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1 Introduction
Let ® C R? be an interconnected bounded domain. We are concerned with the following
two-dimensional (2D) unsteady conduction-convection problem (see, e.g., [1-3]).

Problem I Seek u = (uy,u,)", p, and Q that satisfy

u;,— pAu+ (u-Viu+ Vp =Qj, (x,9,t) e ® x(0,7),
V-u=0, (%,9,1)€e®x(0,7),
Q- y;'AQ+(u-V)Q=0, (x,9,t) € © x (0,T), 1)

u(x,y,t) = fo(x,y,t), Qx,y,t) = (x,y,t), (x,9t) €30 x(0,T),
u(x,y,0) =gy,  Qxy0)=wx,y), (x,9) €O,

where u = (u,,u,)" represents the unknown velocity vector, p represents the unknown
pressure, Q represents the unknown heat energy, T is the final moment, j = (0,1)%, u =
V'Pr[Re, Pr is the Prandtl number, Re is the Reynolds, y, = /RePr, and fo(x, 9,t), 8°(x, ),
w (x,9,t) and w(x,y) are four known functions. In order to facilitate theoretical analysis
and not to lose universality, we assume that fo(x, ,£)=g°(x,y) = 0 and @ (x,y,£) = 0 in the
following study.
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Because the 2D unsteady conduction-convection problem is a system of nonlinear PDEs,
it usually has no analytic solution so as to have to depend on approximate solutions. Un-
til present, there have been many numerical methods for the 2D unsteady conduction-
convection problem (see, e.g,, [1-7]), but the stabilized mixed finite element (SMFE)
method based on a parameter-free and two local Gauss integrals in [7] is considered as
one of the most efficient approaches to solving the 2D unsteady conduction-convection
problem. However, the SMFE method includes a lot of unknowns so as to amass a lot of
truncated errors and bear very large computational load in the real-world engineering ap-
plications. Thus, a key issue is how to decrease the unknowns of the SMFE method so
as to ease the truncated error amassing and save the consuming time in the numerical
computation but keeping sufficiently high accuracy of numerical solutions.

A number of numerical experiments (see, e.g., [8—21]) have shown that the proper or-
thogonal decomposition (POD) is a very useful approach to decrease the unknowns for
numerical models and ease the truncated error amassing in the numerical computations.
But the now available reduced-order numerical methods as stated above were built by
means of the POD basis formulated by the classical numerical solutions on all time nodes,
before calculating the reduced-order numerical solutions on the same time nodes, which
are some vain reduplicated computations. Since 2014, the reduced-order extrapolation
MFE models based on POD for the 2D hyperbolic equations, unsteady parabolized Navier-
Stokes (NS) equations, and viscoelastic wave equation have been proposed by Luo’s team
(see, e.g., [22—-24]) to avert the vain reduplicated calculations.

However, as far as we know, there has not been any study where the POD technique is
used to establish the SMFE reduced-order extrapolation (SMFEROE) model for the 2D
unsteady conduction-convection problem. Therefore, in this article, we devote ourselves
to establishing the SMFEROE model via the POD method for the 2D unsteady conduction-
convection problem, analyzing the existence and uniqueness and the stability as well as the
convergence of the SMFEROE solutions and validating the correctness and dependability
of the SMFEROE model by means of numerical simulations.

The major differences between the SMFEROE model and the now available reduced-
order extrapolation MFE models based on POD, as stated above, consist in the fact that
the conduction-convection problem not only includes the unknown velocity and the un-
known pressure, but also has the unknown heat energy coupled nonlinearly with the un-
known velocity vector so that it is more complicated than the hyperbolic equations, un-
steady parabolized NS equations, and viscoelastic wave equation. Thus, both the modeling
of the SMFEROE method and the demonstration of the existence and uniqueness and the
stability as well as the convergence of the SMFEROE solutions encounter more difficulties
and require more techniques than the now available reduced-order extrapolation MFE
models as stated above, but the SMFEROE model has some specific applications. Espe-
cially, the SMFEROE model is built by means of the POD basis generated by the SMFE
solutions on the initial seldom time nodes, before finding out the SMFEROE solutions at
all time nodes by means of the extrapolation iteration so that it does not have reduplicated
computation. Consequently, it is development and improvement over the existing models
as mentioned above.

The rest of the article is scheduled as follows. In Section 2, we review the SMFE model
and the corresponding results for the 2D unsteady conduction-convection problem. In
Section 3, we constitute the POD basis by means of the SMFE solutions on the initial sel-
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dom time nodes and build the SMFEROE model including seldom unknowns for the 2D
unsteady conduction-convection problem by means of the POD basis. Section 4 offers
the demonstration of the existence and uniqueness and the stability as well as the con-
vergence of the SMFEROE solutions and the algorithm process for the SMFEROE model.
In Section 5, some numerical simulations are supplied to validate the correctness and de-

pendability of the SMFEROE model. Section 6 generalizes the main conclusions.

2 Review the fully discrete SMFE model
The following arisen Sobolev spaces as well as their norms are well known (see [25]).

The weak form for the 2D unsteady conduction-convection problem is stated as follows.

Problem II Seek (u,p, Q) € H'(0, T; X)* x L*(0, T; M) x H'(0, T; W) that satisfies

U, ¥) + A, ¥) + Ay(u,u, ¥) - Bp, ¥) = (Q, ¥), V¥ €X,

B(q,u) =0, Ygqe M, @)
(QD (/7) +D0(Q’ §0) +A2(u: Q! 90) =0, V(/) ew,
u(x:y: O) = 0’ Q(x,}’, 0) = a)(x’y)r (x»y) € ®,

where X = Hj(©)%, M = L§(©) = {g € L*(©); [, gdxdy = 0}, W = H}(©), (,-) denotes the
scalar product of L2(®)? or L2(®), and

A ¥) = pu(Vu,Vy), Yu, ¢ eX; B(q’ '/’)=(q1div'l’)1 V¥ eX,geM,
AU, ¥,9) = 05[(UVY),¢) - (uVe),¥)], Vu¥,¢cX,
Ay(u,Q ) =05[(u-VQ),¢) - (u-Ve),Q)], YueX,VQeeW,

Do(Q,9) =, (VQ,Vg), VQpeW.

They have the following properties (see, e.g., [3-7, 26]):

A ¥,¢)=-A1(u,¢,¥);  Aiuy,¥)=0, Yu¥,¢cX, 3)
AU, Q@) =-Ar(u,0,Q);  Ax(u,9,90)=0, YueX,VQpeW, (4)
AW, ¥) = ulylf; AU, ¥)| < plulilyl, Vo ¥ X, (5)
Dole,9) = v5'lelt [Po(Q )| < 5 IQhlgh, YQeeW, (6)
;1;1}3( % > Bligllo, VYqeM, (7)

here g is a positive real number. Define

Al(u’ '/’: ¢) < A2(u¢ Q’§0)

S =z Np = sup — (8)
uyex UL -V ol

Ny =
uex,(Qeewxw Ul 1Ql1 - ¢l

The following conclusions about Problem II were proved in [3].
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Theorem1 When w € L*(©) satisfies ||w||3 < 2u>T/(2No T~ exp(T) + j1yoN2), then Prob-

lem 11 has a unique solution that satisfies
lull§ + wl VUl o) < T?lollg exp(T), QUG + 5 1IVQRIT2 g2y < llell5-

For the integer N > 0, let k = T/N represent the time step, 3J;, = {K} represent the quasi-
uniformity triangle partition of © (see [3, 7]), P1(K) denote the linear polynomial space
on K, and (u}, p7;, Q7)) be the SMFE solutions of (u(t), p, Q) at the time nodes ¢, = nk (0 <
n < N). Then the SMFE model including the parameter-free and two local Gauss integrals

can be stated as follows.

Problem III Seek (u},pj, Q) € Uy x My, x W), (n=1,2,...,N) that satisfy

@, W) + Aup, ) + AUy, up, ) = B ) = (Qu ¥y, Y, € X

B(qh’ UZ) + D(PZ,%) =0, th € My, (9)
(3:QL o) + Do(Q), on) + Ao (ull, Q2 1) = 0, Yo, € Wy,
u) =0,Q) = Ryo(x,y), (x,9) € O,

where Xj, = (¥, € [Hy(©) N C(O)% ¥l € [PUK)AVK € 34}, My = {¢n € M;gulic €
Pi(K), YK € 3}, Wi = {gn € HY(®) N C(O®); gili € Pi(K), VK € 3y}, du* = (u" — u" ) /k,
0 T" = (Q" = Q" N)/k, Dy qn) = € X g, o Phan Ax v = [, pian dx Ay} (pr, i € My), €
is a positive parameter-free real, [, K g(x,y)dxdy (j =1,2) represent the Gauss integrals on
K that are exact for i degree polynomial g(x,y) = pyqi (j = 1,2), and Ry, is the Ritz projection
from W onto W}, (see [7]).

Note that, Ygq;, € My, the function p;, € M}, should be piecewise constant as j = 1. If \:Vh C

L2(®) is the piecewise constant space on 3 and the operator gy, : L2(©) — W, is defined
as follows, Vp € L2(©),

®.an) = 0wprqn),  Van € Wy, (10)

then the bilinear functional D(-,-) can be denoted by

D(pn, qn) = e(n — 01Pn an) = €Br — OnPh qn — O1gn)- (11)

Furthermore, the operator g, satisfies the following inequalities (see [3, 7, 26]):

lowpllo < Cliplle,  Vp € L*(©), (12)

lp - onpllo < Chllplli, Vp € HY(®), (13)

where C > 0 in this context denotes the constant independent of % and k that is possibly
not the same at different places.
The following conclusions of the existence and uniqueness and the stability as well as

the convergence of the SMFE solutions to Problem III have been deduced in [7].
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Theorem 2 Under the conditions of Theorem 1, the SMFE model has only a set of solutions
{(u, p}, QDY that satisfies

n
Juillo + 1Qilo + & DIVl + 1V Qi + 1£ilo) = Cllwolo, (14)
i=1

which implies that the set of SMFE solutions {(uj, pZ,QZ)}i,‘/:1 is stable. Furthermore, if

w € H(©), NO//,’1||VUZ||0 <1/4, and h = O(k), the set of SMFE solutions {(uj, p},, QZ)}QQI

satisfies the error estimations

n
DRI EORCA RS [ORA R O AN
i=1
+ |u(s) —up|, + | Q) - Q|| , < C(k+4*), n=12,...,N, (15)
where (U, p, T') represents the generalized solution of Problem I1.

Remark 1 If only w, k, 4, the Reynolds Re, the Prandtl number Pr, and the subspaces X,
My, and W, are given, a set of SMFE solutions {u}, p}, Q;})_; is acquired by Problem IIL
We choose the initial L solutions (u}, pj, Q) (1 <n <L, usually, L <« N and VL<5,eg,
L =20, N =4,000 in the numerical simulations of Section 5) from N solutions (u},, p},, Q},)
(1 < n < N) as snapshots.

3 Constitute the POD basis and build the SMFEROE model

For the extracted snapshots (u}, p}, Q) (1 <n <L) in Section 2, set U; = (u}, p}, Q}) (n =
1,2,...,L) with rank [ and define the snapshot matrix A = (A;);.; € R“*F, where A; =
(Vu), Vu;) + (p’h,p/h) +(VQ, VQL)]/L. Thus, the matrix A is positive semi-definite and
has rank /, the POD basis {(uj};’l=1 can be found and has the following results (see, e.g, [10,
12, 14]).

Lemmal Suppose that the rank ofil isl,A\1 > Ay > --- > ;> 0 are the positive eigenvalues
of A, and ¥, ¥, ..., ¥' are the corresponding orthonormal eigenvectors. Then the POD
bases are denoted by

1

U,U,,...,U)) ¥, 1<i<d<lI 16
m( 1, U2 )Y Sl=a= (16)

w;

and satisfy the following formula:

L d 2 !

1

T2 |Ui=D Whwas| =3 % (17)
i=1 j=1 X Jjmd+1

where X =X x M x W.

Let ®; = (@), wpj wq) (F=1,2,...,d), X% = span{®,1, @25 .. ., Ouq}, M? = span{wp1, Wp2,
..y Wpg}, and we = span{wq1, wQ2, . - ., w4}. For uy, € Xy, py, € My, and Q;, € W), define,
respectively, three projections P X, — X4, 7% M, > M?%, and R? : W), —> W as fol-
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lows:
(VPup, Vwy) = (Vuy, Vwy,),  Yw, € X9 (18)
(delfnpd) = (plfnqd)’ qu S Md; (19)
(VRYQy, Vo) = (VQu, Vo), Vou e W2 (20)

Then it is easily known from functional analysis principles (see, e.g., [27]) that there are
three extensions P": X — Xj,, Z": M — M, and R": W — W, of P%, Z%, and R? such that
Py, =P Xy — X9, ZMy, = Z% - My, — M?, and R*|yy, = R : W), — W are defined,

Page 6 of 17

respectively, by

(VP'u, Vw,) = (Vu,Vwy), VYw, € X,

(th’ph) = (19» Qh), vqh EMh:

(VRhQr th) = (VQr th)r Vw_h € W}n

(21)
(22)

(23)

where (u,p, Q) € X x M x W. Thanks to (21), (22), and (23), the projections P", Z", and

R" all are bounded

|V(P'u)|, < IVullo, VueX;
”ZhP”oSHPlIo, Vp e M;

|V(R"Q)||, < IVQllo, VQe W.

Moreover, there are the following results (see [3, 11, 14]):

|u-Pu|, < Ch|V(u-Pu)|, YueX;
|u-Pu|_, < Chl|u-Pu||, YueX;
|Q-R"Q|, = Ch|V(Q-R"Q)|, VYT eW;
|Q-R'Q|_, <Ch|Q-R"Q]|, VTeW.

In addition, there are the following conclusions (see, e.g., [3, 12-14]).

Lemma 2 The projections P%, Z%, and R? (1 < d < [) satisfy, respectively,

I
[, — Pup |32 |9 (u; - Pup) [§] < 2 3~ oy

1 j=d+1

M=

1
L

n

/
lop -z < > s
1 j=d+1

B~ =
Mh

n

!
(1@ - RQillg + V(@ - RUQp) o] < € 3~ 3y,

j=d+1

b~ =
Mh

D
L
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where (uy, p;,, Q) € X, x My x Wy, (1 < n <L) are the initial L solutions of Problem III.
Furthermore, the projections P", Z", and R" hold, respectively, the following properties:

[u" =P, + mu” = P+ [V (0" - P |

<CKr, n=12,..,N; (34)
|lp"-2"p"|, < CH™, n=1,2,...,N,s=-1,0,m=12; (35)
|Q - R, +h|Q -RQ"], + 1| V(Q - R Q)]

<CKr, n=12,..,N, (36)

where (u,p, Q) € H*(®)? x H™(®) x H?*(®) represents the generalized solution for the 2D

unsteady conduction-convection problem.

Thus, based on X x M% x W, the SMFEROE formulation for the 2D unsteady

conduction-convection problem is set up as follows.

Problem IV Find (v}, p, Q) € X4 x M?x W% (n=1,2,...,N) such that

(u), v Q)
d

= Y (Vous Vu)ou, (@5 2oy, (Yo, YQ)on), n=12,....L (37)
j=1
(Beul) ¥ g) + A(U ¥ o) + A (U, Ul ¥a) - B(Pl )
=(Q%,v,), V¥, X% L+1<mn<N, (38)
b Va d
B(u%,q4) + D(pl},q4) =0, Ygae M, L+1<n<N, (39)

(8,Q 1) + Do Q) wa) + As (W, Q54) =0, Voye W L+1<n<N, (40)

where (U, pj;, Q) € Xiy x My x Wy, (n=1,2,...,L) are the initial L SMFE solutions for
Problem III.

Remark 2 It is easily known that Problem III at each time node contains 4N}, (here Nj,
represents the number of vertices of triangles in Jy, see [3]) unknowns, but Problem IV
at the same time node only has 4d (d < [ < L < N « Nj;) unknowns. For the real-world
engineering issues, the number N, of vertices of triangles in J;, exceeds thousands or even
millions; whereas d only is the number of the initial seldom eigenvalues and is quite small
(for instance, in Section 5, d = 6, but N, = 3 x 136 x 10%). Therefore, Problem IV is the
SMFEROE model for the 2D unsteady conduction-convection problem. Especially, Prob-
lem IV only uses the initial few known L solutions of Problem III to seek other (N — L)
solutions and does not have reduplicated calculations. In other words, the initial L POD-
based SMFEROE solutions are gained by means of projecting the initial L SMFE solutions
into POD basis, while other (N — L) SMFEROE solutions are gained by means of extrap-
olation and iterating equations (38), (39), and (40). Therefore, it is thoroughly different
from the now available reduced-order models (see, e.g., [9-14, 20, 28]).
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4 The existence and uniqueness and the stability as well as the convergence of
SMFEROE solutions and the algorithm process for the SMFEROE model
4.1 The existence and uniqueness and the stability as well as the convergence of
the SMFEROE solutions
The existence and uniqueness and the stability as well as the convergence of the solutions
for the SMFEROE formulation of the 2D unsteady conduction-convection problem have
the following main conclusions.

Theorem 3 Under the conditions of Theorem 2, Problem IV has only a set of solutions
s, ph, Q1) € X4 x M? x W such that

Juilo + 1@l + 4 oIVl + I2al, + 1V Qilly) < Cllwllo, 1<m=N, (1)
i=L+1

which implies that the SMFEROE solutions (U}, p/}, Q) (1 <n < N) of Problem 1V are sta-
ble. When k = O(h) and Ny ™ IVujllo <1/4 (L +1 < n < N), we have the error estimations

s - g + Qi = Qi + K[V (ur - wd) [+ K]V (@ - Qi)

)i 1/2
+~/§H102’—192||05CU<<ZM> , 1<n<l; (42)
y=d+1
i -l + Q- Qillg + 4[|V (- u2) | + K[ V(@5 - Q2) [
! 1/2
+‘/%HPZ—PZ||OSC(k+h2)+CL’<(ZM) , L+l<n<N. (43)
Jy=d+1

Proof When 1 <n <L, from (37), we immediately gain unique (v, p/}, Q7)) € X4 x M? x
W (1 <n<L).WhenL+1<n< N, by using the same approaches as proving Theorem 2
in [7], from (38)-(40) we can gain unique (u}}, pjj, Q}) € X4x M%*x We(L+1<n<N).
Thus, Problem IV has only a set of solutions (u}}, plj, Q) € X4 x M4 x W (1<n<N).

Next, we devote ourselves to proving that (41) holds.

When 1 < n <L, by (24)—(26) and Theorem 2, there holds (41).

When L +1 < #n <N, by choosing ¥, = u/; in (38) and g, = p}; in (39), noting that there

hold (onpa, pa) = | prpall§ and (pa — prpa, pa — prpa) = Ipallg = lowpalls = 0 from (1), and
using (3) and Holder’s and Cauchy’s inequalities, we obtain

uillg + kil Vuillo + ke 2zl o~ lenritl)
= (w7, uy) + (Qu,uy)
1 i H— 1 liL i
< Ll + ) + kIl + X v (a1
It follows from (44) that
Juillo = e[ + 2knn ]| Ve | + 2ke (Lo - lenpi ) < Skl @l (45)

If p; # 0, then it is easily known from (11) that ||pZ||%) > ||th2||%. Thus, there is a positive
real number § € (0,1) that satisfies 8||p§||% > ||thg||%. By summing (45) from L +1 to n
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simplified, we have

luillg & 37 (Iverallg + Ialo) = Clullg + ck 37 14, (46)

i=L+1 i=L+1

Taking a square root for (46) and utilizing (3", a?)"? > Y%, |a;|//n yield

n n 1/2
lwillo + & - (IVual + [Pl,) < C(H"lelﬁ vk HQZHi) : (47)

i=L+1 i=L+1

By choosing ¢4 = Q7 in (40) and by making use of (4) and Hélder ’s and Cauchy’s in-

equalities, we obtain

v, < e (48)

2 2k
ozl + 25

Summing (48) from L+1 to # yields

2k < ‘
| Qi + o Yo Ivails = 1@ (49)

i=L+1

By extracting a square root for (49), making use of (37, a?)? > Y7 | |a;|/s/n and (41)

when #n = L, and then simplifying, we obtain

[Qilly+& Y 1vQi|, = Clwllo. (50)

i=L+1

By noting that || - |.; < C| - ||o and by using (41) when n = L, from (47) and (49), we obtain

Juzllo + & 32 (Vo + 12l ) = Cllwolo. (51)

i=L+1

Combining (50) with (51) yields that (41) holds when L + 1 <#n < N.If p; = 0, (41) is
distinctly correct.

When 1 < n < L, with Lemma 2 and (37), we immediately obtain (42).

When L +1 < n < N, by subtracting Problem IV from Problem III choosing ¥, = ¥,

qn = 44, and @y, = @4, we acquire

(U = ¥ ) + kA (uj; — U, ¥ ) + KA (uj, U, ¥ ) — KA (ug, ug, ¥ )

~kB(ph ~pip¥a) =k((Q— Qi ¥a) + (U™ —ui¥), Yo € X, (52)
b(qa, uj, — uj) +&(pj, - iy — on (P}, — Pi) 42 — 01qa) = 0,  Vqa € M?, (53)
(Qp - Q) pa) + kDo (Q) — Qy a) + kA (uj, Qf, 0a) — kA2 (ul), Q) 9a)

= Q' - Qi wa), VYeae W L+l<n<N. (54)
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Let e” = Plu} —u’), f' = u} — Pul, 0" = Z%) — plt, and £" = p} — Zp/!. First, from (18),
(52), and (53), we obtain
le"llg + kel ve'g
= (P} - ulj,€") + kA (P u], - u’}, €")
=—(f",e") + (u} —uj,€") + kA(u), — u)},€")
= ("' —f",€") + kB(p}, - P} €") — kA, (u},, u]}, €")
+ kA (u, ulj, €") + (", e") + k((Q - Q))i. ")
= (F ", e") — kA (u}, u},e") + kA, (u}}, u’}, ")
+k((Q - Q4)j.€") + (e"',e") + kB(£",€") + kB(n, ")
= 2ke (ply — Py - onlpy, = i) 0" — ou)
< M =) + 4k " + Cr] "
T R Y e P
— kA (uy, uj,, €") + kA, (U, ulj, ") + k((Q) - Q))j.€"). (55)

Next, when Nou™ | Vu}|lo < 1/4 and Nou™ | VUillo <1/4 (L +1 < n < N), with the prop-

erties of A (-, -, -), Holder’s and Cauchy’s inequalities, and Lemma 2, we gain
n n v n n M " 2 k“ v 2
KA, (ul), ujj, €") — kA (u}, uj,e") < Ck|VF" || + TH ve'|,. (56)
And then, with Holder’s and Cauchy’s inequalities, we gain

H 1 71 1 k 7
k(@ - Qplive) = k|- Qi+ = [ Ve (57)

If n" #0, it is accessible to get ||n"|13 > [lonn||3 from (11). Thus, there exists a positive real
number § € (0,1) that satisfies §[|7"]|2 > [loxn|3. When k = O(h), by choosing & = 5 71(1 -
8)71, combining (55) with (56) and (57), using (28), and then simplifying, we acquire
2 112 2 2
le"lo— e g + &l Vel +&[n" [

< Ck([vF" o + 177 o + &7) + crl Qi - il (58)

Summing (58) from L + 1 to # yields
le*lls+& > (Ive'lg+ 1)
i=L+1

<Cletfg+ cx (191G + 187 + 1 - all)- (59)

i=L
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By extraction of a square root to (59) and making use of (}_7, a?)V? > Y""_ |a;|//n, we

gain

el +& 32 (1€, + '],

i=L+1

n

1/2
sc[||eLr|§+kZ<uwf||§+usl‘||§+uas;—o;||i>} - )

i=L

Moreover, from Lemma 2 as well as Theorem 2, we acquire

kY IVE T <k Y[V (), —u@) |, + |V (ute) - )|
i=L i=L

V(' =Pl + [V (' - u)] ]

< C(K* +k), (61)
kD _NE, =k X[l -pe], + o) - £,
i=L i=L

+p' = 2" + 2" (' - )]
< C(K* +k). (62)

Combining (61) and (62) with (60) and using Lemma 2 and (42) when # = L yield

leflo + & Xn:(IIVe"IIO +[lo)

i=L+1

/ 1/2 " 1/2
<C(k+h*) + CLk(Z xj) + C[kZH Q, - Q, Hi} . (63)

j=d+1 i=L

Let F, = Q) - ZdQZ, E, = ZdQZ — Q7. First, by making use of (54) and Lemma 2, we ac-

quire

IENG +kyg IIVEIG
= (En Ey) + kDo (Ey, Ey)
= ~(F Ex) + kDo (2 Q}; = Q) En) + [(Q — Qi En) + kDo (Q); ~ Q1 En)]
= ~(Eu En) + kA (u, Q3 En) - KAz (w0, Q En) + (Q = Q77 En)

= (Fy1 — Fy Ey) + kA (4, Q4 E,) — kAs (ufl, Q) E,) + (Bt En)

k
< Ck (IEull?y + 1Fuca %) + CKIELIIG) + v IVE, I3
0

1 1
+ kA (uf), Q) E,) — KAz (ufl, Q) E,) + 5||En_1||3 + 5||En||§. (64)
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And then, when Nou™ | VUl <1/4 (n=1,2,...,N), with Lemma 2, (4), and Holder’s and
Cauchy’s inequalities, we have

k
Kt (0 Qi )~ Ko (], Q) = = IVEMI + CKIVE I, (65)

Combining (64) with (65) and using Lemma 2, Theorems 1 and 2, the same technique as
(61) yield that

IENIG +kyo IVEANG < Ck(K* +K*) + | Ex-allo- (66)

Summing (66) from L + 1 to n yields that
IEAI3 + kyg" S IVER < Cuk(* + k) + CIIEL I (67)
i=L+1

By extraction of a square root to (67) and making use of (3", a?)V*> > Y7 |a;|/{/n and
(42), we acquire

n 1 1/2
IEallo +k D IVEillo < C(I* + k) + CLk(Z A,) : (68)
i=L+1 y=d+1
With the triangle inequality of norm, (68), and Lemma 2, we acquire
n 1 1/2
-l kIl st an(Ya) . e
i=L+1 y=d+1

By combining (63) with (69) and making use of Lemma 2, we acquire

s il + & 3 (19— i) | + (12 - 2al)

i=L+1

! 1/2
Clk+ 1) + CLk( > ,\,) . (70)

y=d+1

Combining (69) with (70) yields (43). When n" = 0, (43) is distinctly correct. Thus, the
argument of Theorem 3 is accomplished. O

By combining Theorem 2 with Theorem 3, we immediately acquire the following con-

clusion.

Theorem 4 Under the conditions of Theorems 2 and 3, the SMFEROE solutions (u'}, p’j, Q7))
for Problem 1V hold the error estimations

kZ u(t) - ug) [, + [V (QU) = Qi) o] + (@) - Pal )

12
+ u(s) -], + | Q) - Q| < Clk+ 1) +CLk<ZA) ,

y=d+1
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where (U,p,T) represents the generalized solution for the 2D unsteady conduction-
convection problem.

Remark 3 The factor Lk(Z;: del Aj)” 2 in Theorems 3 and 4 is caused by reduced-order for
Problem I, it can be used as a suggestion choosing the amount of POD basis, that is, we
only need to choose d that satisfies k?L? Z]l: 4114 = O(k?, h*), we can acquire the SMFROE

solutions satisfying the accuracy requirement.

4.2 The algorithm process for the SMFEROE model
The algorithm process for the SMFEROE model can be carried out according to the next
seven steps.

Step 1 Extract the snapshots U, (x,y) = (uj, pJ, Q;’) (1 <n<LandL <« N) from the initial
L SMFE solutions.

Step 2 Compile the snapshot matrix A= (A,j)LxL, where z:l,-j = [(VuL,Vuil) + (pz,p/}'l) +
(VQ, VQI/L.

Step 3 Find the positive eigenvalues Ay > Ay > --- > A;> 0 (I = dim{Uy,U,,...,Ur}) of A
and the corresponding eigenvectors v/ = (a’i,ajz, . ,a’i)I (j=12,...,0).

Step 4 For A, k, and error v needed, determine the amount d of POD basis that satisfies
K2+ b+ PR Y g 0 < 02 }

Step 5 Constitute the POD basis @;(x,y) = (@4(%, ), 0p(%, ), 0g;(x,¥)) = Z].Lzlaé(ujl, P
Q)//Ih 1 <j<d).

Step 6 Let X = span{w,1(x,9), @,2(%,), ..., @,q(x,)}, M?% = span{wp1 (%, ), Wp2 (%, ), .. .,
wpa(%,¥)}, and W = span{wq (%, y), g2 (%,9), ..., wqa(x,y)}. Solving Problem IV
gives the SMFEROE solutions (U, p7, Q) (1 <n <N).

Step 7 If fluj™ — ujllo = luf - wj™ o, 1257 — pllo = I — 2™ llos and Q™ — Qllo =
Q45— Q4 lo (L <n <N -1), then (uf, p5, Q%) (1 < n < N) are the SMFEROE solu-
tions satisfying the accuracy requirement. Else, namely, if ||u;’l_1 —ujllo < |luf- uZ” llo
or g ~pillo < 12— o or Q™ = Qo < Q= QM lo (= L,L+1,..,N~1),
put U, = (u’d,p’d, Q’d) (/=0,1,...,L — 1), return to Step 2.

5 Numerical simulations
In the following, we use the numerical simulations to validate the correctness and depend-
ability of the SMFEROE model for the 2D unsteady conduction-convection problem.

The computational domain © is composed of the channel of width 6 and length 20
holding two same rectangular cavities of width 2 and length 4 at the top and bottom of the
channel (see Figure 1). We first partition ® into several quadrates whose side length equals
Ax = Ay = 0.01. Then we partition each quadrate into two triangles by linking diagonal
in the same orientation and form the triangularizations 3, with 4 = /2 x 1072. Choose
e =1, Pr=7, and Re = 1,000. Besides the inflow velocity u = (0.1(y — 2)(8 — ¥),0)T (x =0
and 2 < y < 8) on the left boundary, the other initial and boundary values are chosen as 0.
We choose k = 0.01 in order to satisfy the condition k = O(%).

We first extracted 20 SMFE solutions (u7, p}, Q7)) (n =1,2,...,20) from the SMFE model
to constitute snapshots U, = (uj, pj;, Q) (1 < n < 20). Next, we sought out 20 eigenvectors
and 20 eigenvalues arrayed in a non-increasing order according to Step 3 in Section 4.2.
It was achieved by calculation that Lk(Z?:O7 A)V2 <3 x 102 when k = 0.01 and L = 20,
which implies that it is only necessary to choose the initial 6 eigenvectors (@, w,), ©;)



Xia and Luo Journal of Inequalities and Applications (2017) 2017:124 Page 14 of 17

(8.10) (12,10)
Wall Wall 20.8)
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Wall Wall <02
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Figure 1 The computational domain and the initial boundary values.

1
20 40 60 80 100 120 140 160 180

(a) The SMFE solution of the velocity at t =40.

20 40 60 80 100 120 140 160 180

(b) The SMFEROE solution of the velocity with 6 POD bases at t =40.

Figure 2 The numerical solutions of the velocity. (a) The SMFE solution of the velocity u at t = 40 when
Re=1,000 and Pr=7. (b) The SMFEROE solution of the velocity u with 6 POD bases at time t =40 when
Re=1,000and Pr=7.

(1 <j < 6) to generate subspaces X4 x M? x W, And then, we found the SMFEROE so-
lutions (U7}, p5, Q%) (n = 4,000, i.e., at ¢ = 40) by means of the SMFEROE model according
to seven steps in Section 4.2, which are drawn in (b) graphs of Figures 2-4, but the cor-
responding SMFE solutions of the velocity, pressure, and heat energy obtained from the
SMFE model are drawn in (a) graphs of Figures 2-4 at t = 40, i.e., n = 4,000, respectively.
Every pair of graphs in Figures 2-4 are basically identical, respectively, but because the
SMFEROE model eases the truncated error amassing in the calculating procedure, the
SMFEROE solutions acquired from the SMFEROE model are better than the SMFE so-
lutions from the SMFE model. Especially, the numerical results of the pressure and heat
energy of the SMFEROE solutions are far better than those of the SMFE solutions.

Figure 5 exhibits the errors between the SMFEROE solutions acquired from the SM-
FEROE model adopting the different amount of the POD basis and the SMFE solutions
gained from the SMFE model when ¢ = 40, i.e., n = 4,000, Pr = 7, and Re = 1,000. It is
shown that the numerical computational conclusions are accorded with the theoretical
cases since the numerical and theoretical errors both do not exceed 4 x 1072,
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(a) The SMFE solution of the pressure at t =40.
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20 40 60 80 100 120 140 160 180
(b) The SMFEROE solution of the pressure with 6 POD bases at time t =40.
Figure 3 The numerical solutions of the pressure. (a) The SMFE solution of the pressure p at t = 40 when
Re =1,000 and Pr=7. (b) The SMFEROE solution of the pressure p with 6 POD bases at time t =40 when
Re=1,000and Pr=7.
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20 40 60 80 100 120 140 160 180
(a) The SMFE solution of the heat energy at t =40.
1 1 1 1 1 1
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40
20
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20 40 60 80 100 120 140 160 180
(b) The SMFEROE solution of the heat energy with 6 POD bases at time t =40.
Figure 4 The numerical solutions of the heat energy. (a) The SMFE solution of the heat energy Q at t =40
when Re = 1,000 and Pr = 7. (b) The SMFEROE solution of the heat energy Q with 6 POD bases at time t = 40
when Re=1,000 and Pr=7.

Further, by comparing the SMFE model with the SMFEROE model with 6 POD bases
implementing the numerical simulations when ¢ = 40, Pr = 7, and Re = 1,000, we find that
the SMFE model includes 4 x 136 x 10* unknowns on every time node and the elapsed
time is about 180 minutes, but the SMFEROE model with 6 POD bases only has 4 x 6
unknowns at the same time node and the corresponding elapsed time is no more than 60
seconds, i.e., the elapsed time of the SMFE model is 180 times more than that of the SM-
FEROE model with 6 POD bases. Thus, the SMFEROE model can immensely decrease the
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Figure 5 Absolute error for Re = 1,000 and Pr=7
when POD basis is different and at the time level
t=40.

Absolute error

2 4 6 8 10 12 14 16 18 20
Number of POD basis

elapsed time and ease the computational load so that it could immensely ease the trun-
cated error amassing in the calculation procedure. This implies that the SMFEROE model
is effective and dependable for solving the 2D unsteady conduction-convection problem.

6 Conclusions

In this article, we have established the SMFEROE model for the 2D unsteady conduction-
convection problem by means of the POD technique. We first extract the initial seldom
L (L « N) SMFE solutions for the 2D unsteady conduction-convection problem and for-
mulate the snapshots. Next, we constitute the POD basis by the snapshots by means of the
POD technique. And then, the subspaces generated with the initial seldom POD basis sub-
stitute the MFE subspaces in the SMFE model in order to establish the SMFEROE model
for the 2D unsteady conduction-convection problem. Finally, we analyze the existence
and uniqueness and the stability as well as the convergence of the SMFEROE solutions
for the 2D unsteady conduction-convection problem and supply the algorithm process
for the SMFEROE model. Comparing the numerical simulation results of the SMFEROE
solutions with the SMFE solutions validates the dependability and correctness of the SM-
FEROE model.
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