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1 Introduction
If p > , 

p + 
q = , am, bn ≥ , a = {am}∞m= ∈ lp, b = {bn}∞n= ∈ lq, ‖a‖p = (

∑∞
m= ap

m)

p > ,

‖b‖q > , then we have the following Hardy-Hilbert inequality with the best possible con-
stant π

sin(π/p) :

∞∑

m=

∞∑

n=

ambn

m + n
<

π

sin(π/p)
‖a‖p‖b‖q, ()

and the following Hilbert-type inequality:

∞∑

m=

∞∑

n=

ambn

max{m, n} < pq‖a‖p‖b‖q ()

with the best possible constant factor pq (cf. [], Theorem , Theorem ). Inequalities
() and () are important in the analysis and its applications (cf. [–]).

Assuming that {μm}∞m=, {νn}∞n= are positive sequences,

Um =
m∑

i=

μi, Vn =
n∑

j=

νj
(
m, n ∈ N = {, , . . .}),

we have the following Hardy-Hilbert-type inequality (cf. [], Theorem ):

∞∑

m=

∞∑

n=

ambn

Um + Vn
<

π

sin(π/p)

( ∞∑

m=

ap
m

mp–

) 
p
( ∞∑

n=

bq
n

nq–

) 
q

. ()
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For μi = νj =  (i, j ∈N), inequality () reduces to ().
In , Yang and Chen [] gave the following multidimensional Hilbert-type inequality:

For i, j ∈N, α,β > ,

‖x‖α :=

( i∑

k=

∣
∣x(k)∣∣α

) 
α (

x =
(
x(), . . . , x(i)) ∈R

i
)
,

‖y‖β :=

( j∑

k=

∣
∣y(k)∣∣β

) 
β (

y =
(
y(), . . . , y(j)) ∈R

j
)
,

 < λ + η ≤ i,  < λ + η ≤ j, λ + λ = λ, am, bn ≥ , we have

∑

n

∑

m

(min{‖m‖α ,‖n‖β})η
(max{‖m‖α ,‖n‖β})λ+η

ambn

< K

p

 K

q



[∑

m
‖m‖p(i–λ)–i

α ap
m

] 
p
[∑

n
‖n‖q(j–λ)–j

β bq
n

] 
q

, ()

where
∑

m =
∑∞

mi = · · ·∑∞
m=,

∑
n =

∑∞
nj = · · ·∑∞

n=, the series on the right-hand side are

positive, and the best possible constant factor K

p

 K

q

 is indicated by

K

p

 K

q

 =
[

�j ( 
β

)

β j–�( j
β

)

] 
p
[

�i ( 
α

)
αi–�( i

α
)

] 
q λ + η

(λ + η)(λ + η)
.

For i = j = λ = , η = , λ = 
q , λ = 

p , inequality () reduces to (). The other results on
this type of inequalities were provided by [–].

In , Shi and Yang [] gave another extension of () as follows:

∞∑

m=

∞∑

n=

ambn

max{Um, Vn} < pq

( ∞∑

m=

ap
m

mp–

) 
p
( ∞∑

n=

bq
n

nq–

) 
q

. ()

Some other results on Hardy-Hilbert-type inequalities were given by [–].
In this paper, by the use of weight coefficients, the transfer formula and the technique

of real analysis, a new multidimensional Hilbert-type inequality with multi-parameters
and a best possible constant factor is given, which is an extension of () and (). More-
over, the equivalent forms, the operator expressions and a few particular inequalities are
considered.

2 Some lemmas
If μ

(k)
i >  (k = , . . . , i; i = , . . . , m), ν(l)

j >  (l = , . . . , j; j = , . . . , n), then we set

U (k)
m :=

m∑

i=

μ
(k)
i (k = , . . . , i), V (l)

n :=
n∑

j=

ν
(l)
j (l = , . . . , j), ()

Um =
(
U ()

m , . . . , U (i)
m

)
, Vn =

(
V ()

n , . . . , V (j)
n

)
(m, n ∈N).

We also set functions μk(t) := μ
(k)
m , t ∈ (m – , m] (m ∈ N); νl(t) := ν

(l)
n , t ∈ (n – , n] (n ∈N),

and
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Uk(x) :=
∫ x


μk(t) dt (k = , . . . , i), ()

Vl(y) :=
∫ y


νl(t) dt (l = , . . . , j), ()

U(x) :=
(
U(x), . . . , Ui (x)

)
, V (y) :=

(
V(y), . . . , Vj (y)

)
(x, y ≥ ). ()

It follows that Uk(m) = U (k)
m (k = , . . . , i; m ∈N), Vl(n) = V (l)

n (l = , . . . , j; n ∈N), and for
x ∈ (m – , m), U ′

k(x) = μk(x) = μ
(k)
m (k = , . . . , i; m ∈N); for y ∈ (n – , n), V ′

l (y) = νl(y) = ν
(l)
n

(l = , . . . , j; n ∈N).

Lemma  (cf. []) Suppose that g(t) (> ) is decreasing in R+ and strictly decreasing in
[n,∞) (n ∈N), satisfying

∫ ∞
 g(t) dt ∈R+. We have

∫ ∞


g(t) dt <

∞∑

n=

g(n) <
∫ ∞


g(t) dt. ()

Lemma  If i ∈N, α, M > , 	(u) is a non-negative measurable function in (, ], and

DM :=

{

x ∈R
i
+ ; u =

i∑

i=

(
xi

M

)α

≤ 

}

, ()

then we have the following transfer formula (cf. []):

∫

· · ·
∫

DM

	

( i∑

i=

(
xi

M

)α
)

dx · · ·dxs =
Mi�i ( 

α
)

αi�( i
α

)

∫ 


	(u)u

i
α – du. ()

Lemma  For i, j ∈ N, μ
(k)
m ≥ μ

(k)
m+ (m ∈ N, k = , . . . , i), ν

(l)
n ≥ ν

(l)
n+ (n ∈ N; l = , . . . , j),

α,β > , ε > , we have

∑

m
‖Um‖–i–ε

α

i∏

k=

μ(k)
m ≤ �i ( 

α
)

εiε/α
 αi–�( i

α
)

+ O(), ()

∑

n
‖Vn‖–j–ε

β

j∏

k=

ν(k)
n ≤ �j ( 

β
)

εjε/β
 β j–�( j

β
)

+ Õ()
(
ε → +)

. ()

Proof For M > i/α
 , we set

	(u) =

⎧
⎨

⎩

,  < u < i
Mα ,


(Mu/α )i+ε , i

Mα ≤ u ≤ .

By (), it follows that

∫

{x∈Ri
+ ;xi≥}

dx
‖x‖i+ε

α

= lim
M→∞

∫

· · ·
∫

DM

	

( i∑

i=

(
xi

M

)α
)

dx · · ·dxi

= lim
M→∞

Mi�i ( 
α

)
αi�( i

α
)

∫ 

i/Mα

u
i
α –

(Mu/α)i+ε
du =

�i ( 
α

)
εiε/α

 αi–�( i
α

)
.
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Then by () and the above result, we find

 <
∑

{m∈Ni ;mi≥}
‖Um‖–i–ε

α

i∏

k=

μ(k)
m

=
∑

{m∈Ni ;mi≥}

∫

{x∈Ni ;m–≤xi<m}

∥
∥U(m)

∥
∥–i–ε

α

i∏

k=

μ(k)
m dx

<
∑

{m∈Ni ;mi≥}

∫

{x∈Ni ;m–≤xi<m}

∥
∥U(x)

∥
∥–i–ε

α

i∏

k=

μ(k)
m (x) dx

=
∫

{x∈Ni ;xi≥}

∥
∥U(x)

∥
∥–i–ε

α

i∏

k=

μ(k)(x) dx ν=U(x)=
∫

{ν∈Ri
+ ;νi≥μ

(i)
 }

‖ν‖–i–ε
α dν

=
∫

{ν∈Ri
+ ;νi≥}

‖ν‖–i–ε
α dν + Oi () =

�i ( 
α

)
εiε/α

 αi–�( i
α

)
+ Oi ().

For i = ,  <
∑

{m∈Ni ;mi=} ‖Um‖–i–ε
α

∏i
k= μ

(k)
m < ∞; for i ≥ , μ(i) = maxm μ

(i)
m , b =

∑i
i= μ(i), in the same way, we find

 <
∑

{m∈Ni ;∃i,mi=}
‖Um‖–i–ε

α

i∏

k=

μ(k)
m

≤ ‖U‖–i–ε
α

i∏

k=

μ
(k)
 +

i∑

i=

μ(i)
∑

{m∈Ni–;mj≥(j 
=i)}
‖Um‖–(i–)–(ε+)

α

i∏

k=(k 
=i)

μ(k)
m

= O() +
b�i–( 

α
)

( + ε)(i – )(+ε)/ααi–�( i–
α

)
+ bOi–() < ∞.

Then we have

∑

m
‖Um‖–i–ε

α

i∏

k=

μ(k)
m =

∑

{m∈Ni ;∃i,mi=}

∑

m
‖Um‖–i–ε

α

i∏

k=

μ(k)
m

+
∑

{m∈Ni ;mj≥}
‖Um‖–i–ε

α

i∏

k=

μ(k)
m

≤ �i ( 
α

)
εiε/α

 αi–�( i
α

)
+ O()

(
ε → +)

.

Hence, we have (). In the same way, we have (). �

Definition  For α,β > ,  < λ + η ≤ i,  < λ + η ≤ j, λ + λ = λ, we define two weight
coefficients w(λ, n) and W (λ, m) as follows:

w(λ, n) :=
∑

m

(min{‖Um‖α ,‖Vn‖β})η
(max{‖Um‖α ,‖Vn‖β})λ+η

‖Vn‖λ
β

‖Um‖i–λ
α

i∏

k=

μ(k)
m , ()
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W (λ, m) :=
∑

n

(min{‖Um‖α ,‖Vn‖β})η
(max{‖Um‖α ,‖Vn‖β})λ+η

‖Um‖λ
α

‖Vn‖j–λ
β

j∏

l=

ν(l)
n . ()

Example  With regard to the assumptions of Definition , we set

kλ(x, y) =
(min{x, y})η

(max{x, y})λ+η
(x, y > ).

Then, (i) for fixed y > ,

kλ(x, y)


xi–λ
=

⎧
⎨

⎩


yλ+ηxi–λ–η ,  < x < y,

yη

xi+λ+η , x ≥ y,

is decreasing in R+ and strictly decreasing in ([y] + ,∞). In the same way, for fixed x > ,
kλ(x, y) 

yj–λ is decreasing in R+ and strictly decreasing in ([x] + ,∞). We still have

k(λ) :=
∫ ∞


kλ(u, )

du
u–λ

=
∫ ∞



(min{u, })η
(max{u, })λ+η

du
u–λ

=
∫ 



uη

u–λ
du +

∫ ∞




uλ+η

du
u–λ

=
λ + η

(λ + η)(λ + η)
. ()

(ii) For b > , we have

d
dx

(
b + xα

) 
α =

(
b + xα

) 
α –xα– >  (x > ).

Hence, for m –  < xi < m (i = , . . . , i; m ∈N), we have ‖U(m)‖α > ‖U(x)‖α and

(min{‖U(m)‖α ,‖Vn‖β})η
(max{‖U(m)‖α ,‖Vn‖β})λ+η


‖U(m)‖i–λ

α

<
(min{‖U(x)‖α ,‖Vn‖β})η

(max{‖U(x)‖α ,‖Vn‖β})λ+η


‖U(x)‖i–λ

α

;

for m < xi < m +  (i = , . . . , i; m ∈N), we have ‖U(m)‖α < ‖U(x)‖α and

(min{‖U(m)‖α ,‖Vn‖β})η
(max{‖U(m)‖α ,‖Vn‖β})λ+η


‖U(m)‖i–λ

α

>
(min{‖U(x)‖α ,‖Vn‖β})η

(max{‖U(x)‖α ,‖Vn‖β})λ+η


‖U(x)‖i–λ

α

.

Lemma  With regard to the assumptions of Definition , (i) we have

w(λ, n) < K(λ)
(
n ∈ N

j
)
, ()

W (λ, m) < K(λ)
(
m ∈N

i
)
, ()

where

K(λ) =
�j ( 

β
)

β j–�( j
β

)
k(λ), K(λ) =

�i ( 
α

)
αi–�( i

α
)
k(λ); ()
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(ii) for μ
(k)
m ≥ μ

(k)
m+ (m ∈ N), ν

(l)
n ≥ ν

(l)
n+ (n ∈ N), U (k)∞ = V (l)∞ (k = , . . . , i, l = , . . . , j),  <

λ + η ≤ i, λ + η > ,  < ε < pλ (p > ), we have

 < K(λ)
(
 – θλ(n)

)
< w(λ, n)

(
n ∈N

j
)
, ()

where, for c := max≤k≤i{μ(k)
 } (> ),

θλ(n) :=


k(λ)

∫ ci/α
 /‖Vn‖β



(min{v, })ηvλ–

(max{v, })λ+η
dv = O

(


‖Vn‖λ+η

β

)

. ()

Proof (i) By (), () and Example (ii), for  < λ + η ≤ i, λ > , it follows that

w(λ, n) =
∑

m

∫

{x∈Ni ;mi–≤xi≤mi}
(min{‖U(m)‖α ,‖Vn‖β})η

(max{‖U(m)‖α ,‖Vn‖β})λ+η

× ‖Vn‖λ
β

‖U(m)‖i–λ
α

i∏

k=

μ(k)
m dx

<
∑

m

∫

{x∈Ni ;mi–≤xi≤mi}
(min{‖U(x)‖α ,‖Vn‖β})η

(max{‖U(x)‖α ,‖Vn‖β})λ+η

× ‖Vn‖λ
β

‖U(x)‖i–λ
α

i∏

k=

μ(k)
m (x) dx

=
∫

R
i
+

(min{‖U(x)‖α ,‖Vn‖β})η
(max{‖U(x)‖α ,‖V n‖β})λ+η

‖Vn‖λ
β

‖U(x)‖i–λ
α

i∏

k=

μ(k)(x) dx

u=U(x)≤
∫

R
i
+

(min{‖u‖α ,‖Vn‖β})η
(max{‖u‖α ,‖V n‖β})λ+η

‖Vn‖λ
β

‖u‖i–λ
α

du

= lim
M→∞

∫

DM

(min{M[
∑i

i=( ui
M )α]/α ,‖Vn‖β})η

(max{M[
∑i

i=( ui
M )α]/α ,‖V n‖β})λ+η

Mλ–i‖Vn‖λ
β du

[
∑i

i=( ui
M )α](i–λ)/α

= lim
M→∞

Mi�i ( 
α

)
αi�( i

α
)

∫ 



(min{Mu/α ,‖Vn‖β})η‖Vn‖λ
β

(max{Mu/α ,‖Vn‖β})λ+η

u
i
α – du

Mi–λ u(i–λ)/α

= lim
M→∞

Mi�i ( 
α

)
αi�( i

α
)

∫ 



(min{Mu/α ,‖Vn‖β})η‖Vn‖λ
β

(max{Mu/α ,‖Vn‖β})λ+η
u

λ
α – du

v= Mu/α
‖Vn‖β=

�i ( 
α

)
αi–�( i

α
)

∫ ∞



(min{v, })ηvλ–

(max{v, })λ+η
dv

=
�i ( 

α
)

αi–�( i
α

)
λ + η

(λ + η)(λ + η)
= K(λ).

Hence, we have (). In the same way, we have ().
(ii) By () and in the same way, for c = max≤k≤i{μ(k)

 } (> ), we have

w(λ, n) ≥
∑

m

∫

{x∈Ni ;mi≤xi≤mi+}
(min{‖U(m)‖α ,‖Vn‖β})η

(max{‖U(m)‖α ,‖Vn‖β})λ+η

× ‖Vn‖λ
β

‖U(m)‖i–λ
α

i∏

k=

μ
(k)
m+ dx
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>
∑

m

∫

{x∈Ni ;mi≤xi≤mi+}
(min{‖U(x)‖α ,‖Vn‖β})η

(max{‖U(x)‖α ,‖Vn‖β})λ+η

× ‖Vn‖λ
β

‖U(x)‖i–λ
α

i∏

k=

μ(k)(x) dx

=
∫

[,∞)i

(min{‖U(x)‖α ,‖Vn‖β})η
(max{‖U(x)‖α ,‖V n‖β})λ+η

‖Vn‖λ
β

‖U(x)‖i–λ
α

i∏

k=

μ(k)(x) dx

v=U(x)≥
∫

[c,∞)i

(min{‖v‖α ,‖Vn‖β})η
(max{‖v‖α ,‖V n‖β})λ+η

‖Vn‖λ
β

‖v‖i–λ
α

dv.

For M > ci/α
 , we set

	(u) =

⎧
⎨

⎩

,  < u < cα i
Mα ,

(min{Mu/α ,‖Vn‖β })η
(max{Mu/α ,‖Vn‖β })λ+η

‖Vn‖λ
β

(Mu/α )i–λ , cα i
Mα ≤ u ≤ .

By (), it follows that

∫

{x∈Ri
+ ;xi≥c}

(min{‖x‖α ,‖Vn‖β})η
(max{‖x‖α ,‖V n‖β})λ+η

‖Vn‖λ
β

‖x‖i–λ
α

dx

= lim
M→∞

∫

· · ·
∫

DM

	

( i∑

i=

(
xi

M

)α
)

dx · · ·dxi

= lim
M→∞

Mi�i ( 
α

)
αi�( i

α
)

∫ 

cα i/Mα

(min{Mu 
α ,‖Vn‖β})η

(max{Mu 
α ,‖Vn‖β})λ+η

‖Vn‖λ
β u

i
α – du

(Mu 
α )i–λ

v= Mu/α
‖Vn‖β=

�i ( 
α

)
αi–�( i

α
)

∫ 

ci/α
 /‖Vn‖β

(min{v, })ηvλ–

(max{v, })λ+η
dv.

Hence, we have

w(λ, n) >
�i ( 

α
)

αi–�( i
α

)

∫ 

ci/α
 /‖Vn‖β

(min{v, })ηvλ–

(max{v, })λ+η
dv

= K(λ)
(
 – θλ(n)

)
> .

For ‖Vn‖β ≥ ci/α
 , we obtain

 < θλ(n) =


k(λ)

∫ ci/α
 /‖Vn‖β



(min{v, })ηvλ–

(max{v, })λ+η
dv

=


k(λ)

∫ ci/α
 /‖Vn‖β


vλ+η– dv =


(λ + η)k(λ)

(
ci/α


‖V n‖β

)λ+η

,

and then () and () follow. �
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3 Main results
Setting functions

�(m) :=
‖Um‖p(i–λ)–i

α

(
∏i

k= μ
(k)
m )p–

(
m ∈N

i
)
,

	(n) :=
‖Vn‖q(j–λ)–j

β

(
∏j

l= ν
(l)
n )q–

(
n ∈N

j
)
,

and the following normed spaces:

lp,� :=
{

a = {am};‖a‖p,� :=
{∑

m
�(m)|am|p

} 
p

< ∞
}

,

lq,	 :=
{

b = {bn};‖b‖q,	 :=
{∑

n
	(n)|bn|q

} 
q

< ∞
}

,

lp,	–p :=
{

c = {cn};‖c‖p,	–p :=
{∑

n
	–p(n)|cn|p

} 
p

< ∞
}

,

we have the following.

Theorem  If p > , 
p + 

q = , α,β > , λ > ,  < λ + η ≤ i,  < λ + η ≤ j, λ + λ = λ,
then for am, bn ≥ , a = {am} ∈ lp,�, b = {bn} ∈ lq,	 , ‖a‖p,�,‖b‖q,	 > , we have the following
equivalent inequalities:

I :=
∑

n

∑

m

(min{‖Um‖α ,‖Vn‖β})η
(max{‖Um‖α ,‖Vn‖β})λ+η

ambn < K

p

 (λ)K

q

 (λ)‖a‖p,�‖b‖q,	 , ()

J :=
{∑

n

∏j
k= v(k)

n

‖Vn‖j–pλ
β

[∑

m

(min{‖Um‖α ,‖Vn‖β})ηam

(max{‖Um‖α ,‖Vn‖β})λ+η

]p} 
p

< K

p

 (λ)K

q

 (λ)‖a‖p,�, ()

where

K

p

 (λ)K

q

 (λ) =
[

�j ( 
β

)

β j–�( j
β

)

] 
p
[

�i ( 
α

)
αi–�( i

α
)

] 
q

k(λ). ()

Proof By Hölder’s inequality with weight (cf. []), we have

I =
∑

n

∑

m

(min{‖Um‖α ,‖Vn‖β})η
(max{‖Um‖α ,‖Vn‖β})λ+η

×
[‖Um‖

i–λ
q

α

‖Vn‖
j–λ

p
β

(
∏j

l= ν
(l)
n )


p am

(
∏i

k= μ
(k)
m )


q

][ ‖Vn‖
j–λ

p
β

‖Um‖
i–λ

q
α

(
∏i

k= μ
(k)
m )


q bn

(
∏j

l= ν
(l)
n )


p

]

≤
[∑

m
W (λ, m)

‖Um‖p(i–λ)–i
α ap

m

(
∏i

k= μ
(k)
m )p–

] 
p
[∑

n
w(λ, n)

‖Vn‖q(j–λ)–j
β bq

n

(
∏j

l= ν
(l)
n )q–

] 
q

.



Zhong and Yang Journal of Inequalities and Applications  (2017) 2017:78 Page 9 of 12

Then by () and (), we have (). We set

bn :=
∏j

l= ν
(l)
n

‖Vn‖j–pλ
β

[∑

m

(min{‖Um‖α ,‖Vn‖β})ηam

(max{‖Um‖α ,‖Vn‖β})λ+η

]p–

, n ∈N
j .

Then we have J = ‖b‖q–
q,	 . Since the right-hand side of () is finite, it follows J < ∞. If J = ,

then () is trivially valid; if J > , then by (), we have

‖b‖q
q,	 = Jp = I < K


p

 (λ)K

q

 (λ)‖a‖p,�‖b‖q,	 ,

‖b‖q–
q,	 = J < K


p

 (λ)K

q

 (λ)‖a‖p,�,

namely () follows.
On the other hand, assuming that () is valid, by Hölder’s inequality (cf. []), we have

I =
∑

n

(
∏j

l= v(l)
n )/p

‖Vn‖(j/p)–λ
β

∑

m

(min{‖Um‖α ,‖Vn‖β})η
(max{‖Um‖α ,‖Vn‖β})λ+η

am

× ‖Vn‖(j/p)–λ
β

(
∏j

l= ν
(l)
n )/p

bn ≤ J‖b‖q,	 . ()

Then by () we have (), which is equivalent to (). �

Theorem  With regard to the assumptions of Theorem , if μ
(k)
m ≥ μ

(k)
m+ (m ∈ N),

ν
(l)
n ≥ ν

(l)
n+ (n ∈ N), U (k)∞ = V (l)∞ = ∞ (k = , . . . , i, l = , . . . , j), then the constant factor

K

p

 (λ)K

q

 (λ) in () and () is the best possible.

Proof For  < ε < p(λ + η), λ̃ = λ – ε
p (∈ (–η, –η + i)), λ̃ = λ + ε

p (> –η), we set

ã = {ãm}, ãm := ‖Um‖–i+λ̃
α

i∏

k=

μ(k)
m

(
m ∈N

i
)
,

b̃ = {b̃n}, b̃n := ‖Vn‖–j+λ̃–ε

β

j∏

l=

ν(l)
n

(
n ∈N

j
)
.

Then by () and (), we obtain

‖ã‖p,�‖b̃‖q,	 =
[∑

m

‖Um‖p(i–λ)–i
α ãp

m

(
∏i

k= μ
(k)
m )p–

] 
p
[∑

n

‖Vn‖q(j–λ)–j
β b̃q

n

(
∏j

l= ν
(l)
n )q–

] 
q

=

(
∑

m
‖Um‖–i–ε

α

i∏

k=

μ(k)
m

) 
p
(

∑

n
‖Vn‖–j–ε

β

j∏

l=

ν(l)
n

) 
q

≤ 
ε

(
�i ( 

α
)

iε/α
 αi–�( i

α
)

+ εO()
) 

p
(

�j ( 
β

)

jε/β
 β j–�( j

β
)

+ εÕ()
) 

q
.
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By () and (), we find

Ĩ :=
∑

n

[∑

m

(min{‖Um‖α ,‖Vn‖β})η
(max{‖Um‖α ,‖Vn‖β})λ+η

ãm

]

b̃n

=
∑

n
w(λ̃, n)‖Vn‖–j–ε

β

j∏

l=

ν(l)
n

> K(λ̃)
∑

n

(

 – O
(


‖Vn‖λ+η

β

))

‖Vn‖–j–ε

β

j∏

l=

ν(l)
n

= K(λ̃)
(

�j ( 
β

)

εjε/β
 β j–�( j

β
)

+ Õ() – O()
)

.

If there exists a constant K ≤ K

p

 (λ)K

q

 (λ) such that () is valid when replacing

K

p

 (λ)K

q

 (λ) by K , then we have εĨ < εK‖ã‖p,�‖b̃‖q,	 , namely

K

(

λ –
ε

p

)(
�j ( 

β
)

jε/β
 β j–�( j

β
)

+ εÕ() – εO()
)

< K
(

�i ( 
α

)
iε/α
 αi–�( i

α
)

+ εO()
) 

p
(

�j ( 
β

)

jε/β
 β j–�( j

β
)

+ εÕ()
) 

q
.

For ε → +, we find

�j ( 
β

)

β j–�( j
β

)
�i ( 

α
)k(λ)

αi–�( i
α

)
≤ K

[
�i ( 

α
)

αi–�( i
α

)

] 
p
[

�j ( 
β

)

β j–�( j
β

)

] 
q

,

and then K

p

 (λ)K

q

 (λ) ≤ K . Hence, K = K

p

 (λ)K

q

 (λ) is the best possible constant factor
of (). The constant factor in () is still the best possible. Otherwise, we would reach a
contradiction by () that the constant factor in () is not the best possible. �

4 Operator expressions
With regard to the assumptions of Theorem , in view of

cn :=
∏j

k= ν
(k)
n

‖Vn‖j–pλ
β

[∑

m

(min{‖Um‖α ,‖Vn‖β})η
(max{‖Um‖α ,‖Vn‖β})λ+η

am

]p–

, n ∈N
j ,

c = {cn}, ‖c‖p,	–p = J < K

p

 (λ)K

q

 (λ)‖a‖p,� < ∞,

we can set the following definition.

Definition  Define a multidimensional Hilbert’s operator T : lp,� → lp,	–p as follows:
For any a ∈ lp,�, there exists a unique representation Ta = c ∈ lp,	–p , satisfying

Ta(n) :=
∑

m

(min{‖Um‖α ,‖Vn‖β})η
(max{‖Um‖α ,‖Vn‖β})λ+η

am
(
n ∈N

j
)
. ()
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For b ∈ lq,	 , we define the following formal inner product of Ta and b as follows:

(Ta, b) :=
∑

n

[∑

m

(min{‖Um‖α ,‖Vn‖β})η
(max{‖Um‖α ,‖Vn‖β})λ+η

am

]

bn. ()

Then by Theorems  and , we have the following equivalent inequalities:

(Ta, b) < K

p

 (λ)K

q

 (λ)‖a‖p,�‖b‖q,	 , ()

‖Ta‖p,	–p < K

p

 (λ)K

q

 (λ)‖a‖p,�. ()

It follows that T is bounded with

‖T‖ := sup
a( 
=θ )∈lp,�

‖Ta‖p,	–p

‖a‖p,�
≤ K


p

 (λ)K

q

 (λ). ()

Since the constant factor K

p

 (λ)K

q

 (λ) in () is the best possible, we have

‖T‖ = K

p

 (λ)K

q

 (λ) =
[

�j ( 
β

)

β j–�( j
β

)

] 
p
[

�i ( 
α

)
ai–�( i

α
)

] 
q

k(λ). ()

Remark  (i) For μi = νj =  (i, j ∈N), () reduces to (). Hence, () is an extension of ().
(ii) For η = ,  < λ ≤ i,  < λ ≤ j, () reduces to the following inequality:

∑

n

∑

m


(max{‖Um‖α ,‖Vn‖β})λ ambn

<
[

�j ( 
β

)

β j–�( j
β

)

] 
p
[

�i ( 
α

)
ai–�( i

α
)

] 
q λ

λλ
‖a‖p,�‖b‖q,	 . ()

In particular, for i = j = λ = , λ = 
q , λ = 

p , () reduces to (). Hence, () is also an
extension of (); so is ().

(iii) For η = –λ, λ,λ < , () reduces to the following inequality:

∑

n

∑

m


(min{‖Um‖α ,‖Vn‖β})λ ambn

<
[

�j ( 
β

)

β j–�( j
β

)

] 
p
[

�i ( 
α

)
ai–�( i

α
)

] 
q (–λ)
λλ

‖a‖p,�‖b‖q,	 . ()

(iv) For λ = , λ = –λ (–η < λ < η), () reduces to the following inequality:

∑

n

∑

m

(
min{‖Um‖α ,‖Vn‖β}
max{‖Um‖α ,‖Vn‖β}

)η

ambn

<
[

�j ( 
β

)

β j–�( j
β

)

] 
p
[

�i ( 
α

)
ai–�( i

α
)

] 
q η

η – λ

‖a‖p,�‖b‖q,	 . ()

The above particular inequalities are also with the best possible constant factors.
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