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Abstract

In this paper, we investigate the existence of positive solutions for the boundary value
problem of nonlinear fractional differential equation with mixed fractional derivatives
and p-Laplacian operator. Then we establish two smart generalizations of
Lyapunov-type inequalities. Some applications are given to demonstrate the
effectiveness of the new results.
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1 Introduction

Lyapunov’s inequality [1] has proved to be very useful in various problems related with
differential equations; for examples, see [2, 3] and the references therein. Recently, many
researchers have given some Lyapunov-type inequalities for different classes of fractional
boundary value problems (see [4-10]). In [7], Ferreira investigated a Lyapunov-type in-
equality for the fractional boundary value problem

D% y(t) +q(t)y(t) =0, a<t<b,
y(a) =y(b) =0,

(1.1)

where D%, is the Riemann-Liouville fractional derivative of order o, 1 <@ <2, g and b are
consecutive zeros, and ¢ is a real and continuous function. It was proved that if (1.1) has a
nontrivial solution, then

b 4 a-1
f lq(®) ds > r<a)<—) . 12)
a b-a

Obviously, if we set & = 2 in (1.2), one can obtain the classical Lyapunov inequality [1].
In [8], Jleli and Samet considered the fractional differential equation

D%y(t) + qt)y(t) =0, a<t<bl<a<2, (1.3)
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with the mixed boundary conditions
y(a)=y'(b)=0 (1.4)

or

¥ (a) =y(b) =0, (1.5)

where CDZ+ is the Caputo fractional derivative of order 1 < o < 2. For boundary conditions
(1.4) and (1.5), two Lyapunov-type inequalities were established, respectively, as follows:

b I'(x)
a-2
[ - aas = 0 (1.6)

and

b
[ -9 la0)|es= T, 17)

Recently, we considered in [11] the same equation (1.3) with the fractional boundary
condition

y(a) = “D.y(b) = 0,

where 0 < 8 <1.
In [12], Arifi et al. considered the following nonlinear fractional boundary value problem
with p-Laplacian operator:

DP(@,(D% u(®))) + x(£)D,() =0, a<t<b,
u(a) =u'(a) =u'(b) =0, D% u(a) = D% u(b) = 0,

(1.8)

where 2 <@ <3,1< 8 <2,D% Dﬁ+ are the Riemann-Liouville fractional derivative of

at?

orders &, B, ®,(s) = |s|Ps, p > 1,and x : [a,b] — R is a continuous function. It was proved
that if (1.8) has a nontrivial continuous solution, then

b
[ -9 16-a ] as
-P

b 1
> (r@) ree-a( [ e-926-as) (1.9)

More recently, Chidouh and Torres in [13] considered the following boundary value
problem:

DL y(t) +qOf () =0, a<t<b,
y(a) = y(b) = 0,

(1.10)

where D¢, is the Riemann-Liouville fractional derivative with 1 <« <2, and g : [4,b] —
R, is a nontrivial Lebesgue integrable function. Under the assumption that the nonlinear
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term f € C(R,,R,) is a concave and decreasing function, it was proved that if (1.10) has a

nontrivial solution, then

(o)
()| ds > (1.11)
/ 4] )a -y fw)’
where 1 = maxe[4,5) ¥(¢). Obviously, if we set f(y) = y in (1.11), one can obtain a Lyapunov
inequality (1.2).
Motivated by the above work, in this paper, we consider the fractional boundary value
problem
DP(®,(CD% u(t)) - k()f u(t)) =0, a<t<b,

@ (1.12)
u'(a) = CD‘;‘+ u(a) =0, u(b) = CDZ+ u(b) =0,

where 1<, 8 <2,and k: [a,b] — Ris a continuous function. We write (1.12) as an equiv-
alent integral equation and then, by using some properties of its Green function and the
Guo-Krasnoselskii fixed point theorem, we can obtain our first result asserting existence
of nontrivial positive solutions to problem (1.12). Then, under some assumptions on the
nonlinear term f, we are able to get two corresponding Lyapunov-type inequalities. Finally
in this paper, two corollaries and an example are given to demonstrate the effectiveness of
the obtained results.

2 Preliminaries

In this section, we recall the definitions of the Riemann-Liouville fractional integral, frac-
tional derivative, and the Caputo fractional derivative and give some lemmas which are
useful in this article. For more details, we refer to [14, 15].

Definition 2.1 Let« > 0 and f be areal function defined on [, ]. The Riemann-Liouville

fractional integral of order « is defined by ,/°f = f and

(I;ﬂf)(t) = ﬁ /at(t—s)“_lf(s) ds, «>0,t€]a,b].

Definition 2.2 The Riemann-Liouville fractional derivative of order « > 0 of a function
f:la,b] = R is given by

" _ 1 ar ()
(Da+f)(t) - F(l’l _ C() e /ﬂ (t _S)a—n+1 ds,

where 7 is the smallest integer greater or equal to « and I" denotes the Gamma function.

Definition 2.3 The Caputo derivative of fractional order & > 0 is defined by DO, f = f
and

(CDZJ)(L‘) = ﬁ /at(t — )M () ds, «>0,t€[a,b],

where 7 is the smallest integer greater or equal to «.
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Lemma 2.1 (Guo-Krasnoselskii fixed point theorem [16]) Let X be a Banach space and let
P C X be a cone. Assume Q2 and Q2 are bounded open subsets of X with 0 € Q1 C Q1 CQ,,
and let T: PN (Qy \ Q1) — P be a completely continuous operator such that

(i) | Tull = u|| for any u € PN O and ||Tu|| < |\ul| for any u € PN 32y; or

(i) | Tu|l < ||ull for any u € PN 32 and || Tu|| > ||u|| for any u € PN 9.

Then T has a fixed point in PN (Q \ Q).

Lemma 2.2 (Jensen’s inequality [17]) Let v be a positive measure and let Q2 be a measurable

set with v(2) = 1. Let I be an interval and suppose that u is a real function in L(dv) with
u(t) el forallt € Q.Iff is convex on I, then

f(/ u(t) dv(t)) < / (f o u)(2) dv(2). (2.1)
Q Q
Iff is concave on I, then the inequality (2.1) holds with < substituted by >.

3 Main results

We begin to write problem (1.12) in its equivalent integral form.

Lemma 3.1 Ifue Cla,b],1<a,B<2,p>1, cmd[l? + % =1. Then BVP (1.12) has a unique

solution

b b
u(t) = f G(t,5) P, (/ His, r)k(r)f(u(t)) dr) ds, (3.1)

a

where

1 |(b=-s)*t—(t-5)*", a<s<t<bh,

Glt,s) = —— 3.2
(t:3) L) | (b-s)1, a<t<s<b, 2
and
s=a\B-1(} _ \B-1 _ (g _ 7)B-1
Hiso) = L G- -, asT<s<h (3.3)
FB) | (s=2)p1(b - 1)f, a<s<t<bh.

Proof Set ®,(°D%, u(t)) = v(t). Then BVP (1.12) can be turned into the following coupled

boundary value problems:

DPv(t) = k(e)f (u(t)), a<t<b,
v(a) =v(b) =0,

(3.4)

and

‘DY u(t) = d,(v(t)), a<t<b,
u'(a) = u(b) = 0.

(3.5)

Page 4 of 11
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From Lemma 2 of [7], we see that BVP (3.4) has a unique solution, which is given by

b
v(t) = —/ H(t,)k(s)f (u(s)) ds, (3.6)

where H(t,s) is as in (3.3). Moreover, by Lemma 5 of [8], we see that BVP (3.5) has a unique
solution, which is given by

b
u(t) = —/ G(t,5)P4(v(s)) ds, (3.7)

where G(t,s) is as in (3.2). Substitute (3.6) into (3.7), we see that BVP (1.12) has a unique
solution which is given by (3.1). (|

Lemma 3.2 The Green'’s function H defined by (3.3) satisfies the following properties:
(1) H(t,s) =0 foralla <t,s <b;
(2) max;epap H(t,s) = H(s,s),s € [a, b];

(3) H(s,s) has a unique maximum given by

(b-a)!
e = gy’

(4) min, _ za:b st]H(t,s) > o (s)H(s,s),a<s<b,
4 4

where

(B=a)b=9)\B-1_(j_g)p-1(4£3b _)p-1

o(s)= (=a)P (b5 ifs € (@cpl
(4[(93__2) )ﬂ71 l:fS € [Cﬂj b)1

a+43b _ bA,g 3\ A1 1\f1 ﬁ
cgi=——, Aﬂ = — N .
1-Ag 4 4

Proof The first three properties are proved in [7]. For convenience, we set

B
hl(t,s)zi«t—“) (b—s)ﬁ-l—(t—s)f’-l>, s<t

(3.8)

rB)\\b-a
and
1 t—a\’! A1
hz(t,S): F]B)(m) (b—S) 5 t<s.

From [7], we know that /(¢,s) is decreasing with respect to ¢ for s < ¢, and hy(¢,s) is

increasing with respect to ¢ for £ <s. Thus

m(=2,s) ifs € (a, 22),

min  H(t,5) = { min{l; (238, s5), hy (3222 5)}  if s € [3arb at3b)

e 2t ) ! i Pood
(342, 5) if s € [4£22, D).
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From
3b 3a+b
hl<a+ ,S)=h2( a + ,s)
4 4
we have
at;—%—s /3-1_ 3\ A1 1\ A1
b-s 4 4) 7
which implies that
“® —bAy
§= ——— =¢p,
1-Ag

where cg and Ag are as in (3.8). It is easy to check that A4 < 2 and ¢4 < %31’. On the other
hand, since

3614 gh-1 > 2/3F-1851 > 473587 967 5 981,
we have
3 p-1 2 p-1 1 B-1
- <[= +(=)
4 3 4
3a+b

from which we deduce that Ag < % and ¢4 > 3
of the equation /1, (%22, s) = 11, (342 5). Hence

3a+b a+3b
4 7 4

.Socp e ( ) is the unique solution

4 4
h a+3b, ifse , s
min Hs) - (222,5) if s € (a,cq]
te[3ath at3h) h2(3“4+b,s) ifs € [cg,b)
1 (@)ﬁ—l_(# -s)f1 ifse(a,cpl,
T(B) | (L)pt if s € [cg, D)
> o(s)H(s,s). -

Remark 3.1 Since 2”3”’ < 21’3‘ 4 implies 3a < b, we see that the conclusion of Lemma 7(4)

in [13] only holds for a < g.

Lemma 3.3 ([8]) The Green’s function G defined by (3.2) satisfies the following properties:
(i) 0<G(t,s) < G(s,s) = ﬁ(b —-8)* L foralla<t,s<b;
(i) G(s,s) has a unique maximum given by
B 1

G(s,s) = b-a)
max (s,8) F(a)( a)

(iii) minte[g%b‘%sb] G(t,s) > u(s)G(s,s),a < s < b, where

a+3b s

1_( z—s )cx—l lfSG(&l, uJ:L_Sb],

1 ifs € [%32,b).
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Let E = Cla, b] be endowed with the norm ||x|| = maX;c[q,) |%(¢)|. Define the cone P C E by
P={xeE|x(t) > 0Vt € [a,b] and ||x| #0}.

Theorem 3.4 Let k: [a,b] — R, =[0,+00) be a nontrivial Lebesgue integrable function.
Suppose that there exist two positive constants ry > r1 > 0 such that the following assump-
tions:

(H1) f(x) = p®p(r1) for x € [0, 1],

(H2) f(x) < w®,(ry) for x € [0, 1],

are satisfied, where

a+3b 1

b as3h _
0= |:/ o(r)H(r,1)k(r)dt x @, </34+b w(s)G(s,s) ds>i|

and

:[f H(t,t)k(z)dr x ® (f:G(s,s)ds)]_l.

Then FBVP (1.12) has at least one nontrivial positive solution u belonging to E such that

rn < |lull < r.

Proof Let T : P — E be the operator defined by

Tu(t) = / G(t,s)® </ H(s,t (t)) dr) ds

By using the Arzela-Ascoli theorem, we can prove that T : P — P is completely contin-
uous. Let Q; ={u € P: ||u|| <r;}, i =1,2. From (H1), and Lemmas 3.2 and 3.3, we obtain
fort e [S“T”’,%Sb] andu € PNoYy

b b
(Tu)(t) > / min _ G(t,5) P, (/ H(s, r)k(r)f(u(r)) dr) ds

t€[3a+b’a+3b]

b
2/ w(s)G(s,s) Py (/ H(s,t k(r)f( (r))dr)

a+3b

2/32: w(s)G(s,s)ds - @ < min H(s,r)k(r)f(u(t) )

a Se[3a+b a+ ]

a+3b

2/3 z w(s)G(s,s)ds - @ < U(‘L’)H T,T k(r)f(u(r)) d‘[)

4

a+3b

zf3 A; 11(5)G(s,5) ds - B ( U(r)Ht z k(r)dr) ®,(0) 1

= llul.
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Hence, || Tu|| > ||| for u € PN 3. On the other hand, from (H2), Lemmas 3.2 and 3.3,

we have

b b
| Tu|| = tI;l[g)Z]‘/ G(t,5)®, </ H(s, T)k(t)f (u(1)) dr) ds
b b
5/ G(s,s)ds - d>q</ H(z, 0)k(t)f (u(z)) dr)
b b
5/ G(s,s)ds - @, </ H(r,r)k(r)dr) O (w)ry = ||ull

for u € PN 9L2. Thus, by Lemma 2.1, we see that the operator T has a fixed point in
uePN(Q\ Q) with r; < ||lu| <ry, and clearly u is a positive solution for FBVP (1.12).
Next, we will give two Lyapunov inequalities for FBVP (1.12). O

Theorem 3.5 Letk:[a,b] — R, beareal nontrivial Lebesgue function. Suppose that there
exists a positive constant M satisfying 0 < f(x) < M®,(x) for any x € R.. If 1.12) has a

nontrivial solution in P, then the following Lyapunov inequality holds:

b 48-11(8) INCES))
[ e st )

Proof Assume u € P is a nontrivial solution for (1.12), then ||u#|| # 0. From (3.1), and Lem-
mas 3.2 and 3.3, Vt € [a, b], we have

b b
0<ut)< / G(s,9)®, (/ H(z, 0)k(x)f (u(7)) dr) ds
b b
</ G(s,s)ds - <I>q(f H(r,r)k(t)dr) D, (M) ||u]|

1 b . b (b—ﬂ)ﬂ_l
< m/ﬂ (b-s) lds.CDq( ) Wk(r)dr>¢q(M)”””

! v o (b=ay N
zr(a+1)(b_a) 'q)q(zl.ﬁ—lr(ﬂ))q)q(/a k(t)dt)dbq(M)”u”,

which implies that

b 48-11(8) (o +1)
/ﬂ k(r)dT>M(b—a)ﬂ1q>p<(b—a)°‘>' O

Theorem 3.6 Let k : [a,b] — R, be a real nontrivial Lebesgue function. Assume that f €
C(R,,R,) is a concave and nondecreasing function. If (1.12) has a nontrivial solution u € P,
then

b AT, )00
R e T

where 1 = maXe[qp) U(t).
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Proof By (3.1), Lemmas 3.2 and 3.3, we get

b b
ute) < [ G(s,s)obq( [ H(r,t)k(t)f(u(r))dr) &,

1 b o (b - a)f! b
flaell < T /a (b-s)""ds- ¢q(m)¢q</a k()f (u(r)) d1>
(b-a) (b—a)f b
B T(a+1) cI>q( 4F-1T(B) >d)q(/; k(T)f (u(7)) d‘L’),
Using Lemma 2.2, and taking into account that f is concave and nondecreasing, we see
that
et < 229 g (“"“)'3'1)@ (/bk(s)ds)cb (fbw>
e+l 1 45-1T(B) q ; q g fﬂbk(s) &
(b-a) (b-a)! b
“T+1) ¢q<4ﬂ—1r(ﬁ)>d’q(/ﬂ k(s) ds) D4 (f (),

where 7 = maxe[,,) 4(t). Hence,

b 45717 (B) D, (T (e + 1))@, (1)
/ﬂ k(s)ds > (b - a)yr+F~-1f(n)

The proof is completed. O

4 Applications
In the following, some applications of the obtained results are presented.

Corollary 4.1 If A € [0, 4“3’11"(;‘3)(1)1,(1"(01 +1))], then the following eigenvalue problem:

D (®p(CDgy(1)) - 2, (1)) =0, 0<t<l, @1
y(0)=Dgy(0)=0,  y1)=°Dgy(1)=0,
has no corresponding eigenfunction y € P, wherel <o, <2,and p > 1.

Proof Assume that y, € P is an eigenfunction of (4.1) corresponding to an eigenvalue 1 €
[0,45‘1F(ﬂ)d>p(r‘(oz +1))]. By using Theorem 3.5 witha =0, b =1, k(s) = Ao and M =1
(f() = Pp(y)), we get

Ao > 4770 (B) @, (T (e + 1)),
which is a contradiction. O
From Theorems 3.4 and 3.6, we have the following.

Corollary 4.2 For fractional boundary value problem (1.12), let k : [a,b] — R, be a non-

trivial Lebesgue integrable function, and f € C(R,,R,) be a concave and nondecreasing
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function. If there exist two positive constants ry > ry > 0 such that the assumptions (H1) and
(H2) hold, then

b AP0 (B) p( (@ + 1) Py (r1)
/ k(r)dz > PR T —

Example 4.3 Consider the following fractional boundary value problem:

DY (®15(°Di2y)) —/tIn(15+y) =0, 0<t<l,
y/(()) CD4/3y(O) y(l) _ CD4/3y(1)

Obviously, we have

(i) f(») =In(15 +y) : R, — R, is continuous, concave and nondecreasing;

(ii) k() =+/¢:[0,1] > R, isa Lebesgue integrable function with fol k(t)dt = % >0
We now compute the values of p and w in (H1) and (H2), respectively.

) A
Since Az = ()2 - (3?2 =1- —, we have c3jp = 22 =1 — */— . where A3, and c3/o

1 A3/2
(B =3/2) are as in (3.8). Hence

2 (A=)

1 .
24172 lfSE[].—

LBUITL s e (0,1- 2],

o(s) = N 5
=, 1).

Thus, by a simple computation, we obtain
p ~61.7797, w ~ 3.8213.

Choosing r; =1/50 and r, = 1, we obtain

1. f(y) =In(15 +y) > pP;4(ry) for y € [0,1/50];

2. f(y) =In(15 + y) < w®;4(ry) for y € [0,1].
Hence, from Corollary 4.2, we obtain

r3/2)® 7/3
/ k(z) dt 2 sz ) ~0.0321.
In16

5 Conclusions

In this paper, we prove existence of positive solutions to a nonlinear fractional boundary
value problem involving a p-Laplacian operator. Then, under some mild assumptions on
the nonlinear term, we present two new Lyapunov-type inequalities. A numerical example
shows that the new results are efficient.
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