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1 Introduction
Ifp>1, —+——1 Ay by = 0, a ={anloo, €W, b=1{b,}2, €19, |lal, =>4 m)I’ >0,
ollg >0, then we have the following Hardy-Hilbert inequality with the best possible con-

stant —Sin(’; E
o0 [o¢]
aub,
Yy - ( )1l el (1)
P m +I’l sin

and the following Hilbert-type inequality:

>

m=1 n

o]

b 2
- ax{ <qulallpll llq ()

with the best possible constant factor pg (cf. [1], Theorem 315, Theorem 341). Inequalities

(1) and (2) are important in the analysis and its applications (cf. [1-3]).
Assuming that {1, }5r 1, {Va}5, are positive sequences,

L[m:Z,u,-, Vn:Zvj (m,neN:{l,Z,...}),
i=1 j=1

we have the following Hardy-Hilbert-type inequality (cf. [1], Theorem 321):

Sy r (S \P(
ZX:U +V, sin(n/p) <; mp—1> (Z nq—l) : (3)

m=1 n=1 n=1
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For u; = v; =1 (i,j € N), inequality (3) reduces to (1).
In 2014, Yang and Chen [4] gave the following multidimensional Hilbert-type inequality:
Forip,joeN,«,8>0,

. 1
0 a

el = <Z|x<k>|“) (2= (x,...,x%)) e RD),
k=1

) 1
Jo B
llyllg := (Z‘y(k)|ﬂ> <y _ (y(l),'“’y(/o)) c ]RIO),
k=1
0<Ar+1n<ip, 0<iy+n<jo, A1 + Ay =X, am, b, > 0, we have
(min{||m ||, lInllg})"
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(max{||ml|q, [I7]l g })**7
11 }7 %1
< I(1P1(2¢1 |:Z ||m||§(i0—)»1)—ioa€nj| |:Z ”n”g(m—)»z)—/obz] , (4)
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WhereZm = Z;.Z():l Zml =1’ Z Z

positive, and the best possible constant factor Kl” K2 is indicated by

11 ol 1 io(1 :
KPih <[ P EG) N1 A2
por(@) ] Laoir(2) (A +n)(Aa +1n)

1t Zn v the series on the right-hand side are
o= 15

Foriozjozkzl,n:O,)q:%I,

this type of inequalities were provided by [5-17].

Aoy = }7, inequality (4) reduces to (2). The other results on

In 2015, Shi and Yang [18] gave another extension of (2) as follows:

1 1
00 0 0 aﬁq p [ >® bz q
33 e (Sws) (L) 0
Some other results on Hardy-Hilbert-type inequalities were given by [19-25].

In this paper, by the use of weight coefficients, the transfer formula and the technique
of real analysis, a new multidimensional Hilbert-type inequality with multi-parameters
and a best possible constant factor is given, which is an extension of (4) and (5). More-
over, the equivalent forms, the operator expressions and a few particular inequalities are
considered.

2 Some lemmas
Iful(.k) >0(k=1,...,i0;i=1,...,m), vj(l) >0(=1,...,j0;j=1,...,n), then we set

U :=>"u (k=1,...,i0), V=Y 0" (I=1,....j0), (6)
i=1 j=

U, =UY,....u),  v,=VP,.., V) (mneN).

We also set functions () := /Liﬁ), te(m-1,m] (m e N); vt) := vﬁ,l), te(n-1,n] (neN),
and
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Ui () = /0 w(Byde (k=1,...,i), @)
y

Vi) = / WOt (=1,....J0) ®)
0

U(x):= (Ui (x),..., Uiy (%)), V) = (Vie).... Vi) (xy>=0). 9)

It follows that Ux(m) = UX (k =1,...,ip; m e N), Vi(n) = V¥ (1=1,...,jo; n € N), and for
x € (m=1,m), Uy(x) = ju(x) = %) (k =1,...,io; m € N)s for y € (n—1,n), V}(y) = vi(y) = v}y
(I=1,...,jo; neN).

Lemma 1 (cf. [21]) Suppose that g(t) (> 0) is decreasing in R, and strictly decreasing in
[ng,00) (ny € N), satisfying fo t)dt e R,. We have

/1 t)dt < Zg(n /0 g(t)d (10)

Lemma2 Ifi; €N, o, M >0, ¥(u) is a non-negative measurable function in (0,1], and

io A\ o
Dy = {xeR?;u:Z(%) 51}, (11)

i=1

then we have the following transfer formula (cf. [26]):

/ /D ( ( )Dt)dxl de:ZM/l\Il(u) _‘ldu (12)
M 1

a0 (B)
Lemma 3 For ip,jo € N, Mm >um+1 meN, k=1,...,i), v() o (meN;l=1,...,jo),

n+1

i=

a,8>0,e>0, we have

io-¢ )
Z Il ﬂ = ararire T 0D (13)
o(L
Z IVall 7 ]_[ < # +0() (e 0%). (14)

,s/ﬁ _
&js” 01T (%)
Proof For M > i/, we set

0, O<u<-L,
W(u) = A

1 lo
(Mulloc)io+s ’ M < u < 1

By (12), it follows that

dx - -dx;
/[x€R+ i >1} ||x||l0+£ M_yw/ /;M ( 1< > ) : ’

Mlol“lo( ) /- u;—l Fio(l)

lim ——— - U= - —,
Tt QD () e ()R T g ()

i=
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Then by (10) and the above result, we find

io
0< Y Ul [ Tul
k=1

{meN0 ;m;>2)

oo
=2 f |t [ T sy dx
! eNlo sm—1<x;<m} iy
{meN0;m;>2}
Ux)| o ) () d
P> [ o e, n W) d
{meN0;m;>2}
= u —ig—¢ (k) u le)f - ey
‘/{xENioixiill ” ® 1_[“ (veR; v,>u1)} vl v

, rio(L)
= ) iz dv + O;,(1) = ————2—— + O;,(1).
/{\veRlP;u,‘zl} ¢ © sif)/“aZO*lF(’;o) 0

FOI‘ lO =1,0< Z meNO ;= }”u ”_lo 81_[]( ll"l’m < 005 for ig > 2, :Uv(i) = maxm,u;?: b=
2, 1, in the same way, we find

0< > IUn II“”]_[M)

{meN0;3i,m;=1}

io io io
<halo [ Iw®+ > u® > Ul T ul
k=1 i=1

{meNO~m;>2(ji)} k=1(k#1)
broo(g)

=01(1) + (1+ &) (ig — 1)1+)/agrio- ZF(%)

+b0;,1(1) < 00.

Then we have

io
Dol [ Tu = > Znu I SH,N)
m k=1

{meN0 ;3i,m;=1}

io
LD SR 17 sl I P
k=1

{meNi0;m;>2}

ro(3) .
_W+O(l) (8—)0).

)

R[5

Hence, we have (13). In the same way, we have (14). O

Definition1 For o, >0,0 <X; +7n <ip, 0 <Ay +1 <jo, A + Ay = A, we define two weight
coefficients w(iq, n) and W (\,, m) as follows:

. Ao io
(min{| Uyl 1Vlg)? 1Vall; “
A, 1) = , 15
WO 5= D WUl TVl TLL T MH m as)
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(16)

(min{[| U lla, | Vallg))? 1 Unll}} 1]_0[ p®

W()»Q,Wl) = - .
2 Tl V17 IVallg™

n =1

Example 1 With regard to the assumptions of Definition 1, we set

(min{x, y})"
k. (x,y) = W (x,9>0).
Then, (i) for fixed y > 0,
)L = | e 0<x <y,
Ay xio—)»l - ¥
Forize? X2

is decreasing in R, and strictly decreasing in ([y] + 1, 00). In the same way, for fixed x > 0,

k. (x,9) yﬁ is decreasing in R, and strictly decreasing in ([x] + 1, 00). We still have

k(A1) := /‘ook,\(u,l)%:/oo (min{y,1})"  du
0 w1,

(max{u, 1})7 yl-*1

Loy | A+2
=/ e du+/ di il 17)
0 1

u-n WA Gy )G )

(ii) For b > 0, we have

R

di(b+x"‘) :(b+x°‘)é_1x°‘_l>0 (x>0).

X

Hence, form—1<x;<m (i=1,...,ip; m € N), we have ||U(m)|, > ||U(x)|« and

(min{||U(m) ||, | Vall g})" 1
(max{[|U(m) o | Vull g D7 || U () ]| 2070
(min{ | (x)]a> | Vil g 1) 1

a1 1Vl 7 U

form<x;<m+1(i=1,...,ip; m € N), we have |U(m)|, < ||U(x)|l, and

(min{[UGm) o, [Vallg)" 1
(max{[LGm) o, [Vall D7 UGy 2
(min(IU e, 1Valls)" 1

" max (1) o IVl )P U3

Lemma 4 With regard to the assumptions of Definition 1, (i) we have

w(hi,n) <Ky(h) (ne Njo), (18)
W()\Z, Wl) < I(l()nl) (Wl S Nio), (19)
where

Fio(%) F"O(é)
Ki() = ﬂik(kl), Kz (M) = o 1T ()

10*11*(%9) k(A1); (20)

Page 5 of 12
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(i) for u® > u®  meN), v =00 (neN), UL = VY (k=1,...,i0, I =1,...,jo), 0 <
MHAN=<ip,rA+n>0,0<e<phr (p>1), we have

0 <Ko(M)(1-6:(n) <w(ry,m) (ne Nj"), (21)

where, for ¢ := max; <x<;, {;/,gk)} (>0),

1 AVals (mingy, 1)Vt 1
50 g ) WdO(W) -

Proof (i) By (10), (12) and Example 1(ii), for 0 < A; + n < iy, A > 0, it follows that

wiian) =3 / (min(1LLGm) o | Vo l15))"

eN0; smi—1<x;<m;} (max{”u(m)”a, ”V ”ﬂ})}ﬁn

IVallg? {2
(k)
——| | i,  dx
WUW“H
. f (min{[|Lx)lla, |Vl g 1)
{xENiO;m,‘—lgxifmi} (max{”U(x)”ar ” Vn”ﬁ}))ﬁn

Vallg 2
Wﬁﬁmnwmm

=/'(mmwmmmvmw IValy ﬁlwmm

o (max{| L) lla> 1Vull s U@ 107 3

wy/ (mingllula [ Vallg)" 1Vallg?
R’ (

max{[|ulle, |Vl g} ||| 2071

= lim

- M—o0

/ (Min{M[Y, (L=, |V, llghr M0V, |13 du
Dy (Max{MY10, (S ]Ve, ||V, | g})M+n [0, (4 yer] Go=ru)re

MoTLy U (min(M Vall DIV u® - du
(max(Mull®, [V, l|g)=1 Moyl

= lim —
M—oo glo]'(2)
o

Mio[‘io(l)/l (min{Mu”"‘,||anlﬂ})"||Vn||,/};2 S
- lim ue"du

T Moo i ) (max{Mul'e, ||V, g})**"

y= Mul/ Lo nyh-
an ( ) * (minf{v,1})"v*1!
T gio-1T ’0) (max{v,1})**+n

Cored)  oaaeay
B aio—ll“(%O) ()\’1 + T’))(}»Z + 77) _1<2()‘1)-

Hence, we have (18). In the same way, we have (19).
(ii) By (10) and in the same way, for ¢ = max;<¢<;, {uﬁk)} (>0), we have

w()q,n)>2/ (min{ | U(m)lla, |Vl 6)"

N0 ;m; <x;<mj+1} (max{||LI(m)||a, ”V ”ﬂ}))\w

Va2 & w
|m)WMHM“m



Zhong and Yang Journal of Inequalities and Applications (2017) 2017:78 Page 7 of 12

. / (min{[|U ) llo> | Vallg})"
m {xeN0 s <x;<mj+1) (max{ ” U(x) ”ar ” Vn ”/3 }))\H]

IVl 11 000
s “H )

min{| U@ o 1Vallg)?  IVall? 2
= d
/ Loeyio MaX{(NL@) o IVl D (L1 Ge) [0 H ()

it / (min{{[vlla, [ Vallg})" 1Vl 2
[

€,00)10 (maX{HV”a: ”Vn”ﬁ}))”'?7 ||V||,i)9_kl

For M > ciy/®, we set

0, O<uc< Ma )
= A
) (min{Mu | V)7 IVallg? o <y <1,
(max{Mul/® [ V|| g )M+ (Mudleyio =217 M¥
By (12), it follows that

. A
f (minf |lxlla, | Vallgh)?  IVallg?
{ReRO ;> ) (max{[|x|la, ”Vn”ﬁ}))ﬁ'n ||x||f$7)hl

U%Enoof /DM (1< )a)dxl - dxi,

14

fim 0T /1 (min{Mus, [V lg))" | Vally? "

= 11 - .

Moo o0 () Jeaioine (max{(Mus, |V, p))"  (Mua Yo
ul/ot . .

":f\\?nnﬁ Iio(l) 1 (minf{v,1})"v"171

Q010 (2) ey, (max{y, LA

Hence, we have

rio(d) 1 (minfv, 1})"vM11

w(i,n) > ——%— TRV
' QoI () Jeilfe s,y (max{v, 1)+

= Ky(A1)(1 - 6(n)) > 0.
For ||V, > czl/“ we obtain

1/
1 cigMVallp (min{y,1})1*1-1
0<6,(n) = / (minfy, 1})7v ™

k(21) (max{v, 1})*+1

/‘”0 /||VnHﬁV -l g, 1 < ci%)/"‘ )MHI’
" k() (A1 +mk(A1) \ 1 Vullp

and then (21) and (22) follow. O
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3 Main results
Setting functions

[

Cb(m) = 77 (}’I’IENiO),
(Hk0=1 /Lgﬁ))p_l
V. q(o—22)-jo ‘
o W
( = 1Un )i

and the following normed spaces:

lpo = {a ={am}; llallp,e := {Z <I>(M)Iaml”}p < 00},
lgw = {b= {bu}; 16l gw 2= {Z\P(H)Ibnlq}q < 00},

1

p
Lywip = {c = (cali lell g1 = {Z \Iﬂp(nncnv”} < oo},

we have the following.

Theorem 1 pr>1,%+%=1,a,,3>0,)\>0,0<)»1+n§i0,0<)»2+n§jo,kl+k2=k,
then for a,,, b, > 0,a ={a,} € L, o, b={b,} € lyy, llallpe, |1bll4w > 0, we have the following
equivalent inequalities:

i (minf[| Usnlas | Vallg})"
I= Xn:; (max{|| U lla, | Vs ||ﬁ})“’7 Kl (}“l)Kz Dllallpollbllgw, (23)

_ v min{[| U los V5 ||ﬁ})ﬂamﬂ%
& {Z AR [Z max{ [ Ul [Vall g}
< K7 O)KS Ol (24)

where

Io(4) ]}7[ rio(d
)

/310—11*(1'?9 aiolr(ig)] k(hy). (25)

K (M)KS () = [

Proof By Holder’s inequality with weight (cf. [27]), we have

(min{|| Uyl | Vil g3)"
1=
ZZ (max{|| Ul | Vall g7

jo—*2

i 1
[nu ||a Y o v )vam][nvnuﬂ” ( ?_luﬁf)qbn}

jo=ha Lt} jo  (Dys
Nelle © Tl ve)?

WVally 7 [T n)?
] [ZW(A n) ||V ”‘1(10 A2) IObq:|
1

= [Xm: W()‘-Z: )q 1

”u ”P(lo A1) loaP
(Hk=1 Mm )p !

ll”
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Then by (18) and (19), we have (23). We set

jo () . o1
bn .= I= I‘i"A |:Z (mln{”um”on ||Vn||ﬂ})nfmi| ne N/O.
IVallg 7 (max{[[Unlle, [Vl g})**"

Then we have J = ||b||Z;;. Since the right-hand side of (24) is finite, it follows J < co.If ] = 0,
then (24) is trivially valid; if / > 0, then by (23), we have

1 1
16176 =J7 =1 <K G)K5' (M) lallp,ollBllgw,

1 1
16153 =T <K (K5 ()lalp.es

namely (24) follows.
On the other hand, assuming that (24) is valid, by Holder’s inequality (cf. [27]), we have

I Z [T~ (min{| Ul 1 Vallg)"

1V, 150772 £ (maxc{ | Ll |Vl gD+
v ||°°"’
: by <J1bllgw. (26)
1—[10 )1/
Then by (24) we have (23), which is equivalent to (24). O

Theorem 2 With regard to the assumptions of Theorem 1, if M > /*5511 (m € N),

\),(ll) > Vn+1 (n € N), L[oo = oo =00 (k=1,...,00, [ =1,...,j0), then the constant factor
1

Ky (Al)Kq (A1) in (23) and (24) is the best possible.

Proof For0<e<p(Ai+1n), A =A1 — £ (€ (=1, =1 +1ip)), Ay = Ao + £ (> —1), we set
p p p

io
a={am}  ame=Unl M [ ul® (meNO),
k=1

jo
b=y bu= IVl V0 (ne V).
=1

Then by (13) and (14), we obtain

5 u z(iO*Al)*iOé{”n 1 IV, ”q(IO A2) lobq
||Zz||p,¢||b||q,w=[ ”m”—k} [Z—}
(S PRV ([T v
i 1
i q
= (Z ||um||a’°5]_[u§5)) (Z IVl S]‘[ )
m k=1 I=1

io(1 ,l; o (4 N é
< §<F4(‘)‘) + 80(1)) <7() + {;‘O(l)) .

elo g — /
lgaazo 11“(%0) 65[310 IF(%)
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By (21) and (22), we find

- (min{| U o, Vil )" }
I:= m bn
Z[; (max{| U ls Vil 3V

jo

Zw(xhn)nv [l R

I=1

Jjo

~ 1 —jo—¢
> Ky (A1) Z(l - O(w)) l Vn”,g]o 1_[ v
n nig

I=1
[o(L)

=Kz () (7
&jg” BT (R)

+O(1) - 01(1)).

1 1

If there exists a constant K < K (1)K, (1) such that (23) is valid when replacing
Kp (kl)l(q (A1) by K, then we have eI < 8K||a||p¢||b||q v, namely

e Fio(%) -
(- o)
P/ \jo ﬁ’o_lr(%)

Fio(l) }y Fjo(%) - %
I((/ial + Eo(l)) <E/‘37 + 80(1)) .
i/ o011 (%) jo© BT ()

For ¢ — 0%, we find

o () riO(al)k(xl)q([ Iio(L) F[ (%) ]é
po-IT(B) a0 10 (2) ~ Lafo (L) ] Lpo-iT(B)

1 1 1 1
and then K7 (1)K, (A1) < K. Hence, K = K (1)K (A1) is the best possible constant factor
of (23). The constant factor in (24) is still the best possible. Otherwise, we would reach a
contradiction by (26) that the constant factor in (23) is not the best possible. O

4 Operator expressions
With regard to the assumptions of Theorem 2, in view of

jo

P [Z (min{l1Ullo, [ Villg))" ]P-l -
VIR L4 max{| Umllas 1Vl

1 1

c={cu}, ”C”p,\pl-P =J< ](117 ()\l)qu ()Ll)”ﬂ"p,(b <00,
we can set the following definition.

Definition 2 Define a multidimensional Hilbert’s operator T': ¢ — [, y1-» as follows:

For any a € ¢, there exists a unique representation 7a = c € [, y1-, satistying

B (min{ ||ty llos | Vaull g1)" o
Ta(n) := Xm: ax{Uy o [Vl 1 am (neNY). (27)
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For b € [y, we define the following formal inner product of 7z and b as follows:

. @in{ U s [Vl
(Tab) = Z[; (max {1 U ||vn||,s})*+ﬂ“’”}b”' 28

Then by Theorems 1 and 2, we have the following equivalent inequalities:

1 1
(Ta,b) < K (MK (M)l allp,o 1Dl ws (29)
1 1
[ Tall, 1> < K (A)KS (A1) l|allpe- (30)

It follows that T is bounded with

ITall ygie 2 1
IT] = — P2 < K7 a)Ky (). (31)

aele  alpo

1 1
Since the constant factor K}’ (A)K; (A1) in (30) is the best possible, we have

Tl K Gy = [P P06 7, 32
1T = K7 G ”‘[mm%)} [dio_lr(%)] () (32

Remark1 (i) For u; = v; = 1(i,j € N), (23) reduces to (4). Hence, (23) is an extension of (4).
(ii) For n =0, 0 < A1 < ip, 0 < A3 <, (23) reduces to the following inequality:

1
amub,
; ; (max{[Unllon 1|Vl ))

ro(%) 15 Tiod) 70 2
) [ﬁ/O‘lF(%’)} |y ) T Vel 3)

In particular, for ig =jo =A =1, A = %, Ay =
extension of (5); so is (23).

(iii) For n = =X, A1, A2 < 0, (23) reduces to the following inequality:

117, (33) reduces to (5). Hence, (33) is also an

1
. Amby
; ; (mll’l{” um ”w " Vn ”ﬂ})}L

Do(F) 1pp Tod) T (-2)
<|:/3j0—1r(%)):| |:aio—11'*(%o):| )\l)hznallp,d)”b”q,\lh (34)

(iv) For . =0, Ay = —A1 (-1 < A1 < 1), (23) reduces to the following inequality:

Zz(min{”umna,||vn||5}>”ﬂ b
— 2\ max{[Upnlla [Vallg} ) “""

o(g) 1o To(d) 0 2p

The above particular inequalities are also with the best possible constant factors.
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