequences a = (a;) € £« such that (a;x;) € cs(X) and (a;x;) € wes(X),
respectively and several types of convergence of a series in a normed space have been
characterized via these spaces. The completeness and barreledness of a normed space can



Kama and Altay Journal of Inequalities and Applications (2017) 2017:133 Page 3 of 9

also be characterized by means of the sequence spaces obtained by series in a normed
space in [16] and [17, 18]. The characterizations of wucs are studied on locally convex
spaces in [19].

In this paper, we introduce the sets S?(x), Sﬁw(x) and Sﬁ,’;(g) by means of sequences in
normed spaces and the Fibonacci matrix F = (ﬁk). We will characterize wucs by means of
completeness of the spaces Sf—"\(x) and wa(x), and we will obtain necessary and sufficient
conditions for the operator T : S?(x)( and S?W(x)) — X to be continuous. Finally, we will

give a characterization of the barreledness of a normed space through w*ucs in X*.

2 Main results
Letx = x; and g = (gx) be sequences in normed spaces X and X*, respectively. We introduce
the subspaces of o (F) which are defined by

SF(x) = {a = (ax) € Eoo(?) : Zﬁ(ak)xk exists},
k

wa(x) = {a = (ay) € Eoo(f) Tw— Zf(ak)xk exists},
k

and

SE,» (g = {a = (ax) € boo(F) : W* — Zﬁ(ak)gk exists},
k

endowed with sup norm, where w - ", ?(ak)xk and w* - ), ?(ak)gk define the limit in
the weak topology and in the weak* topology, respectively.

In the following theorem we obtain a sufficient condition for the space S?(x) to be a
Banach space.

Theorem 2.1 Let X be a normed space and x = (xi) be a sequence in X. If
(i) X is a Banach space,
(ii) » € wuCs(X),

then Sf(x) is a Banach space.

Proof Since x € wuCs(X), the set E given in (1.1), is bounded. Therefore, there exists M > 0

such that ||E|| < M. Let (a™) be a Cauchy sequence in Sﬁ(x). Since Zoo(lF\) is a Banach space,

there exists a = (a?) € £oo(F) such that lim,, @” = a° in £+, (F). We will show that a® € SF(x).
For € > 0 there exists mg € N such that for every m > my and k € N

=~/ m o~ €
Flap) - Fla)| < -

Since % |/ﬁ(a’”) —f(a°)| <1, then % Zzzl(f(a,’(”) —/F\(a,(z))xi € E and hence for m > mg

k=1
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Since (a™) is a Cauchy sequence in S/F\(x) there exists a sequence (y,,) C X such that for

n=ng

n

Z/I—:(oz,’:’)xk — Vm

k=1

€
<=
3

and hence for p > g > my and n € N we have

lyp — yqll < €.

Therefore (y,,) is a Cauchy sequence in X. Then for € > 0 there exists ¥y € X such that for

m > mp

€
lym = yoll < 3

If we suppose that m, = max{my, m,}, from the above inequalities, then we have

Y E(@)xi—yo| < | D (F(aR) —F(af))
k=1 k=1
+ > "F(a)sk =y + llym - yoll
k=1
€ € €
<—+-—+-=€.
3 3 3
Consequently, a° € SE(x). O

Remark 2.2 Now, we will see that if the space S?(x) is complete, then ¢ (?) C Sf(x). If
we suppose that ¢ (f) ¢ Sf(x), then there exists a sequence a° = (ag) € co(f) such that
Zk/F\(a,‘z)xk is not convergent. Since cg (F) is a AD-space, there exists a Cauchy sequence
a = (aj') in cyo (also in SE(x)) such that

lim a” =40.

Then Sf(x) is not complete.
The theorem that follows gives us a characterization of wucs.

Theorem 2.3 Let X is a normed space and x = (xy) be a sequence in X. If X is a Banach
space, then x € wuCs(X) if and only if SF(x) is a Banach space.

Proof We prove that if Sf(x) is a Banach space, then x € wuCs(X). Let us assume that
x ¢ wuCs(X). Then there exists a g € X* such that ), |g(xi)| = co. We will construct a
sequence thatis a = (ax) € co(f) \Sﬁ(x). Let us choose 71, € N such that Y |g(x¢)] > 2.2.

We define
2
Lo, ifga) >0,
ai = 5
1 k fk+l

2 =0 fifin?

if g(xx) <O,
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for k € {1,2,...,m}. Analogously, we can choose 1, > m; such that Y ;> 41 1€ > 3.3,
and we can also define

12 .
% Zf:o fil}nll ’ lfg(xk) >0,

ai = 2
IR deL i g() <0,

for k € {m; +1,...,my}. Following this way, we obtain an increasing sequence (#1;) in N
and the sequence a = (ax) € ¢o (?) such that

Y Flang(x) = 00

k=1
Thena ¢ Sﬁ(x) and hence ¢ (ﬁ) ¢ Sf(x). From Remark 2.2, Sl?(x) is not a Banach space. J

Remark 2.4 If X is not Banach space, then the above theorem is not satisfied. Actually,
If X is not Banach space then there exists a sequence x = (xx) € £1(X) \ ¢s(X) such that for
every k € Nand x™ € X** \ X

1
Jeell < o and Zxk-

We define the sequence y = (yx) by

kxi, if k odd,
—kxy, if k even.

It obvious that y = (yx) € wuCs(X). On the other hand, we consider the sequence a = (ax) €
Co (ﬁ) such that

zzlo}(f if k odd,
aig =
-3 ;011< -, ifk even.

Then Zkf(ak)yk = %x** € X*™* \ X. Therefore a ¢ Sf(y) and hence co(f) ¢ Sf(y). This
shows that the space S?(y) is not complete.

Theorem 2.5 Let X be a normed space and x = (xx) be a sequence in X. We also define the
linear operator

T: Sf(x) — X,
a— T(a)= Z?(ak)xk.
k
Then T is continuous if and only if x = (xx) € wuCs(X).

Proof If the operator T is continuous, then we prove that x = (x;) € wuCs(X). Since T is
continuous, there exists K > 0 such that | T'(ax)|| < K||(ax)| for a = (ax) € S?(x).
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Let b = (bx) € B,,. Then there exists a sequence a = (ax) € coo(ﬁ) such that /F\(ak) = by
for every k € N. Since ¢po C S?(x), we have

> Flaxx

k=1

< K|/(ax)|.

n
> e
k=1

Therefore the set E, defined in (1.1), is bounded and hence x = (xx) € wuCs(X).
Conversely, let x € wuCs(X). Since the set E is bounded, there exists K > 0 such that
lle]l < K for every e € E. If we take (ax) € SE(x), then

"\ Flay)
— K
2 ™ H :

k=1

for n € N. Thus, T is continuous. O

Now, we will extend some of the above results to weak topology. First, let us start with
the following result.

Theorem 2.6 Let X be a Banach space and x = (xi) be a sequence in X. If x € wuCs(X),
then wa(x) is a Banach space.

Proof In the first place, as in Theorem 2.1, since x € wuCs(X), we suppose that |e|| <M
for every e € E and (a™) be a Cauchy sequence in wa(x) such that a” — a° Zoo(f), as
m — 00.

Let € > 0 and let m( € N such that for every m > my and k € N

[Blay) - F(a)| < 5=

Since % |f(am) —j-:(zzo)| <1, % ZZ:I(?(aZ’) - ?(ag))xi € E and hence for m > m,

€
< —.

3

ki(fw) ()

Since (a™) is a Cauchy sequence in wa(x) there exists a sequence (y,,) C X such that for
n > np and for all f € X*

€
<-.
3

Y E(a)f i) —f Om)
k=1

From the Hahn-Banach theorem there exists a functional f in X* such that

195 = vl = [f Oy = 0)-

Then we have

lyp —yqll < €
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for p > g > my and n € N, and hence (y,,) is a Cauchy sequence in X. Let us suppose that
yo € X such that for m > m

€
lym = yoll < 3

If we take m, = max{my, m,}, then we have

S F(@)f w0 —f00)| < |3 (F(ad) - F(a))f o)
k=1 k=1
+ Z?(ﬂiﬂ)f(xk) —f()’m) + lf(%n) —f()’o)‘
k=1
€ € €
<—+-—+—=¢€.
3 3 3
Therefore, a° € SE,,(x). -

Theorem 2.7 Let X be a normed space and x = (xi) be a sequence in X. If X is a Banach
space, then x € wuCs(X) if and only if SF,(x) is a Banach space.

Proof By Theorem 2.6, it is enough to show that if SF,(x) is a Banach space, then x €
wuCs(X). We suppose that there exists a g € X* such that ), |g(xx)| = co. Similarly as in

the proof of Theorem 2.3, we can construct a sequence a = (ax) € ¢g (f) such that

Y Flag) = oo.

k=1
From the definition of S?W(x), we have a = (ay) ¢ wa(x). Then wa(x) is not complete. [J

Theorem 2.8 Let X be a normed space and x = (xx) be a sequence in X. We also define the
linear operator

T:SE,(x) = X,

a— T(a)=w- Zf(ak)xk.
k

Then T is continuous if and only if x = (xx) € wuCs(X).
Proof The proof is similar to that of Theorem 2.5. g

For a normed space X and a sequence g = (g;) in X*, the set SE, (g) was defined by
S?w* (g) = :ﬂ =(ax) € goo(?) W — Zﬁ(ﬂk)gk exists}.
k

The next theorem shows that if the normed space X is barreled, then weakly uncondition-

ally Cauchy series and weakly* unconditionally Cauchy series in X* are equivalent.
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Theorem 2.9 Let X be a normed space and g = (g;) be a sequence in X*. Consider the
following statements:
(i) g € wuCs(X*).
(i) SF,-(g) = £oe(E).
(iii) g € w*ucs(X*); thatis, Y, |gk(x)| < 0o for every x € X.
We have (i) = (ii) = (iii). Furthermore X is a barreled normed space if and only if the three

conditions are equivalent.

Proof

(i) = (ii). Since SF,y+(g) C £oo (F), we will show that £o(F) C SE,+(g). If a = (ax) € Lo (),
then (f(ak)gk) € wuCs(X*). Thus Z,filf(ak)gk is weak* convergent in X* and hence a =
(ar) € SE,+(g).

(ii) = (iii). It is obvious.

If X is a barreled space then we will show that (iii) = (i). We define the set E’ by

n
E = Zakgk:|ak|§1,k:1,2,...,n;n€N .
k=1

It is easily see that the set E’ is pointwise bounded. Since X is barreled, E’ is bounded for
the norm topology of X*. Therefore (gi) € wuCs(X*).

Conversely, if (iii) = (i) are equivalent, then we will prove that X is a barreled space. Let
us suppose that X is not a barreled space. Then there exists a weak*-bounded set N C X*
which is not bounded. Let (gz) € N such that ||g|| > 2.2 for k € N. If we take /; = zikgk
for k € N then it is clear that (/i (x)) € ¢; for every x € X. Since ||/|| > 2 for every k € N,
the series Y o, Zikhk does not convergence. Hence (/) ¢ wuCs(X*). O

3 Conclusion

In this paper, we introduced and studied the sets S?(x), Sﬁw(x) and Sﬁ";(g) via sequences
in normed spaces and the Fibonacci matrix F = (ﬁk). We obtained the characterizations of
continuous linear operator and weakly unconditionally Cauchy series by means of com-
pleteness of the space SF(x), and we extended the obtained results to weak topology. Also,
we gave necessary and sufficient conditions for a normed space X to be barreled space.
Furthermore, one can obtain more general conclusion corresponding to the results of this
paper by taking more general matrices instead of the Fibonacci matrix.
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