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Abstract

In this paper, we are concerned with a singular version of the Moser-Trudinger
inequality with the exact growth condition in the n-dimension hyperbolic space H".
Our result is a natural extension of the work of Lu and Tang in (J. Geom. Anal.
26:837-857,2016).
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1 Introduction
Let Wé’p (€2) denote the usual Sobolev space, i.e., the completion of C5°(2) under the

Sobolev norm

1
r
- » »
||M||Wé,p(9) = (fg [Vul? + |u| dx)

The classical Sobolev embedding theorem states Wé’”(Q) C L1(2) forall 1 < g < oo but
Wé'”(Q) ¢ L*°(2). One can check this by choosing the function u(x) = In(In 4R for some

[x—x0]

R > 0, where xy is a fixed point in €. It is natural to ask whether there exists an optimal
embedding in this limiting case. Yudovic [2], Pohozaev [3] and Trudinger [4] showed that,
for some a > 0, W3"(S2) is continuously embedded into an Orlicz space with the Young
function ¢, (¢) = exp(c |t 1 —1). Moser in [5] sharpened the exponent & and obtained the

following result.

Theorem A ([5]) Let Q be a bounded domain i n R" (n > 2). Then there exists a positive
1

constant C, and a sharp constant o, = nw,"| such that

|16|/ exp(a|u|%)dx <C,
Q

for any o <a, and u € C{°(2) with fQ |Vu|"dx <1, where w,_; is the area of the surface
of the unit ball.
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The above inequality is often referred as the Moser-Trudinger inequality. Carleson and
Chang [6] employed a symmetrization and rearrangement arguments to obtain the ex-
tremals of the Moser-Trudinger inequality when 2 is a disk in R2. Later, the results of Car-
leson and Chang were extended by Flucher [7] to arbitrary domains in R?, and by Lin [8]
for arbitrary domains in R”. The existence of extremals of the Moser-Trudinger inequal-
ity was also extended to compact Riemannian manifold cases by Li in [9, 10]. Cohn and
Lu [11] were concerned with the sharp constants for the Moser-Trudinger inequality on a
bounded domain on Heisenberg group H". The singular version of the Moser-Trudinger
inequality on the Heisenberg group was also proved by Lam, Lu and Tang in [12]. For more
results as regards the Moser-Trudinger inequalities and applications in partial differential
equations, please see [13-19] and the references therein.

A natural idea is to consider the Moser-Trudinger inequality in the whole space R”.

Adachi and Tanaka in [20] proved the following nice result.

Theorem B ([20]) For 0 < & < «y, there exists a positive constant C, such that

sup / P (or|u(x) ﬁ)dxan/ |lu(x)|" dx,
R” R”

ue WL (RM), fon | Vul" dx<1

where ®(t) := e’ — Zfz_oz i—i Moreover, the constant o, is sharp in the sense that if @ > o,

the supremum will become infinite.

They proved the sharpness of the exponent « by modifying a sequence of test functions
introduced by Moser. In order to obtain the Moser-Trudinger inequality in the critical
case o = o, Ruf [21] (in the dimension # = 2) and Li and Ruf [22] (in the dimension # > 3)

replaced the Dirichlet norm with the standard Sobolev norm, i.e.

etl gy = ( / Vul” + |u|"dx) :
0 R”

and obtained the Moser-Trudinger inequality in the whole space R” in the case of @ = «,.
Masmoudi and Sani in their elegant papers [23, 24] kept the two conditions « = &, and
Jgn IVu|" dx < 1. They proved the following.

Theorem C ([24]) For n > 2, there exists a positive constant C,, such that

D (ot |u| T n
[ 2D e, [ el ds e W wion [ 9uprae1
R (14 [ul) T R" R

Moreover, this inequality fails if the power -5 in the denominator is replaced by any p < .75

The above result was also extended by Chen and Liu [25] to singular version through
the change of variables developed by Dong and Lu in [17].

This paper is concerned with a singular version of Moser-Trudinger inequality with the
exact growth condition on hyperbolic space H". The hyperbolic space H” (n > 2) is a com-
plete and simply connected Riemannian manifold and has constant curvature equal to —1.
There exist many types of models for hyperbolic space H"”. However, the most important
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models are the half-space model, the ball model, and the hyperboloid (or Lorentz) model.
Throughout this paper, we are concerned about the ball model because we can use sym-
metry and rearrangement argument in this setting.

We define B” = {x € R” : |x| < 1} as a pen unit ball in R” equipped with the Riemannian
metric g; = (ﬁ)z&j, which is referred to as the ball model of the hyperbolic space H".
A direct computation shows that the volume element of hyperbolic space H” is given by
av = (1_‘296‘2 )" dx and d(0,x) = In }f—:i‘l, where dx denotes the Lebesgue measure in R” and
d(0,x) denotes the hyperbolic distance between t?ﬁx‘?rigin and . It is well known that
=2

2

the hyperbolic gradient V, is defined as the V, = ( V, where V denotes the general
gradient in R”.
Let © be a domain with finite measure on hyperbolic space H". Denote ||f|q) =

(Jolf1"d V)%. A straightforward calculation yields

1

u%ﬂmmp(ﬂknﬁvgg%uj"—(anwmd”

and

VS Nl n gy = (/Hnwgf, Vof)a”? dv)" = (fB |Vf|”dv)".

We also define W'"(H") as the completion of C5°(H") with the norm

1

n

”ullwl,n(Hn) = (/ |Vg1/l|n + |M|ndv> .
H”

The Moser-Trudinger inequality on hyperbolic space was first established by Mancini
and Sandeep [26], they proved the Moser-Trudiner inequality on conformal discs. Lu and
Tang in [27] considered the subcritical Moser-Trudinger inequality on high dimensional
hyperbolic space. They proved the following result.

Theorem D For any u € W""(H") satisfying [y, |Veu|" dV <1, there exists a positive con-
stant C, such that

(a1 - B)|u|7) ()"
ek 7Tl M B e /A
/Hn @o,ap  V=¢ /H @0, "

for any a < oy, Furthermore the constant o, is sharp in the sense that the inequality does
not hold if we replace the constant « with any o > a,,.

Recently, Lu and Tang in [1] considered the sharp Moser-Trudinger inequality with the
exact growth condition on hyperbolic space, they proved the following results.

Theorem E For any u € W""(H") satisfying [ |Voul" dV <1, there exists a positive con-
stant C, such that

f M av <C, | |u)|"dv. 1)
wr (1 + u)n1 H”
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Furthermore, the power - is sharp in the sense if the power -5 is replaced by any p < 375,
the (1) become infinite.

Motivated by the above results, we consider the singular version of the Moser-Trudinger
inequality with the exact growth condition on hyperbolic space. We state our results as

follows.

Theorem 1 For any radially decreasing function u € W"(H") satisfying [y |Vqul" dV <

1, there exists a positive constant C, independent of u such that

®(aty(1 = L) Ju) n
/ (ctn( - n)l | )dVECn |ua(x)| ()
w1+ 1) 71 (d(0, %)) wr (d(0,%))
We verify that the power -* is optimal.
Theorem 2 [fthe power -* is replaced by any p < .75, there exists a sequence of functions

{ur} such that [y, |Veur|"dV <1, but

D(atn(1— £) ue|71) |uage (%) " -
/W W+ P (d(0,x))? "W(/Hn (d(0,2))7 dv) o

This paper is organized as follows. In Section 2, we give some important lemmas which

will play key roles in the proof of Theorem 1. In Section 3, we establish a singular version
of Moser-Trudinger inequality with the exact growth condition on hyperbolic space (The-
orem 1). In Section 4, we give the proof of the sharpness of the singular Moser-Trudinger

inequality with the exact growth condition in Theorem 1.

2 Some important lemmas
In this section, we give some key lemmas which play an important role in the proof of

Theorem 1.

Lemma 3 (see [1, 23]) Given any sequence a = {ai}i=1, let |lally = Y ;20 lal, llal, =
_B .

i lad ™M™, Nlalle = il laxl" e =" and p(h) = inf{|lalle) : lal =k, lall, < 1}.

Then, for any h > 1, we have

L= EnT

n h ~ -
w"(h) R
With the help of Lemma 3, one can obtain the following lemma.

Lemma 4 There exists a constant C such that for, any nonnegative decreasing function u
1
with u(R) > Kn and w,_1 fROO |u/|"t" L dt < K for some R,K >0,
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Proof By scaling, it suffices to show that, for any nonnegative decreasing function u satis-
fying u(1) >1and w,; f;~ |u/|"t" 1 dt <1,

e (1—%)14ﬁ 1) [’}
—_— 5 / untn—a—l dt.
un1(1) 1

Let /i = a,," u(eX'), ay = hy — 1 and a = {ax}. Then a; > 0 and

n-1
> lakl =ho = o™ u(l).

k>0

Since

~
T
-
-
T
-
T
L

— i < / " n-1 " o 1 "
=q, (/ek |/ (t)|"t dt) (/ek tdt)
0 7
- (a),,_l / |u’(t)|”t”‘1dt) ,
1

we have
1/n
lall, = (Z |ak|")
k>0
1/n
= (Z g — hk+1|”> <L
k>0
Moreover,
o0 61%1
/ we P rde=Y" |, wet
1 k>0 en
e%l

S [, e
k>0 en

2 Y (e #)) et
k>0

= 2 (aen)) e
k>1

>3 hpel-ink
k>1

_B
2 Z ayell=wk,
k>1
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Therefore,

B

1-2yk

llalle) = ag + E a,fe( )
k>1

<hg+ E arell

k>1

o0
SHy+ / W't dt,
1

™

)k

3)

Next, we start to estimate /1g. Set 1 < r < e!’*", then

ho —a,’,%lu(r) = o:,:l”;l /r|u/(t)|dt
1

n-1

n-1 r " % "1 n
=a,” (f 4Gl t”’ldt) (/ —dt)
1 1t
r P
=4 (wn—l / |/ ()] dt)
1

A

|

and

el/4n

o0
/ w't" Pl dt > / u't" P de > . (4)
1 1

By (3) and (4), we derive that

o0
lale < / uW"t" P dg.
1

Then we apply Lemma 3 to conclude that

3
3
=
|
S
N

Wi ()
=

This completes the proof of Lemma 4.

3 Singular Moser-Trudinger inequality with the exact growth condition
In this section, we shall establish a singular version of Moser-Trudinger inequality with the
exact growth condition on hyperbolic space. Namely, we will give the proof of Theorem 1.

By the density, we can assume that u(x) is compactly supported in H”. We use the idea of
Moser [5]. Set d(0,x) = ¢ and u(x) = v(d(0,x)) = v(£), then

Dty (1 - &)l 71 % B (ary(1— £)|v|itt
(C\! ( n)|1/l| )dV:wn_lf (‘X ( n)|V| )t‘ﬂ(sinht)"_ldt,
0

mr (1 + 1) 71 (d(0, x))P (1 +v)at
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/ Ve[ v = f V(®|" (sinh ey dt,
H” 0

|u(x)]" > "o s n-1,~
/H ooy 4 = o /0 Iv(0)| (sinh £y dt.

Thus, it suffices to show that there exists a positive constant C,, such that

/w D(a,(1- L)v7)
0

oo
; t P (sinht)"' dt < C, / |v(®)|"(sinh£)" ¢ dt
1 +v)nT1 0

for any v(¢) satisfying v(¢) > 0,v/(t) < 0, v(tp) = 0 for some £y € R and
o0
Wy / |v/(t) |n(sinh 8" ldr<1.
0
Set R = sup{t € R: v(£) > 1}. We can use v(¢) € (0,1) for ¢ € (R, 00) to obtain

@(an(l— E)w%) < Cuv®)|"
n

for any ¢ > R. It follows that

% @(a,(l - E)y|w
f el = IV )t‘f‘(sinht)”‘1 dt
R

A+ v)T

< /oo CD(otn (1 - E) |v|%)tﬂ(sinht)“ dt
R n

< Cn/ lv(®)|"t 7 (sinh )" dit.
R
Next, we focus on the integral over (0, R]. Set 0 < &9 <1 and let R;(x) > 0 such that
R
L()n—l/ |V(t)\n(sinh 1) dt < peg
0
and
oo
Wn-1 / |v(£)|" (sinh )" dt < p(1 - &),
Ry

where 0 < p <1.

(5)

In order to estimate the integral over (0, R], we need to consider two cases: R; > R and

Ry <R.

First, we consider the case that R; > R. For 0 < ¢t < R, we can write

v(t) = v(R) + /tv'(s) ds
R

R i/ R ol
<v(R) + (/ |1/(S)|n(sinhs)”'1 ds) (/ siihs ds)

n-1

1
B ef—1e+1\\ 7
<1+ Peo In er .
Wy_1 eRylet—1

Page 7 of 14
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For any ¢ > 0, one can apply the following well-known inequality:

n-1
n

1+s'n < (@ +e)s+C)

to obtain

|v(t)

1
i = ef—1et+1
1 <(1+e¢) Peo In S + Ce.
Wy_1 eR+let -1

Pick ¢ sufficiently small such that (1 + &)" gy < 1, then

1
n_ 1 n-1 -1 R_1et+1
o (P Teo N e Sle Y
Wy_1 eR+let—1

|v(t)

Denote ¢y = (n— B)(p(1 + 8)”‘180)ﬁ. It follows that 0 < ¢y < # — B and

R @ (0, (1~ E)Jy|at
/ (e ”)n'vl )t‘f’ (sinh )" dt
0 1 +v)n1

R
5/ q>(an<1—E>|v|ﬁ>fﬂ(sinht)”—1dt
0 n

R B p(1+¢e)" e T (R _let 41
<[ ol (- D((0) (e

x t P (sinh )" ' dt

ﬁ eR _1\% R (et + l)co+n—1 t—ﬁ
= exP(“" (1 B Z) Cs") (eR N 1) /0 (@ — 101 ety

For R — 0, it is easy to check that

) /3 c eR -1 0 prR (et + 1)c0+n—1 t—ﬂ
exp(“”( 7) 8°)<eR+1) /o (e~ 1)o7+l (2e)L

For R — +00, one can calculate

,3 eR —1\% /R (et + l)co+n—1 t—ﬂ
2 1-=)C; —_— dt
P (“ ( n) ) (eR 1) Jy @ eyt

R (et + 1)c0+n—1 t—ﬂ
~ A (et _ 1)co—n+1 (2et)n—1 dt.

On the other hand,
R R
/ |v(t) |"(sinh 8" 1P de > / (sinh )" 1¢~P dr.
0 0
Therefore, for R — 0,

R
/ (sinht)" ¢ P dt ~ R"P.
0

Page 8 of 14

(6)
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Thus,
, IO (sinh £yt P dt
i
f(f ¢(a”(1_7)‘v‘ D -8 (sinh £)1 dt
(1+v)n 1
, [ (sinhe)* ¢ dt
> lim

R—0 exp(an(l _ é)cso)(ek’ l)co fO (et+1)c0*n-1 4B dt

eR+1 (ef—=1)c0—"+1 (2¢t)n—1

>C (7)

and

, [X v(e)"(sinh )" ~'¢# dt
lim ~
R—+00 fR Dan(1-£)pv 1)
0 (1+v) ﬁ

t=B(sinht)"1dt

R, .
(sinh )™ 't~# dt
> lim Jo )

R (et +1)c0+n-1 -B
R0 explan(l - ) Coo ) () fo' T oty it

- 1 (sinh R)"'R-#
1im
T R—v00 exp(aty (1 — £)Cyy )R- (eR)21-2(2eR) 11

= (. (8)

We can combine (7) and (8) to derive that

t(sinh )" dt

/R P(at(1 - L) py|a1)
0 (1 +v)nT

R
<G / [v(8)|"(sinh )¢ d. )
0
Then by (5) and (9), we obtain the desired inequality of Theorem 1 for R; > R.

Now, we consider the case R; < R. First, we consider the integral over (R;,R). By
Wy_1 fRolo [v(£)|"(sinh £)" ' dt < pey, we have

t

v(t) = v(R) +/ V(s)ds

R

H—

[e's) 1 R e
0. n 1 n
<v(R) + </ |v/(s)| (sinhs)"! ds) </ . ds)
R ; sinhs
TR
<14 0&o n ef—let+1 ,
Wy_1 eR+lef—1

where Ry <t <R.Sete=(1+ eo)ﬁ —1. It is easy to check that

1
o p(1—e2)\ ™1 eR—1le+1
< —— In{ ——— C
_< Wy_1 n eR+let—1 e
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by (6). Denote ¢; = (n — B)(p(1 — 83))ﬁ, then 0 < ¢; < n— B and

tP(sinh¢)" ' dt

/R P (0t (1 - B)py|7T)
R

1 (1+V)%

R B .,
< / <I>(an <1 - —) |v|nl)t-ﬁ(sinh £yt

Ry n

R 2)\ 7T 1.t

= / ¢<an<1_ E) <M> <ln<ei 1 e_+1)) + C,Vﬁo)t_ﬂ(sinht)”_1 dt

0 n Wp-1 eR+lef -1

IB eR -1 1 R (et + 1)01+n—1 tfﬂ

< exp (Oln <1 - ;)CFO) (eR + 1) A (et — 1)C1—Vl+1 (2et)”—1 dt.

Using the same calculation as we did in the case R; > R, we can derive

/R D (o, (1 - %)M%)t,
R

R
. B(sinht)"'dt < C, / [v(8)|"(sinh£)" ¢ dt. (10)
3 1 +v)nT 0

Now, we only need to consider the integral on [0, R;). Set w(£) = v(t) — v(R;), then
Ry
L()n—l/ |w'(@)|" (sinh )" dt < peo.
0

One can employ the equality (6) to derive that

’V(If) T = 1+ a)w(t)n%l + CEV(Rl)%.

Then we obtain

/ G )l L) PPV
0

(1+v)wT

R @(r, (1 - L) y)a
5/ (@1~ )Y 1)t"ﬁ(sinht)”_ldt
0

(V(R,)) 71
- exp(an(l - £)C.v(Ry)71)
(V(Ry)) 7T

Ry
X / exp <oz,, <1 _F ) (1 + &)win-t ) £ P (sinh£)" dt. (11)
0

n
1
Sete =g, —1, then

1

1 I-n 1
C8:<1—m> :(l—go)m.

Since

oo
w,,_lf |v’(t)|n(sinht)”_1 dt < p(l-¢g9) <1-¢.
Ry
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We can apply Lemma 4 to obtain

explan(l = DCR)TT) ey et
(V(Ry)) 7T T 0 A —gg) (R

n-1

Let Q ={x:d(0,x) < R;} and v;(x) = (1 + &) # w(d(0,x)) in , then
Ry
/ [Veni]"dV = a),,_1/ 1+ e)”_1|w/(t)|"(sinh D' ldi<p<l1.
H” 0

We can apply the singular Moser-Trudinger inequality on a bounded domain to obtain

/ exp(oe,, (1 - E)wﬁ) (d0,x) " dv < C/ (d©0,x) " av. (13)
Q n Q

That is,

151 B " 151
/ exp (an <1 - —> 1+ ¢&)|w|n1 ) tP(sinht)" ' dt < C/ ¢ (sinh£)"' dt.
0 n

0

Since &tht is monotone increasing on (0, 00), by (11), (12) and (13) we derive

(sinh )" dt

/Rl Plen(l= V)
0 1 +v)s1
o0 —]1—
B le [v|" 1P dt
- (Ry)"#

S WP sinh )" () e Pt R Csinhe "
= Le - t —_— dt
(Ry)"# 0 4

Ry
f t P (sinht)" ' dt
0

o0
<C, f [v|"(sinh £)""1¢7# dt. (14)
R

1

Combining (10) with (14), we obtain the desired inequality of Theorem 1 for R; < R. This

accomplishes the proof of Theorem 1.

4 Sharpness
In this section, we show that the desired inequality in Theorem 1 does not hold if the power
~4 is replaced by any p < .7

We choose {u;}72; as follows:

s if0 <d(0,x) <e’,
_1
() = 0,,Ci { | Ind(0,x) k"7, if e <d(0,x) <1,
0, ifd(0,x) > 1,
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where C; = (k™! fel,k 7 (sinh )" dt)"# . It is easy to check that C; — 1 and C,f%lk -k—0
as k — 00. Let v (d(0,x)) = ui(x), then

K5 ifo<t<e,
1
vi(t) =, " Ci 3 |Intlk 7, ifek<t<1,
0, ift>1.

By calculation, we derive that

o0
/ [Veu|" dV = w1 / ‘vk(t) ’n(sinh 8" tdt
H" 0

n 1
:(Ck) / t(sinh )" dt

k —k
-1
and

lox (%)
——dV
mn (d(0,x))P

= W1 / |vi()|" (sinh )"t dt
0
ok
= (Ck)”/ k" (sinh£)" L¢P dt
0
1
+ (Ck)”/ k7| In¢|"(sinh 0" 1P dt
ok
k- 1
-0(Gem) + (i)
1
=0[ = ). 15
() 5)

It follows that

P (0t (1~ B) | 71)
an T+ w0,y 2"

/N D (0t (1 - £) |yl 71)
= Wp-1
0

Ty £ (sinh )" dt

-1

_1 "
(u(1 - L), Cek ™™
>

RN )
R / (sinh &) 1¢ 7P dt
(1+ |, Ckk | 0

((n-BKCI)

-1 n-1
A+ o, Cck w [)?

n—pB)k

~ kP (16)

as k — oo.
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When p < -, we can apply (15) and (16) to obtain

n-1’

D(at, (1 - B) | 71) |tz ()] B
n d 76[
f s W a0 V(fH (@(0,2)° V)

-1
> kl‘I’”T

— 00. (17)

Thus, we accomplish the proof of Theorem 2.

5 Conclusions

In this paper, we prove a singular version of Moser-Trudinger inequality with the exact
growth condition in the #-dimension hyperbolic space H". It is well known that the Moser-
Trudinger inequality plays an important role in nonlinear analysis and can be applied to
study the ground state solutions of N-Laplacian equation with critical exponential growth.
Our results represent very good progress on modern analysis and geometric inequalities.
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