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Abstract

In this paper, we establish new Poisson type inequalities with respect to a cone. As
applications, the integral representations of harmonic functions are also obtained.

Keywords: Poisson type inequality; harmonic function; integral representation

1 Introduction

Let B(P,R) denote the open ball with center at P and radius R in R”, where R” is the n-
dimensional Euclidean space, P € R” and R > 0. Let B(P) denote the neighborhood of
P and Sg = B(O, R) for simplicity. The unit sphere and the upper half unit sphere in R”
are denoted by S; and S7, respectively. For simplicity, a point (1,®) on S; and the set
{©;(1,0) e '} for aset I', I' C Sy, are often identified with ® and I', respectively. Let
A x T" denote the set {(r,®) e R";r € A,(1,0) € '}, where A C R, and I" C S;. We denote
the set R, x S§7 = {(X,x,) € R"; %, > 0} by T,,, which is called the half space.

We shall also write /; &~ h, for two positive functions /; and 4, if and only if there
exists a positive constant & such that a ™'/ < hy < ah;. We denote max{u(r, ®),0} and
max{-u(r, ®),0} by u*(r, ®) and u~(r, ®), respectively.

The set R, x I' in R” is called a cone. We denote it by &€,(I"), where I' C S;. The
sets I x I" and I x dT" with an interval on R are denoted by &,(T";/) and &,(T;I), re-
spectively. We denote €,(I") N Sg and &,(T'; (0, +00)) by &,(I';R) and &,(I"), respec-
tively.

Furthermore, we denote by do (resp. dSg) the (n — 1)-dimensional volume elements in-
duced by the Euclidean metric on 9¢,(I") (resp. Sg) and by dw the elements of the Eu-
clidean volume in R”.

It is well known (see, e.g. [1], p.41) that

A*p(®)+Ap(®)=0 inT, )
1
¢(®)=0 onal,

where A* is the Laplace-Beltrami operator. We denote the least positive eigenvalue of this
boundary value problem (1) by A and the normalized positive eigenfunction corresponding
to A by ¢(©), [ ¢*(©)dS; =1.
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We remark that the function rRi¢(®) is harmonic in €,(T"), belongs to the class
C?(€,(I")\{0}) and vanishes on &,(I"), where

28T =y + 24+ /(1 -2)2 + 4.

For simplicity we shall write x instead of R* — R~.
For simplicity we shall assume that the boundary of the domain I" is twice continuously
differentiable, ¢ € C*(T) and g—‘ﬁ >0 on dI'. Then (see [2], pp.7-8)

dist(®,dT") ~ ¢(0®), (2)

where ® € I'.
Let 8(P) = dist(P, 3¢,,(I")). Then

forany P=(1,0) €T (see [3]).
Let u(r, ®) be a function on &,(I"). For any given r € R, The integral

[ utrere)as,
r
is denoted by NV, (r), when it exists. The finite or infinite limit

lim N N(r)

r—0o0

is denoted by %,,, when it exists.

The function

3Ge, (P, Q)

Pe, (P, Q) = o

is called the ordinary Poisson kernel, where Ge ) is the Green function.

The Poisson integral of g relative to €,(T") is defined by

1
Ple,r(gl(P) = — / Pe, (P, Qg(Q)do,
Sy(l)

n

where g is a continuous function on 3¢, (I") and % denotes the differentiation at Q along

the inward normal into €,(T").

Remark1 (see [4]) LetI' = S;. Then

log|P-Q*| -log|P-Q|, n=2,

Gr,(P,Q) =
IP- QP ~IP-Q" >, n=3,
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where Q* = (Y, -y,), that is, Q* is the mirror image of Q = (Y, y,) on dT,,. Hence, for the
two points P = (X, x,) € T, and Q = (Y,y,) € 9T, we have

2P~ QI n=2,

9
PTn(P’ Q) = —GTn(Pr Q) =
Ing 2(n—2)|P - Q| ™"x,, n>3.

We consider functions f satisfying

4
/ VACEL @
Su(T) 1+t

where p > 0 and

R —-n+2
y>—————+n-1
p
Further, we denote Ar the class of all measurable functions g(¢, ®) (Q = (¢, ®) = (Y,y,) €
¢,(IN)) satisfying the following inequality:

t, d)|P
/ L( )|1§0 dw < 00 (5)
¢,.(I) 1+ert

and the class Br consists of all measurable functions k(¢, @) ((t, @) = (Y, y,) € 6,(I)) sat-
isfying

p
/ 1n(, P)I 9 do < co. (6)
s, 1+ tv-1 9n

We will also consider the class of all continuous functions u(t, ®) ((¢, ®) € €,(I")) har-
monic in €,(I") with u* (¢, ®) € Ar ((¢, ®) € €,(I")) and u* (¢, ®) € Br ((t, ) € S,(I")) is
denoted by Cr.

Remark 2 If we denote I' = Sf in (5) and (6), then we have

dY < oo

/ynlf(Y,yn)ldQ<oo and lg(Y,0)]

1+ ¢r+2 0T, 1+t

Theorem A (see [5]) Let g be a measurable function on 9T, such that

lg(Q)I
d
fm T+1Qp Q<

Then the harmonic function Plr, [g] satisfies P, [g](P) = o(rsec”™ 61) as r — oo in T),.

2 Results
We first obtain the solutions of the Dirichlet problem with continuous data on the bound-

ary of a cone.
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Theorem 1 Let

-n+1
A ifp>1,

N'>y-n+l ifp=1,

and g be a continuous function on ¢, (") satisfying (4). Then the function Pl¢,r)[g](P)
satisfies

Ple,r[gl(P) € C*(€,(I") N C*(€,(T)),
APle,r)[gl(P) =0  in €,(T),
Ple,a)[gl(P) =g on dC,(I'),

n—

y-1
li 7 " (®)PI P)=0.
N S ¢" " (O)PLe,,m [g](P)

For the related results about the growth properties of PIr, [¢](P) in the upper half space,
we refer the reader to the paper by Zhang and Piskarev (see [6]). Corollary 1 generalizes
Theorem A to the conical case.

Corollary 1 Let g be a continuous function on 9¢€,(I") satisfying (4) with p =1 and y =
-8~ + 1. Then Pllg,,)[g](P) is a harmonic function on €,(I") and

li N, 1(@)PI P) =0.
oopim " ® (®)PLe, ) [gl(P)

From Theorem 1 we immediately have the following result.

Corollary 2 Let g be a continuous function on 3€,(T") satisfying (4) withp =1 and y =
—R~+1. Then

%Mcnm[g] = %Pﬂcn(r)[lgll =0.

It is well known thatif #7>0on T, and & € C51+ (see Remark 2), then [7-10] there exists
a constant ¢ > 0 such that

h(P) =PIz, [h](P) + cx,, (7)

forall P = (X,x,) € T,, the integral in (7) is absolutely convergent. In the half space, similar
results about integral representations of analytic functions and harmonic functions were
proved by Khuskivadze and Paatashvili (see [11]), Su (see [5]) and Xue (see [12]), respec-
tively. Motivated by these results, we will prove that if /1 € Cr, then a similar representation
to (7) also holds in €,(T").

Theorem 2 Ifh > 0 on €,(I") and h € Cr, then h € Br and
h(P) = Ple,r[1(P) + %™ 9(©) (P = (r,0) € €,(I)). ®)

Remark 3 Equation (8) is equivalent to (7) in the case I' = ;.
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3 Lemmas
The following estimates of P¢,r)(P, Q) play an important role in our discussions.

Lemma 1 (see [13], Lemma 4 and Remark)

P, (P, Q) < M ¥ (@) ©)

(resp. Pe, (P, Q) < Mr™ Y 79(©)), (10)
where P € €,(T") and any Q € &,,(T") such that 0 < f < % (resp.0< 7 < %);

»(©) re(®)

Pe,n(P,Q) =M : 11
(P Q <M+ M=o 1)
where P = (r,0) € €,(T") and any Q € 6,(T; (%r, %r)). We have
aG@n(Fi(tlth))((tl’ @), (r, ®)) <M t_l - ¢(q>)ﬁ(®) (12)
at r tif
and
_M(L)R q)(q))ﬁ(@) < 3G e, (ryt,00)) ((£2, D), (1, (~))), 13)
15 tg at

where G,y 1)) is the Green function of €,(T'; (¢1, 1)) and 0 < 2t; <r < %tz < +00.

>

Lemma 2 For Q' € 9¢€,(T") and any € > 0, there exists a neighborhood B(Q') of Q' in R”
and a number R (0 < R < 00) such that

1
L / IPe,y (P, Q)] |¢(Q)| do <6, (14)
Cn J&,(T3(R,00))

where P € €,(I") N B(Q') and g is an upper semi-continuous function. Then

limsup Ple,r(gl(P) <g(Q).
PeC,(I),P—Q

Lemma 3 (see [14]) Let 0 < r < R and u(t, ®) be a subharmonic function on €,(T; (r,R)).
Then

/ 1 & Aud
— - udw
s\ 1 RE )Y

u 1 N\ 9 dy(r
:X/ l—(pldSR+/ u(—l——)—(pda+d1(r)+ 2(),
&(rir) R GuinR) \E'TH RX ) on Rx

where
R~ ¢ u
di(r) = - ———ds,,

+ du  Ntugp
dy(r) = Nop— - —=4ds,.
0= [ -
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Proof Apply the second Green formula to the subharmonic function u(t, ®) and

Tl

w(t, ®) = (L - —)sa = (e

tv-1 Rx

in the domain &,(T'; (r, R)).
Then

av ou v ou
vAudw = u— —v— | dSp + u— —v— | dsS,
€u(T5(,R)) Gumr\ On  0n Gy \ On  On

/ ( v Bu)
+ u— —v— |do
GuirnR) \ 01 On

, ou
@ [ wpdse-u) [ p3tas,
Sn(T3R) Su(rsr) 0N
, dp
+ ' (r) u@ dsS, + uy(t)—do,
Gu(Tir) S(T3(rR)) on
which yields the desired result. O

Lemma 4 Let h(r, ®) be a harmonic function on &,(T") vanishing continuously on &,(T),
then h(r, ®) = %™ ¢(©) for 0 < r < c0.

Proof Note that /(r, ®) is twice continuously differentiable on {(r,®) e R": (1,0) € T, 0 <
r < oo} (see [15], pp.101-102). By differentiating twice under the integral sign,

02 %h(r,®
Nir) _ [ .0 oyas,
r

or? ar?

~ n—l/@h(r,@)
B r ar

r

1
¢(©)ds) - — /F (A*h)@(©)dS;.

Hence, we obtain from the formula of Green (see, e.g. [16], p.387)

/(A*h)<p(®)d51 :/h(A*(p(@))dSl.
r

r

So

PNL(r) n-1aN,(r) A ~
ar? " r ar _r_zNh(r)_O

for any r (0 < r < 00), which gives
Niu(r) = ArY + BN (0 <r<o0),
where A and B are constants independent of . We remark that 4(r, ®) converges uni-

formly to zero as r — 0 and hence lim,_, o NV, (r) = 0. Thus A = %},. Since N(r) = U™,

the conclusion of Lemma 4 follows immediately. O
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4 Proof of Theorem 1

Since the case 0 < p <1 can be proved similarly, we only consider the case p > 1 here.
LetP = (r,®) € €,(I") be fixed. We take a number R such that R > max(1, %r). IfRY > V_TM

and }7 + % =1,then (R + [% -1)qg+n-1<0.By(7),(10) and Holder’s inequality with respect

to the modified Laplace operator, we have

1
— ))\Pem(a Q)|lg(Q)| do

Cn S4(T5(R,00
1

1 1

+ - Y_ q iz

< Mc'r™ w(@)( f A 1’%) ( / (o)l da)
&u(T3(57,00)) &(I5(R,00))

< M/rpw(®)< f Qe da)”
Sy (T3(R,00))

) . 5 N’—1+[V7+”T’1 y -
M =Mc,"| — ly-1-=|)g+1-n) .
4 p

Thus Pl¢,r[g](P) is finite for any P € €,(T"). Since P¢, (P, Q) is a harmonic function
of P € €,(I") for any Q € &,,(I), Pllg,,)[g](P) is also a harmonic function of P € €,(T").
Consider

Q=

li PI P = o0
Pecn(}‘r;?p_)Q, cn(r)[g]() g(Q)

forany Q' € 3¢,,(I"), and apply Lemma 2 to g(Q) and —g(Q). Take any Q' = (¢, ®’) € 3¢, (T")
and € > 0. Let § be a positive integer. Then from (15), we can choose a number R, R >
max{1,2(¢ + 8)} such that (14) holds for any P € &,(I") N B(Q’, §).

For € (> 0) mentioned above, there exists R, > 1 such that

P
/ 1g(Q)] do <c
G(Ti(Re,00)) 1 +127

We put P = (r, ©) € &€,(T") satisfying r > %Rg, and write

IP]IQ‘”(F) [g] < PI; + PI, + PII3 + Pl + PIs,

where

1

PI = — |Pe, gl do,
Cn J&,(50,1))
1

Pl = — IPe,mllgldo,
Cn Su(T(LRe])
1

Pl = — . IPe,llgldo,

)

Cn J&,(Mi(Re, 311
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1
PL, = — f [Peyrllgl do,
Cn J&u(Ti(Er,37)

1
Pl; = — [Pe,mllgldo.

Cn J &,(T3[ 3 r00))
Ify>(-R*-n+2)p+n-1,then {R* -1+ [%}q +n—-1>0.By (9) and Holder’s inequality

with respect to the modified Laplace operator we have

PL,(P) < M ¢(©) / ' 1g(Q)] do
Sy (T5(LRe])

1 1
_ p + q
<M® (p(@)(/ ’g(Q)|pt_y dcr) </ 15 dcr)
Su(T;A,Re]) Su(T;A,Re])

B S W e 52
< Mr™ R " p(0), (16)
PL(P) < Mr™ ¢(®), 17)
—n+l
Ply(P) < Mer » ¢(O). (18)

If R* > V_T’”l, then (R~ -1+ %}q +n—1<0. We obtain by (10) and Hélder’s inequality
with respect to the modified Laplace operator

PL,(P) < M ¢(0) / N g(Q)| do
Sn(T;[57,00))

1 1
. iz SR q
<M go(@)(/ lgQf da> </ (N Z”da)
Su(T3[57,00)) &u(T3[57,00))
—-n+l
<Mer' 7 ¢(O). (19)
By (11), we consider the inequality
PI4(P) < Py (P) + Py (P),
where
PL(P) = M(0) | £-1¢(Q)| do,
SuTi(Er5r)
Pl (P) = Mro(0) / LGl
GH(F;(%r,%r)) |P - an
We first have
PL(P) < Mp(©) [ 81 g(Q)| do
Su(Ti(3,37)
=M y(©) | £ g(Q)| do
&u(T3(£1,00))
—n+l
< MerVT 0(©), (20)

which is similar to the estimate of PI5(P).
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Next, we shall estimate Pl4,(P). Take a sufficiently small positive real number b such
that &,(T; (%r, %r)) C B(P, %r) for any P = (r, ®) € I1(b), where (see [10, 17, 18])

@) = [P=(r,0) e €,(1; inf |(1,6) - (1,2)] <b,0 < < o0]
zZ€E
and divide €,(T") into two sets I1(b) and €, (I") — T1(b).

If P=(r,®) € €,(I") — T1(), then there exists a positive b’ such that |P — Q| > b'r for any
Qe 6,(TI), and hence

PLy(P) < Mg(©) / 1|(Q)| do
&u(Ti(Er3r)

—n+l
<Mer' 7 o(O). (21)

Put P = (r,®) € T1(b) and set
4 5 o .
H;(P) = {Q € Gn(F; (gr, Zr>>;2‘ 3(P)<|P-Q|< 2‘8(P)}.
Since 6,(I') N{Q e R": |P - Q| < §(P)} = &, we have

i(P)
1g(Q)]
PH I) =.A4 () d ’
42(P) ;Lj(P)V¢( )|P—Q|” o

where i(P) is a positive integer satisfying 2/P)1§(P) < £ < 2/P)5(P).
By (3), we have r¢(®) < MS§(P) (P = (r, ®) € &,(TI")). By Holder’s inequality with respect

to the modified Laplace operator (see [8]) we obtain

2(Q)
® d
/Hl.@)"”( o ®

2(Q)
= /H,.<p> O G )y

do

<m2"gt©) | £7e(Q)|do
H;(P)

y—n+l

<Mer r ¢'™(0®)

fori=0,1,2,...,i(P).
So

—-n+l
Plyy(P) < Mer' 7 ¢'"(O). (22)
Combining (16)-(22), we finally obtain
y=n+l
Ple, ) [gl(P) =o(r 7 ¢'7(©))

as r — 00, where P = (r, ©®) € €,(I"). Thus we complete the proof of Theorem 1.
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5 Proof of Theorem 2
We apply Lemma 3 with R > r =1 to & in €,(T"; (1,R)) and have the following result (see
[3,19]):

where

=
m (R):X/ ——— dSpg,
. Y

ok oh
dl 2/ R‘h(p—(p—dSl, dz :/ O— —N+h(pd51.
Sp(T51) on S 07

If R > 2, then we have
3 b o 1 &\ 9
m_(R)+—/ _l_wdafm_(R)+/ h_(—l——)—(/)da
4 Je, k) ' on Su(T5(1,R)) vt Rx ) on

+

ht 0
=m®)+ 2 o v ldi] + 1), (23)
Su(riLR) 7 O

Since & € Cr, we obtain by (5)

00 + "
/ m+—(R)dR:/ r )p(pda§2/ U )p(pda<oo,
1 R n(T5(1,00)) ¢

tr+l (D) 1+l

which yields (see [7])
I%m infm, (R)=0. (24)

Combining (6), (22) and (23), we conclude that (see [9, 20])

. ..3 (h)F og
liminf — —do <0,
Rooo 4 Je, (k) 771 On

which gives

/ (h7) d¢
— 5 do <0
S,() 1+t719n

Notice that the condition (6) is stronger than (4), / also satisfies (4) by Theorem 2. Con-
sider the harmonic function

' (P) = h(P) ~ PLe,,r)[H](P),

which vanishes continuously on &,(I") by Lemma 2.
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Since
Uy = U + Wbt )

it follows from Corollary 2 that %, = %,.
Hence, by applying Lemma 4 to /'(P), we obtain (8). Then Theorem 2 is proved.

6 Conclusions

In this paper, we discussed the improved Poisson type inequalities with respect to a cone
only using gradient information. They inherited the advantages of the Poisson type conju-
gate gradient methods for solving the unconstrained minimization problems, but they had
broader application scope. Moreover, the integral representations of harmonic functions
are also obtained.
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