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1 Introduction
We consider the two-block separable convex programming with linear equality con-
straints, where the objective function is the sum of two individual functions with decou-

pled variables:
min{6; (1) + 02(x2)|Arx1 + Agxy = b,x) € Xy, % € Ao}, @)

where 6, : R" — R (i = 1,2) are closed proper convex functions; 4; € R (i = 1,2) and
beR! and X; € R" (i = 1,2) are given nonempty closed convex sets. The linear con-
strained convex problem (1) is a unified framework of many problems arising in real world,
including compressed sensing, image restoration, and statistical learning, and so forth
(see, for example, [1-3]). An important special case of (1) is the following linear inverse
problem:

1
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© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


http://dx.doi.org/10.1186/s13660-017-1405-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-017-1405-0&domain=pdf
mailto:ziyouxiaodou@163.com

Liu et al. Journal of Inequalities and Applications (2017) 2017:129 Page 2 of 21

where A € R"" and y € R"™ are given matrix and vector, ;t > 0 is a regularization pa-
rameter and |lx; is the ¢;-norm of a vector x defined as |x|l; = Y., |x;|. Then setting
x1 := Ax — y, x5 := %, (2) can be converted into the following two-block separable convex

programming:

1 2
min 2l 1% + sl fla

s.t.—x1 + sz =% (3)

x € R, xy € R”,

which is a special case of problem (1) with the following specifications:
1 2
th(x1) = 2 %117 62(x2) == pllxally, Ay =1y, Ay =4, b:=y.

1.1 Existing algorithms

In their seminal work, Glowinski et al. [4] and Gabay et al. [5] independently developed the
alternating direction method of multipliers (ADMM), which is an influential first-order
method for solving problem (1). ADMM can be regarded as an application of the Douglas-
Rachford splitting method (DRSM) [6] to the dual of (1), or a special case of the proximal
point algorithm (PPA) [7, 8] in the cyclic sense. We refer to [9] for a more detailed rela-
tionship. With any initial vectors xJ € X3, A’ € R/, the iterative scheme of ADMM reads

xf*1 € argmin, oy, (01 (v1) — ] A] 2K + B Aray + Axak - D)%),
x5 € argmin,,,_ y, (02(x2) — ) AJ X + §||A1x’frl + Agxo — b||?}, (4)

Akl Z gk ﬁ(Alxll(H +A2x/2<+1 _ b),

where A € R! is the Lagrangian multiplier and 8 > 0 is a penalty parameter. The main
characteristics of ADMM are that it in full exploits the separable structure of problem
(1), and that it updates the variables x1, x;, A in an alternating order by solving a series of
low-dimensional sub-problems with only one unknown variable.

In the past few decades, ADMM has received a revived interest, and it has become
a research focus in optimization community, especially in the (non)convex optimiza-
tion. Many efficient ADMM-type methods have been developed, including the proxi-
mal ADMM (8, 10], the generalized ADMM [11], the symmetric ADMM [12], the inertial
ADMM [13], and some proximal ADMM-type methods [14-18]. Specifically, the proximal
ADMM attaches some proximal terms to the sub-problems of ADMM (4). The general-
ized ADMM updates the variables x, and X by including a relaxation factor « € (0, 2), and
a € (1,2) is often advantageous to speed up its performance. The symmetric ADMM up-
dates the Lagrangian multiplier A twice at each iteration and includes two relaxation fac-
tors a € (0,1), B € (0,1). Recent researches of the symmetric ADMM can be found in [12,
15, 18]. The inertial ADMM unifies the basic ideas of the inertial PPA and ADMM, which
utilizes the latest two iterates to generate the new iterate, therefore it can be viewed as a
multistep method. For the proximal ADMM, the objective functions of its sub-problems
are often strongly convex, which are often easier to be solved than those of (4). However,
a new challenge has arisen for the proximal ADMM-type methods. It is how to choose a
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proper proximal matrix. In fact, most proximal ADMM-type methods need to estimate
the matrix norm [|4] A;|| (i = 1,2), which demands lots of calculations, especially for large
n; (i = 1,2). Quite recently, some customized Douglas-Rachford splitting algorithms [19—
21], and the proximal ADMM-type methods with indefinite proximal regularization are
developed [22, 23], which dissolve the above problem to some extent. All the above men-
tioned ADMM-type methods are generalizations of the classical ADMM, because they all
reduce to the iterative scheme (4) by choosing some special parameters. For more new
development of the ADMM-type methods, including the convergence rate, acceleration
techniques, its generalization for solving multi-block separable convex programming and

nonconvex, nonsmooth programming, we refer to [24—-28].

1.2 Contributions and organization

We are going to further study the generalized ADMM. Note that the first sub-problem
in the generalized ADMM is irrelevant to the relaxation factor «. That is, the updating
formula for x; does not incorporate the relaxation factor o explicitly. Furthermore, o €
(1,2) is often advantageous for the generalized ADMM [14]. Therefore, in this paper, we
are going to propose a new generalized ADMM, whose both sub-problems incorporate
the relaxation factor « directly. The new method generalizes the method proposed in [29]
by relaxing the feasible set of « from the interval [1, 2) to the infinite interval [1, +00), and
can be viewed as a symmetric version of the generalized ADMM.

The rest of the paper is organized as follows. In Section 2, we summarize some necessary
preliminaries and characterize problem (1) by a mixed variational inequality problem. In
Section 3, we describe the new symmetric version of the generalized ADMM and establish
its convergence results in detail. In Section 4, some compressed sensing experiments are
given to illustrate the efficiency of the proposed method. Some conclusions are drawn in
Section 5.

2 Preliminaries

In this section, some necessary preliminaries which are useful for further discussions are
presented, and to make our analysis more succinct, some positive definite or positive semi-
definite block matrices are defined and their properties are investigated.

For two real matrices A € R**”, B € R"**, the Kronecker product of A and B is defined
asA®B = (a;B). Let || - ||, (p = 1,2) denote the standard definition of £,,-norm; in particular,
Il -1l = |l - |l2. For any two vectors x,y € R", {x,) or x' y denote their inner product, and
for any symmetric matrix G € R"*", the symbol G > 0 (resp., G > 0) denotes that G is
positive definite (resp., semi-definite). For any x € R” and G > 0, the G-norm |x||g of the
vector x is defined as v/xT Gx. The effective domain of a closed proper function f : X —
(—00, +00] is defined as dom(f) := {x € X'|f(x) < +00}, and the symbol ri(C) denotes the set
of all relative interior points of a given nonempty convex set C. Furthermore, we use the

following notations:
X = (xI)xZ)’ w= (x’)‘-)'
Definition 2.1 ([30]) A function f:R"” — R is convex if and only if

flax+ (1 -a)y) <afx) +1-a)f(y), Vx,yeR",acl0,1].
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Then, for a convex function f : R" — R, we have the following basic inequality:

f@®) =f)+ (& x-y), VxyeR"&eif(y), (5)

where 3f (y) = {£ e R" . f()) > f(y) + (§£,y —y), for all y € R"} denotes the subdifferential of
f(-) at the point y.

Throughout the paper, we make the following standard assumptions for problem (1).
Assumption 2.1 The functions 6;(-) (i = 1,2) are convex.
Assumption 2.2 The matrices A; (i = 1,2) are full-column rank.

Assumption 2.3 The generalized Slater condition holds, i.e., there is a point (%1,%;) €
ri({dom#; x dom6,) N {x = (x1,%2) € X7 x Xo|A1x1 + Asrxy = b}.

2.1 The mixed variational inequality problem

Under Assumption 2.3, it follows from Theorem 3.22 and Theorem 3.23 of [31] that x* =
(x],%3) € R™M*™ is an optimal solution to problem (1) if and only if there exists a vector
1* € R such that (x},x3, 1*) is a solution of the following KKT system:

0 € 30;(x}) — A/ A* + Nx,(x}), i=1,2,

Alxi‘ + A2x§ = b,

(6)

where Ny, (x}) is the normal cone of the convex set A at the point x}, which is defined
as Ny, (x]) = {z € R"|{z,x; — %) < 0,Vx; € A}}. Then, for the nonempty convex set X; and
Vx; € A, it follows from [32] (Example 2.123) that Nx,(x;) = 98(-|X;)(x;), where (| X))
is the indicator function of the set &}, and 94(-|X;)(x;) is the subdifferential mappings of
3(-|&;) at the point x; € A&;.

Lemma 2.1 For any vector x; € R", \* € R, the relationship 0 € 30;(x}) — A \* +
08(-| X;)(x}) is equivalent to x} € X; and the inequality

0:(x:) — 0 (%) + (% — xf)T(—AiTA*) >0, Vx eX.

Proof From 0 € 96;(x}) — A;r)\.* + 068(-| X)) (xf), we have xf € &} and there exists »; €
08(-|X;)(x}) such that

AlN* =1 € 36(x).
From the subgradient inequality (5), one has
0i(x) — 0,(x7) = (mi—x7) (AT2* = m), Ve R
Thus,
0,(x) = 0:(%7) = (xi %) (<A 2") = (i —7) (-m) 20, Vxi€ X,

where the second inequality comes from x} € &; and n; € 98(-| ;) (x]).
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Conversely, from 6;(x;) — 6;(x}) + (x; — x;")T(—AiT)L*) > 0, Vx; € X, we have
0:i(xi) + %] (AT A*) = 0,(x)) + (x;‘)T(—AiTk*), Vx; € X,
which together with x} € A implies that

xf = argmin{6;(x;) + %] (A 1%)}.

x,€X;

Page 5 of 21

From this and Theorem 3.22 of [31], we have 0 € 96;(x}) —AiTA* +08(-| ;) (x}). This com-

pletes the proof.

O

Remark 2.1 Based on (6) and Lemma 2.1, the vector x* = (x{,x3) € R™*" is an optimal

solution to problem (1) if and only if there exists a vector A* € R/ such that

(], x3) € A1 x Ay
0:(x;) — 0;(x7) + (6 — &) T (<A A*) =0, Vx € X, i=1,2;

* *
Axy + Agx = b.

7)

Moreover, any A* € R/ satisfying (7) is an optimal solution to the dual of problem (1). Ob-

viously, (7) can be written as the following mixed variational inequality problem, denoted

by VIOW, F, 6): Find a vector w* € W such that
0(x) —G(x*) + (w— w*)TF(w*) >0, YweW,

where 0(x) = 6 (x1) + 02(x2), W = X1 x X5 x R, and

—Al 0 0 -Al\ [« 0
F(w):= —A; A =lo 0 -AJ||=|-]o0
A1x1 + AzJCZ -b A1 A2 0 A b

(8)

)

The solution set of VIOV, F,0), denoted by W*, is nonempty by Assumption 2.3 and Re-

mark 2.1. It is easy to verify that the linear function F(-) is not only monotone but also

satisfies the following desired property:
(w - W)T(F(W/) - F(w)) =0, VYw,weW.

2.2 Three matrices and their properties

To present our analysis in a compact way, now let us define some matrices. For any R; €

RM*Mi (1=1,2) = 0, set

(10)
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and for « € [1, +00), set

R 0 0
Q=0 R+Qa-1)BAJA, L2A] |,

0 —Ay il

(11)

R 0 0

H=|[0 Ry+222algar, Legr
1- 1
0 T“AZ @Il

The above defined three matrices M, Q, H satisfy the following properties.

Lemma 2.2 [fa € R and R; = 0 (i = 1,2), then the matrix H defined in (11) is positive
semi-definite.

Proof Set t =202 — 2 + 1, which is positive for any « € R. By (11), we have

R 0 0 0 0 0

H=|0 R, 0|+]|0 24AJA, L24]
l1-«o 1

0 0 0 0 TA2 EIZ

Obviously, the first part is positive semi-definite, and we only need to prove the second
part is also positive semi-definite. In fact, it can written as

) 0 0 0 0 0 0 0 0 0
" 0 JBA, 0 0 t 1-a); | |0 /B4y O
0 0 ﬁ]; 0 (1-a) I 0 0 ﬁ]z

The middle matrix in the above expression can be further written as

0 0 0
0 t l-« ®[[1
0 1-« 1

where ® denotes the matrix Kronecker product. The matrix Kronecker product has a
nice property: for any two matrices X and Y, the eigenvalue of X ® Y equals the product
of A(X)A(Y), where A(X) and A(Y) are the eigenvalues of X and Y, respectively. Therefore,
we only need to show the 2-by-2 matrix

t l-«o
l-«o 1
is positive semi-definite. In fact,

t-(1-a)P=a’>0.

Therefore, the matrix H is positive semi-definite. The proof is then complete. d
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Lemma 2.3 [fa € [1,+00) and R; > 0 (i = 1,2), then the matrices M, Q, H defined, respec-
tively, in (10), (11) satisfy the following relationships:

HM = Q 12)
and

“1
QT +Q-M HM > “Z—MTHM.
(07

Proof From (10) and (11), we have

R 0 0 L, 0 0
2
HM=|0 Ry+2=2gATA, LAl |0 1, ©
0 Leg, i 0 -BAy I
R 0 0
=10 R+QRx-1)BAJA, L2A] |=Q
0 -Ay il

Then the first assertion is proved. For (13), by some simple manipulations, we obtain

MTHM =M"Q
I, O 0 R, 0 0
=0 1, -pA; 0 Ry+(2a-1)BAJA; E2A]
0o 0 0 ~4, ol
R 0 0
=| 0 Ry+2aBA A, -A)
0 —A, ﬁ];

We now break up the proof into two cases. First, if & = 1, then

R 0 0
(Q"+Q -M'HM=]0 R, 0 |>o0.
0 o0 %1,

Therefore, (13) holds. Second, if « € (1, +o0), then

(Q"+Q)-M"HM

Ry 0 0
=| 0 Ry+(u-2)BAJA, L2A]
1- 1
0 Loy, il
R 0 0 0 0 0
=|0 R, 0|+@Qa-2)|0 BAJA, -5A] (14)

1 1
0o 0 O 0 —5-4 aﬁ(Za—Z)Il
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Note that
» <ﬂA; Ay AT ) B <2a,BA2T Ay —A2T>
1 1 1
—3542 aﬁ(2(x—2)11 —Ay @11
) <2a,3A2TA2 —A] )
- a+l
—Az aﬁ&—ull

) (JBAJ 0 ) <2a11 -1, ) (JBAZ 0 )
= 1 1 1 :
0 ﬁ][ —Il Dt?(;—l)ll O ﬁll
The middle matrix in the above expression can be further written as

2o -1
-1 o+l ® Il'
a(a-1)

Since

20 -1
1 el >0, VYa>1,
a(a-1)

the right-hand side of (15) is also positive semi-definite. Thus, we have

(ﬁAzTAz —ﬁAJ)} 1 <2aﬁA2TA2 —A2T>

1 1 = 1
—EAZ Dt—ﬁ(Za—Z) Il 4a —Az @1]

Page 8 of 21

(15)

(16)

Substituting (16) into (14) and by the expression of M ' HM, we obtain (13). The lemma is

proved.

3 Algorithm and convergence results

d

In this section, we first describe the symmetric version of the generalized alternating di-
rection method of multipliers (SGADMM) for VI(W, F,0) formally, and then we prove its
global convergence in a contraction perspective and establish its worst-case O(1/k) con-

vergence rate in both the ergodic and the non-ergodic senses step by step, where k denotes

the iteration counter.

3.1 Algorithm
Algorithm 3.1 (SGADMM)

Step 0. Choose the parameters « € [1,+00), 8 > 0, R; € R"*" > 0 (i = 1,2), the tolerance

& > 0 and the initial iterate (x?,x3,1°) € &1 x X, x R. Set k:= 0.
Step 1. Generate the new iterate w1 = (xf*1, x5*1, Ak+1) by

xi ™ € argmin,, ., {01(x1) — ] A 2K+ % | A + Aok — b2
1 k2
+3 (|1 — X ”Rl}’
20
1
+ 2l — x50}

Ml = 3K — Bla Akt — (1 — ) (Agxh — b) + Apxs*t — b).

. -1
x5t € argmin,, _y, (02(x2) —x] Ag AKX + BB A1k 4 Ay, — |2

17)
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Step 2. If

k+1

max{ ||R1x]1< —Rix{™ |, ||R2x]2‘ —Rgxé‘*l Alez< —Alez”l , H)\k ke || } <g, (18)

’

then stop and return an approximate solution (xll‘”,xé”,)\k*l) of VIO, F,0); else
set k:= k +1, and goto Step 1.

Remark 3.1 Obviously, the iterative scheme (17) reduces to the generalized ADMM when
a =1, and further reduces to (4) when R; = 0 (i = 1,2). That is to say, if the parameters
a =1and R; =0 (i = 1,2), then the classical ADMM is recovered. Since the convergence
results of the (proximal) ADMM have been established in the literature [23, 33, 34], in the
following, we only consider « € (1, +00).

3.2 Global convergence
For further analysis, we need to define an auxiliary sequence {#*} as follows:

* aket
=i = xk+t . (19)
Ak A~ af (A + Asxd - b)

Lemma 3.1 Let {A**'} and {A*} be the two sequences generated by SGADMM. Then

WKL 2 3K B(ARRE - Asak) (20)
and
~ 1 ~
_ (_ - 1) (WK = 2K) = 2% — 20 — 1) B(A1&f + Axxs — b). (21)
o

Proof From the definition of A¥*1, we get

M = 2k BlaAi — (- @) (Ao — b) + As - ]

W — Bla(Ar#f + Agxh — ) + (Ax#h — Asad) ]
WK~ B(AR) - Axxb).

Then (20) is proved. For (21), we have

Ak - (l —1) (k= 2%

o
= 2K~ aB(A1x] + Aoxs - b) + (é - 1>a,3 (A1&] + Asxh - b)

= 2K — (2a —1)B(Ar#] + Axxs — b).

Therefore (21) is also right. This completes the proof. d
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Thus, based on (19) and (20), the two sequences {wX} and {i#*} satisfies the following

relationship:
WA = Wk MWk = ), (22)
where M is defined in (10).

The following lemma shows that the stopping criterion (18) of SGADMM is reasonable.

Lemma 3.2 If Rix" = Rixk* (i = 1,2), Apx = Apxk*! and )5 = )}, then the iterate Wr =
(&’f,fc’z‘, )AJ‘) produced by SGADMM is a solution of VIOV, F,0).

Proof By invoking the optimality condition of the three sub-problems in (4), we have the
following mixed variational inequality problems: for any w = (x1,%2,A) € W,

01(x1) — O1(RY) + () = 2O T{=A] [AF — aB(ALRY + Ayl — b)] + RI(RF —xN)) > 0,
02(x2) — O2(35) + (w2 — 35) T{=A] M} — (20 = 1) B(A13f + Ar35 — )]}
+R2(5612< —xlz‘) >0,

(h = AN T[a AR — (1 — a)(Agxk — b) + Ayik — b — (W — A%*1y/8] > 0.
Then, adding the above three inequalities and by (20), (21), we get

—AT MK
Q(x)—e(fck) + (w—17vk)T —AJ MK
Aliclf + Agféé -b
Rl(ﬁ’élf - xlf)
+ | Qo —1)BAJ (Askh — Axxk) + (1 — a)AT (AF = 2K ja + Ry(Rk — oK) | § > 0.
(1 — a)(Axk — Agxb) o + (A = 25 /(aB)

Then by (19), we obtain

0(x) —«9(56k) + (w— vAvk)—r F(v?/k)

R1 (52]1( - x’f)
+ | Qo= 1)BAT (Axkk — Apak) + 1 — )AT (A% = AN ja + Ry(RE — k) | § > 0.
—(Aa — Ash) + (A = 39 /(a)

Then, by (11) (the definition of Q), the above inequality can be rewritten as
0(x) - 0(3) + (w— ) F(#) = (w— )" Q(wr - ), (23)

for any w € W. Therefore, if RixX = Rx*! (i = 1,2), Axxk = Arak*! and A% = A**1) then b
y i 2 2 Y

i

(20), we have Ak*1 = A%, Then A* = AX. Thus, we have
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which together with (23) implies that
0(x) -0 + (w— ) F(#K) =0, vwew.

This indicates that the vector #* is a solution of VIO, F,0). This completes the proof.
O

Lemma 3.3 Let {w*} and {W*} be two sequences generated by SGADMM. Then, for any
we W, we have

L WP ()

R R 1
(= 4)T QU =) = & (b = w2+

Proof Applying the identity
1 1
(a-b) H(c-d) = E(Ild —d|lf; ~ lla —cll;) + E(IIC— blI; = lld = bli,),

with

we obtain
(w = 34) T =) = (b o= 2)
# (1A= = - ).
This together with (12) and (22) implies that
(= 4) QU ) = 2 (=A== 2)
A A IR ) 5)

Now let us deal with the last term in (25), which can be written as

e P L

= - H = =) = (W =W [
= [k = 8L = 4 = ) = MG ), (using (22)
=2(w _w) HM(wF = k) — (wh =) MTHM (wk - )

= (W - 5)(Q" + Q- MTHM)(w" - )

v

az—;l (wk — k)" MTHM(w* — ) (using (13))
- “2_;1 Wk =w L2 (using (22)).

Substituting the above inequality into (25), the assertion of this lemma is proved. O
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Theorem 3.1 Let {wX} and {i#*} be two sequences generated by SGADMM. Then, for any
weW, we have

0(x) — 9(&]() + (w - ﬁ/k)TF(w)

-1
(= wH 5, = [w=w[}) + 5= W = wh 1. (26)

1
2
Proof First, combining (23) and (24), we get

O(x) — 9(&]() + (w - ﬁ/k)TF(ﬁ/k)

1 a_
> (= = lw =) +

kL k+l 2
20 Wk ||H

From the monotonicity of F(-), we have

Adding the above two inequalities, we obtain the assertion (26). The proof is completed.
O

With the above theorem in hand, we are ready to establish the global convergence of
SGADMM for solving VI(OW, F, ).

Theorem 3.2 Let {wX} be the sequence generated by SGADMM. If o > 1, R; + BA] A; = 0
(i = 1,2), then the corresponding sequence {w*} converges to some w™, which belongs to W*.

Proof Setting w = w* in (26), we have
2 a-1 2
T P e

= 2{0(3) - 0(x") + (W = w) 'Fw)} + W —w [,

2

k+1 *
H’

> Wt —w

where the second inequality follows from w* € W*. Thus, we have

R Y S YW @

Summing over k =0,1,...,00, it yields

ZIIM/‘ WG = = W - w [,
By o > 1 and the positive semi-definite of H, the above inequality implies that
: k 412 _
klirgO”w -wh ||H =0
Thus, by the definition of H, we have

11m ”xl — k! HRI klgrolouvk — H]Z{l =0, (28)
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where

2
I Ry + 220 gAT A, LE2AT
1= I—_OZA LI b
o 112 aﬁl

is positive definite by R, + BA, A, > 0. From (27) again, we have

st —w [ < I = w5,

which indicates that the sequence {HwX} is bounded. Thus, {Rlxll‘ 2o, and {Hv* oo, are
both bounded. Then {V"},fio is bounded. If R; > 0, {x’f},o(‘jo is bounded; otherwise, A A; >
0, that is, A; is full-column rank, which together with Ayx; = (A — A¥*)/(af) + (1 —
o) (Axxk — b)/a — (Ayx8*t — b)/a implies that {x’f},‘?‘i0 is bounded. In conclusion, {w"}%°,
is bounded.

Then, from (28) and H, > 0, the sequence {1*} is convergent. Suppose it converges to v>°.
Let w™ = (x°,v*°) be a cluster point of {wk} and {w¥} be the corresponding subsequence.
On the other hand, by (20) and (28), we have

Jim Ry(xf -&) =0, lim (x}~43) =0

and

lim (A* = 3K) = Tim (A% = 2541 4 B(A235 - Axxh)) = 0.

k—o0 k—o0

Thus,
li k_wh) =o. 2
Jim Q(w - W) (29)

Then, taking the limit along the subsequence {w"} in (23) and using (29), for any w € W,
we obtain

0(x) — 0 (%) + (w- WOC)TF(WOO) >0,
which indicates that w*™ is a solution of VI(W, F,0). Then, since w* in (27) is arbitrary,
we can set w* = w™ and conclude that the whole generated sequence {wX} converges by
R; + BA] A; > 0 (i = 1,2). This completes the proof. a
3.3 Convergence rate
Now, we are going to prove the worst-case (J(1/£) convergence rate of SGADMM in both

the ergodic and the non-ergodic senses.

Theorem 3.3 Let {wX} and {#W"} be the sequences generated by SGADMM, and set

1 N
= Wk,
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Then, for any integer t > 0, we have w* € W, and

6(%,) - 0(x) + (W, —w) T F(w) < lw-w|>, vYwew. (30)

1
2(t+1)

Proof From (17) and the convexity of the set YW, we have WX € W. From (26), we have

0(x) —9(561‘) + (w—ﬁlk)TF(w) + %”w—wk”f{ > %Hw— wht||?

\H, Ywe W.

Summing the above inequality over k = 0,1,...,¢, we get

¢ ¢ T
(t+1)6’(x)—2(9(5¢")+<(t+1)w—217vk> F(w)+%||w—w°||220, YweW.

By the definition of w* and the convexity of §(-), the assertion (30) follows immediately
from the above inequality. This completes the proof. d

The proof of the next two lemmas is referred to those of Lemmas 5.1 and 5.2 in [24]. For
completeness, we give the detail proof.

Lemma 3.4 Let {wX} be the sequence generated by SGADMM. Then we have

(Wk _ w’”l)TH{ (wk _ Wk+1) _ (Wk+1 _ Wk+2)}
304 1 “ (Wk wk+1) (Wk+1 _ Wk+2) 2

I . (31)

Proof Setting w = W**! in (23), we have

O(F#1) —0(3) + (W1 = k) TE(WK) = (WA — k) T Q(wk - k).
Similarly setting w = W in (23) for k := k + 1, we get

9(&k) _ 9(&1”1) + (ka _ ﬁ/k+1)TF(17Vk+l) > (Wk _ ﬁ/‘“)TQ(wk“ _ wku)'

Then, adding the above two inequalities and using the monotonicity of the mapping F(-),

we get
(W4 =) QY (= ) - (W -t ) =0 62)
By (32), we have
( Wk+1) Q{ (W _ ﬁ/k) _ (wk+l _ ﬁ/k+l)}
{(W _pk (wk+1 e ) + (ﬁ/k _ 17|/k+1)}TQ{(wk _ ﬁ/k) _ (Wk+1 _ wk+1)}
” (Wk ~k (Wk+1 ﬁ/kﬂ) ”Q + (ﬁ/k _ ﬁ/k+1)TQ{ (Wk _ ﬁ/k) _ (Wk+1 _ ﬁ/kJrl)}

H ( k) (Wk+1 I;\Vk+1)

)-
W) -

Il
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Using (13), (22) and Q = HM on both sides of the above inequality, we get

( wk”)TH{ (wk _ wk”) _ (wk“ _ Wk+2)}
( Wk+1)TQM {( k_ k+1) ( k+l _ Wk+2)}
(W =) Q=) — (! - )
> | (W =) = (=)
[ = ) (A1 = )] Qo — ) — (A — A7)
[(wk _ Wk+1) _ (Wk+1 _ Wk+2)]TM_1QM_1[(Wk _ wk“) _ (wk” _ Wk+2)]

3 -1
> O;a [(Wk _ Wk+1) _ (Wk+1 _ Wk+2)]T

% M—IMHMM—I[(Wk _ Wk+1) _ (Wk+1 _ Wk+2)]

-1 (Wk _ w’”l) _ (Wk+1 _ Wk+2) 2

[+

Then we get the assertion (31). The proof is completed. d

Lemma 3.5 Let {w} be the sequence generated by SGADMM. Then we have
k+1 22 k+1 |2 a-1 k k+1 +1 k+2\ ||2
e L e T I (7 | €
Proof Setting a := (WK — wk*1) and b := (W**! — w¥*2) in the identity
lall?; = 1613 = 24" H(a - b) - lla - bl

we can derive

R P M
_ Z(Wk _ wk”)TH{ (wk _ wk“) _ (Wk+1 _ Wk+2)} _ ” (wk _ wk+1) _ (Wk+1 k+2) ”H

1 (Wk _ Wk+1) _ (Wk+1 k+2) “ ” (Wk Wk+1) ( k+l wk+2) ”i[

H( k+1 ( k+1_Wk+2) f{

which completes the proof of the lemma. d

Based on Lemma 3.5, now we establish the worst-case O(1/t) convergence rate of

SGADMM in a non-ergodic sense.

Theorem 3.4 Let {w*} be the sequence generated by SGADMM. Then, for any w* € W*
and integer t > 0, we have

| - w w — w* ”i[ (34)

o ”H = (t+ l)o(la _1) ”
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Proof By (27), we get

1
R Rl

k=0
This and (33) imply that

(E+1)(x-1)

L < - we

Therefore, the assertion of this theorem comes from the above inequality immediately.

The proof is completed. O

Remark 3.2 From (34), we see that the larger « is, the smaller %, which controls the up-
per bounds of |[w’ — w'*!||%,. Therefore, it seems that larger values of « are more beneficial

for speeding up the convergence of SGADMM.

4 Numerical experiments
In this section, we present some numerical experiments to verify the efficiency of
SGADMM for solving compressed sensing. Those numerical experiments are performed
in Matlab R2010a on a ThinkPad computer equipped with Windows XP, 997 MHz and
2 GB of memory.

Compressed sensing (CS) is to recover a sparse signal x € R” from an undetermined
linear system b = Ax, where A € R"*" (m < n), can be depicted as problem (2).

Obviously, Problem (2) is equivalent to the following two models:

(a) Model 1: Problem (3).

(b) Model 2:

. 1
min jufla 1+ 1A% -y

s.t.—x1 —x0 =0, (35)

X1 € R”,xz cR".

4.1 The iterative schemes for (3) and (35)
Since (3) and (35) are both some concrete models of (1), SGADMM are applicable to them.
Below, we elaborate on how to derive the closed-form solutions for the sub-problems re-
sulting by SGADMM.

For problem (3), its first two sub-problems resulting by SGADMM are as follows.

e With the given xé and A%, the x;-sub-problem in (17) is (here R; = 0)

|1 o
xll“'l = argmln{ 5||x1||% +x A+ 75 ||x1 —Axlz( +y||2},

x1ERN
which has the following closed-form solution:

k+1 _
X =

T+ op (a,B(Ax’; -7) —Ak).
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e With the updated xll”l, the x,-sub-problem in (17) is (here Ry = tI, — (2 —1)BATA
with T > 2o - 1)B|ATA|)

xlz”l = argmin{u||x2||1 —x;ATAk +

x9 RN

(2a -1) 1
%ﬂ ||—x’1‘+1 + Axy _y”Z +s ||x2 —xlz(”fh},

and its closed-form solution is given by
3™ = shrinkp (2 - DBAT (6™ +y)/7 + (vl — Qu - DBATA)x /v + AT25 ),

where, for any ¢ > 0, shrink,(-) is defined as

shrink.(g) := g - min{c, |g|}£, Vg e R",

lg|
and (g/|g|); should be taken O if |g|; = 0.
Similarly, for problem (35), its first two sub-problems resulting by SGADMM are as
follows.
e With the given x’z‘ and A%, the x;-sub-problem in (17) is (here R; = 0)
i LA
X1 — <x’2< + EAI{) X

. (09
- argmm{unxlnl Nl
xRN 2

k+1
X1

and its closed-form solution is given by

1
#5+1 = shrink u (xlz( + —Ak>.
af aﬁ
e With the updated x’f*l, the x,-sub-problem in (17) is (here Ry = 1, — AT A with 7 >
ATAJ)

1 Qa-1)s 1
st = a,;ge%n{ e e i I ER S }

and its closed-form solution is given by

akel = m(ATy 254 o —1)Baft + AT ARS).

Obviously, the above two iterative schemes both need to compute ATA and ATy, which
is quite time consuming if # is large. However, noting that these two terms are invariant
during the iteration process, therefore we need only compute them once before all itera-
tions.

Regarding the penalty parameter 8 and the constant « in SGADMM, any >0 and o > 1
can ensure the convergence of SGADMM in theory. There are two traditional methods to
determine them in practice. One is the tentative method, which is easy to execute. The
other is the self-adaptive adjustment method, which needs much computation. In this
experiment, for 8 and «, we use the tentative method to determine their suitable values.
For B, Xiao et al. [35] set B = mean(abs(y)) for ADMM. Motivated by this choice, we set
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B =mean(abs(y))/(2a —1) in our algorithm. As for the parameter «, we have pointed out
in Remark 3.2 that larger values of o may be beneficial for our algorithm. Here, we use
(3) to do a little experiment to test this. We choose different values of « in the interval
[1,2]. Specifically, we choose « € {1.0,1.1,...,2}. Other data about this experiment are as
follows: the proximal parameter T is set as 7 = 1.01(2a — 1)8||ATA||; the observed signal
y is set as y = Ax + 0.01 x randn(m,1) in Matlab; the sensing matrix A and the original

signal x are generated by
A = randn(m, n), [Q,R] = ar(A4,0), A=Q,
and
x = zeros(n,1); p = randperm(n); x(p(l : k)) = randn(k, 1).

Then the observed signal y is further set as (R")™!y. The initial points are set as xJ = ATy,
A0 = Axg. In addition, we set the regularization parameter p = 0.01, and the dimensions
of the problem are set as n = 1,000, m = 300, k = 60, where k denotes the number of the
non-zeros in the original signal x. To evaluate the quality of the recovered signal, let us

define the quantity ‘RelErr’ as follows:

RelErr = I — |

’

llx

where x denotes the recovered signal. The stopping criterion is

Ve = frrl

<107,
(e

where f; denotes the function value of (2) at the iterate x.

4.2 Numerical results

The numerical results are graphicly shown in Figure 1. Clearly, the numerical results in
Figure 1 indicate that Remark 3.2 is reasonable. Both CPU time and number of iterations
are descent with respect to . Then, in the following, we set « = 1.4, which is a moderate
choice for a.

Now, let us graphically show the recovered results of SGADMM for (3) and (35). The
proximal parameter 7 is set as 7 = 1.01(2a — 1) 8||AT A|| for (3), and T = 1.01||ATA|| for (35).
The initial points are setasx9 = A"y, A% = AxJ for (3),and x3 = ATy, A% = x9 for (35). Other
parameters are set the same as above. Figure 2 reports the numerical results of SGADMM
for (3) and (35).

The bottom two subplots in Figure 2 indicate that our new method SGADMM can be
used to solve (3) and (35).

In the following, we do some numerical comparisons to illustrate the advantage of our
new method and to analyze which one is more suitable to compressed sensing (2) between
the two models (3) and (35). SGADMM for (3) is denoted by SGADMM1, SGADMM for
(35) is denoted by SGADMM?2. We also compare SGADMM with the classical ADMM.
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Figure 2 Numerical results of SGADMM for (3) and (35). The top: the original signal; the second: the noisy

The numerical results are listed in Table 1, where ‘Time’” denotes the CPU time (in sec-
onds), and ‘Tter’ denotes the number of iterations required for the whole recovering pro-
cess, m = £loor(yn), k = £loor(om). The numerical results are the average of the nu-

merical results of ten runs with different combinations of y and o.

4.3 Discussion

The numerical results in Table 1 indicate that: (1) by the criterion ‘RelErr; all methods
successfully solved all the cases; (2) by the criteria ‘Time’ and ‘Iter; SGADMMI1 performs
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Table 1 Comparison of SGADMM1, SGADMM2 and ADMM

n y o SGADMM1 SGADMM2 ADMM
Time Iter RelErr Time Iter RelErr Time Iter RelErr
1,000 03 02 06911 924 00387 09578 2660 00394 09812 2640  0.0393

02 02 06661 1186  0.0825 13915 4218 00915 13603 4196  0.0915
02 01 0.5008 853 00609 04758 1390 00579  0.5008 1380  0.0539

2000 03 02 21965 900 00437 36535 2677 00447 35412 2656  0.0447
02 02 22339 1096 00785 52182 4314 00874 51543 4290 00874
02 01 1.5428 799 00534 1.7893 1428  0.0467 1.7613 1408  0.0513

better than the other two methods. Especially the number of iterations of SGADMMI is
about at most two-thirds of the other two methods. This experiment also indicate that the
model (3) is also an effective model for compressed sensing, and sometimes it is more ef-
ficient than the model (35), though they are equivalent in theory. In conclusion, by choos-
ing some relaxation factor « € [1, +00), SGADMM may be more efficient than the classical
ADMM.

5 Conclusions

In this paper, we have proposed a symmetric version of the generalized ADMM
(SGADMM), which generalizes the feasible set of the relaxation factor « from (0,2) to
[1, +00). Under the same conditions, we have proved the convergence results of the new
method. Some numerical results illustrate that it may perform better than the classical
ADMM. In the future, we shall study SGADMM with « € (0,1) to perfect the theoretical
system.
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