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with k=1,2,3,4. The main methods used are the integral estimates and the Pohozaev
identity. Many classes of nonlinearity will be considered; even the sign-changing
nonlinearity, which has an adequate subcritical growth at zero as for example

f(u) =-mu+ Alul®'u - wlulP'u, wherem > 0,1 >0, > 0, p,@ > 1. More precisely,
we shall revise the nonexistence theorem of Berestycki and Lions (Arch. Ration. Mech.
Anal. 82:313-345, 1983) in the class of smooth finite Morse index solutions as the well
known work of Bahri and Lions (Commun. Pure Appl. Math. 45:1205-1215, 1992). Also,
the case when f(u)u is a nonnegative function will be studied under a large subcritical
growth assumption at zero, for example f(u) = |u|9’1 u(l + Ju|9) or f(u) = |u|9’1 ueldl?,

0 > 1 and g > 0. Extensions to solutions which are merely stable are discussed in the
case of supercritical growth with k= 1.
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1 Introduction
This paper is devoted to the study of solutions, possibly unbounded and sign-changing,
of the semilinear partial differential equation,

(-AYu=f@w) inR", 1)

where k =1,2,3,4, n > 1 and f € C(R). Under some assumptions on the nonlinearity f,
we will show that this problem does not possess a nontrivial solution with finite Morse
index.

In the last decades, problems related to the nonexistence of finite Morse index solutions
for second-, fourth- and sixth-order Lane-Emden equation on unbounded domains of R”
have received a lot of attention (see [2—12]).
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We now list some known results. We start with the second-order Lane-Emden equation
—Au=|ulf'u, inR%,p>1, (1.2)

Farina [6] proved that nontrivial finite Morse index solutions of (1.2) exist if and only if
p>p(n)andn>1l,0rp= Z%i and n > 3, where p.(n) is the so-called Joseph-Lundgren
exponent. Also, in [13] several Liouville-type theorems are presented for stable solutions,
where f > 0 is a general convex, nondecreasing function. Extensions to solutions which
are merely stable outside a compact set are discussed.

For the fourth-order Lane-Emden problem
A’u=uflu, inR"p>1, (1.3)

the subcritical case has been studied by Ramos and Rodriguez for finite Morse index sign-
changing solutions (see [14]). The supercritical case is more complicated and there are
several new approaches dealing with (1.3). The first approach is to use the test function
v = —Au. To this end, one has to use Souplet’s inequality [15], this will give an exponent

_n_
n-8

approach with the restriction on the power g < % The second approach was obtained

+ ¢, for some €, > 0; see [16]. These results were improved in [12] by adapting Farina’s

by Cowan and Ghoussoub [3], Dupaigne et al. [17] and further exploited by Hajlaoui, Ye
and one of the authors [7]. This approach improves the first upper bound - + €,, but
it again fails to catch the fourth-order Joseph-Lundgren exponent computed by Gazzola
and Grunau [18]. It should be remarked that by combining these two approaches one can
show that stable positive solutions to (1.3) do not exist when # < 12 and p > 1; see [7].
Finally in [5], Davila et al. employed a monotonicity formula-based approach and gave
a complete classification of stable and finite Morse index (positive or sign-changing) so-
lutions to (1.3). A remarkable outcome of this third approach is that it gives the optimal
exponent. The main tool of [5] is a monotonicity formula, used to perform a blow-down
analysis and reduce the nonexistence of nontrivial entire solutions for the problem (1.3),
to that of nontrivial homogeneous solutions.

Thanks to the Liouville-type theorem with finite Morse index in [8], the authors proved
the nonexistence result of sign-changing solutions for the sixth-order problem

~Adu=|ufu, inR%,p>1 (1.4)

Let us give a brief sketch of their method. They proved various classification theorems
and Liouville-type results for C®-solutions belonging to one of the following classes: sta-
ble solutions, solutions which are stable outside a compact set of R”. These results apply
to the subcritical case using the Pohozaev identity. In the supercritical case, motivated
by the monotonicity formula established in [19], they reduced the nonexistence of non-
trivial entire solutions for the problem (1.4), to that of nontrivial homogeneous solutions.
Through this approach, they gave a complete classification of stable solutions and those
finite Morse indices, whether positive or sign-changing. Also, this analysis reveals the ex-
istence of a new critical exponent called the sixth-order Joseph-Lundgren exponent, also
they gave the explicit value of this exponent.

In this work, we are concerned with Liouville-type theorems for the nonlinear elliptic
equation (1.1) for k = 1,2, 3,4. We prove Liouville-type theorems for solutions (whether
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positive or sign-changing) belonging to one of the following classes: stable solutions and
solutions which are stable outside a compact set. Our proof is based on a combination of
the integral estimates and the Pohozaev-type identity.

The paper is organized as follows. In Section 2 we state our main results, which are then
proved in Section 4. Section 3 contains some important auxiliary tools, which are used in
the proofs of the main theorems.

2 Statement of the main results
In order to state our results, we present first some assumptions on the nonlinearity f:
H;: There exists a constant 6 > 1 such that

f(s)s* —0f(s)s >0, VseR.
H,: There exist constants so >0, 8 >1 and Cy > 0 such that
Cols|”* <f(s)s, VIs| < so.

Hj3: There exists a constant 0 < «g < 1 such that

2n
n—-2k

F(s) - (1+ag)f(s)s>0, VseR,

where F(s) = [,f (¢) dt.
Remark 2.1 (1) H; implies H]: There exist constants sy > 0, 0 > 1 and Cy > 0 such that
Cols|®t <f(s)s, VIs| > so.

Indeed, by H;, we have # is nondecreasing function for all |s| > so. This implies that

Cols|?* <f(s)s, Vls|>so.

(2) H; implies the Ambrosetti-Rabinowitz condition (A-R): there exist constants 6 >2and
so > 0 such that

fs)s > 51-"(5) >0, for|s|>sp.

Examples We easily verify that the following functions satisfy H; and H,.
L f(s) = Co(1 + |s]9)|s|"%s, 0 >1, g >0 and Cp > 0.
2. f(s) = s/ 'se!”, 0 >1and g > 1.
3. f(s) = Ym0 ¢ils1% s, with 6, >1Vi=1,2,...,ip and ¢; > 0 Vi = 1,2, ..., io. In this
example we choose 6 = min;<;<;, (6;).

The examples (1) and (2) show that f can have an exponential growth at infinity. There-
fore, clearly an adequate behavior of f at zero is needed to obtain the Liouville the-
orem. The unique and important nonexistence result for stable solutions of the non-
homogeneous second-order equation (1.1) has been recently obtained in [13]. It is shown
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there, among other things, that (1.1) does not admit nontrivial stable or stable outside a
compact set solution provided that f is regular, positive, nondecreasing and convex func-
tion in (0, +00). More precisely, under a mere nonnegativity assumption on the nonlin-
earity, the authors begin this work by stating that up to space dimension # = 4, bounded
stable solutions of (1.1) are trivial. For the next series of results, they restricted themselves
to the following class of nonlinearities:

feC'R,)NC? (R’j), f >0 is nondecreasing and convex in RY. (2.1)

In order to relate the nonlinearity f and the below exponents (2.3) and (2.4), they intro-
12

duced a quantity g defined for u € R¥ by g(u) = f—,,(u), whenever ff”(u) # 0 and g(u) = +o0

otherwise. They assumed that g(u) converges as # — 0" and denote its limit by

g0 = lim q(u) € R. (2.2)

Define now py € R the conjugate exponent of g, by pio + qio = 1. The exponent p, must be
understood as a measure of the flatness’ of f at 0. However, we establish their following
theorem.

Theorem A [13] Assume that f satisfies (2.1) and (2.2). Assume that u € C*(R") is stable
solution of (1.1) with k = 1. Then u = 0 if any one of the following conditions holds:

1. 1<n<9andl<py,

2. n=10, pg < +o0 aﬂl < Poos

3. n>11, po < p(n) and 1 <700 <p.(n),
where pos € R be defined by qTo_:lim SUpP,,_, +00d(#), [t + q%o =1

A typical example of nonlinearity function f satisfying the above conditions (2.1) and
(2.2)isf(u) = |u|®Lu+|ulP u, where p > 6. A simple calculation, we get py = 8 and po, = p.
We use this nonlinearity function to establish some new Liouville-type theorems. Our
method is different from (and complementary to) the one used in [13]. It exploits the at-
tractive character of the difference between f"(u)u? — 6f (u)u > 0, if p > 0, that is, f satisfies
Hj and H,. It will be shown in Theorem 2.1 that problem (1.1) does not possess nontrivial
stable solutions if and only if 1 < 0 < p.(n), Yp > 0. Also, we may consider nonlineari-
ties with exponential growth at infinity, i.e. po = 00 satisfying H; and H,, as for example
f@w) = |u’ue™’, 0 >1and g > 0; therefore, in view again of Theorem 2.1, one has u = 0.
Furthermore, the present paper is motivated by the interesting work [1], we shall revise
the nonexistence theorem of Berestycki and Lions [1] if one substitutes their assumption,
which is

/ IVul> + | flu)u < +oo,
n RV[

by assuming that u is stable or stable outside a compact set. Therefore sign-changing non-
linearities will also be considered and we do not require that f/(0) = 0 as the instructive
example given by Berestycki and Lions [1] is f(u) = —mu + A|u|* u — ju|ulP~'u, where A,
are positive constants, m > 0 and 1 < 6, p. Observe that the above nonlinearity satisfies
(H1), thus we shall prove that equation (1.1) does not possess a nontrivial stable solution
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provided1<p < % and p < 6, also if u is bounded solution to (1.1) and m > 0, then u = 0,

Zﬁ%’; <6 and m > 0, it follows from the Pohozaev identity that there

cannot exist a nontrivial solution of (1.1) which is stable outside a compact set. This result

forany 0 > p.If p <

is similar to [1] for k = 1. To conclude, this work completes the study of Dupaigne and Fa-
rina [13] since here we do not assume that f is positive and convex function. Therefore, to
be more concrete in our analysis of nonexistence, we will distinguish between stable and
stable outside a compact set. We provide some elliptic decay estimates that we use fre-
quently later in the proofs. Deriving the right decay estimates for solutions of (1.1) plays a
fundamental role in most our proofs. On the other hand, we shall also consider the ques-
tion of the nonexistence of stable solutions (positive or sign-changing) in the supercritical
case of a second-order equation.
In order to state our results we need to recall the following.

Definition 2.1 A solution u of (1.1) belonging to C*(R”")
« is said to be stable if

Qu(¥) :=/ !Dkwlzdx—/ fwy?dx>0, vy eCkR"),
R” R7
where

for k =2,4,

Dt = k=1
VAT fork=1,3,
« is stable outside a compact set X C R”, if Q,(¥) > 0 for any ¢ € CK(R"\K).
More generally, the Morse index of a solution is defined as the maximal dimension
of all subspaces E of Cf(R”) such that Q, () < 0 in E\{0}. Clearly, a solution is stable
if and only if its Morse index is equal to zero.

Remark 2.2 It is well known that any finite Morse index solution u is stable outside a
compact set I C R”. Indeed, there exist K > 1 and Xx := Span{¢y, ..., ¢x} C Cf(]R") such
that Q,(¢) < 0 for any ¢ € X \{0}. Hence, Q,(¢) > 0 for every ¥ € CK(R"\K), where

K := U5, supp(gy).

To state the following result we need to introduce some notation. Let two critical expo-
nents play an important role, namely the classical Sobolev exponent

+oo ifm <2k,
ps(n, k) = (2.3)

n+2k
2k lf n> 2/(,

and the Joseph-Lundgren exponent

+00 if n <10,

Pc(”l) = 2
(n=2)*—4n+8+/n-1 .
D) if n>11.

(2.4)

Note that the exponent p.(n) is larger than the classical critical Sobolev exponent p;(n,1),
n>11.

Now we can state our main nonexistence results.
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Theorem 2.1 Let u € C**(R") be a stable solution of (1.1). Assume that f satisfies H,
and Hy. If 1 <0 < py(n, k), then u=0.

Theorem 2.2 Let u € C**(R") be a solution of (1.1) which is stable outside a compact set.
Assume that f satisfies Hy, Hy and Hs. If1 < 0 < ps(n, k), then u = 0.

The next result concerns the complete classification of entire stable solutions of the

second-order equation (1.1) in the supercritical case.

Theorem 2.3 Let u € C*(R") be a stable solution of (1.1) with k = 1. Assume that f satisfies

H, and H,. If% <6 <p.(n), then u=0.

2.1 Berestycki and Lions Liouville-type theorem
Now, we fix in this subsection

Sf@) = —mu+ Mul”u - plulu, 2.5)

where A, 1 are positive constants, m > 0 and 1 < 9, p. We will show that u = 0 is the unique
solution of equation (1.1) under some assumptions on the parameter 1, 6 and p. Also, we
observe that f is neither convex nor positive function in R”. Then we have the following.

Theorem 2.4 Let u € C*(R") be a stable solution of (1.1) with f satisfies (2.5).
1. Ifuis bounded and m >0, then u =0, forany 6 > p > 1.
2. Ifl<p<0andl<p<psnk),then u=0.

Remark 2.3 Clearly, if u is unbounded stable solution to (1.1) with f(z) = —mu + Alu|" u—
wluPru and m > 0, then u =0, for any 6 > p > 1 and n < 2k.

Also, we will show, with very few restrictions, that there exists a necessary and sufficient
condition for the nonexistence solutions which are stable outside a compact set of problem
like (1.1).

Theorem 2.5 Let u € C**(R") be a solution of (1.1) which is stable outside a compact set

with f satisfies (2.5).
1. Ifm>0and1<p§%’§§6,thenu50.
2. Ifm=0,1<p< Zj’,i <6 and (p,0) #(Zj’,:, Zj’,i), then u = 0.

3 Auxiliary results
In this section we prove the following lemmas and propositions, which will have a crucial
role in the proof of Theorems 2.1, 2.2, 2.3, 2.4 and 2.5. Denote By = {x € R"” : |x| < R}. The
letter C will be used throughout to denote a generic positive constant, which may vary
from line to line and only depends on arguments inside the parentheses or arguments
which are otherwise clear from the context.

First, define a cut-off function ¢y € C;‘(R”) such that ¢p =1 in Bp, ¢r = 0 in R"\{Byz},
0<¢gr<linR"and |[Vigg| <CR " fort <4inAgr={x€R",R<|x| <2R}.

Lemma3.1 Foranyve C¥(R"), m > 4 and € > 0 arbitrary small number, there exists a con-
stant Cey, > 0 such that
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L R [y |AVPOR™ dx < € [y (AP QR dx+ R, [V (AP du +
CemR78 [, Bax V2m=8 dx,

R2 [y V(AP 2 dx < e[y (A" dx+ CouRS [ v~ dx,

R [y, [VVPGR" 0 v < € [y, (AP 0" i+ ConBR ™ [, PR d,

R fo, [V i < € [y, (AP " i+ ConR™ [, P03 i,

R ‘fBZR V32022 dx < erBZR(sz)Z%%”‘ dx + Ce,mR_ngva(pIz{”*s dx.

A

Proof Fix m > 4. Let ve C3(R") and ¢ € C*(R") defined as above.
Proof of 1. Integrating by parts, we get

R™* (A V)2¢§M’4 dx

Bar

SR [ (At A () 29 (0 () . 6
Bar

An application of Young’s inequality yields
R‘4/ v(A?veR"t + AvA (") +2V(AV)V (93" *)) dx
Bar

< 62/ (sz)zgolz{” dx + €*R7? / |V(Av)|2¢§m_2 dx
Bor Bar
R—4
+— (Av)*oF"*dx + C.,,R® / V"8 dx.
2 Byr Bar

Inserting the latter inequality into (3.1), we obtain

R (AV)Zgalz{”‘4 dx < 62/

Bor Bar

(sz)zwlzemdx+62R‘2/ |V(Av)|2<p§m_2dx

Bar

+ComR78 ] v2<p123””8 dx. (3.2)
Baor
Proof of 2. Integrating by parts and using again Young’s inequality, we obtain
R / |V(Av) |2<,012{”’2 dx
Baor

= —R‘2/ AvAPvQ" ™ dx — R_Z/ AVV(AV)V (pp") dx
Bor Bar

2R
se | (@i T [ anteprides cer [ vl
Bar € Bar

Bar

Inserting (3.2) into the latter, we derive

R_Z/ ’V(Av)|2<p12{"_2 dx <e / (sz)2<p12{" dx + CglmR_S/ v2<p12{"_8 dx. (3.3)
Bar Bar

Bar

Proof of 3. Integrating by parts, we obtain
R—6
f V02" dx = > A(V)pR" b dx-R® / VAV dx
Bar Bar Bar

<eR™ (Al/)2<p,2{"_4 dx + C.,,R® / V2§012?m—8 dx.

Bar Bar
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From (3.2) and (3.3), we deduce

R‘6/ |Vv|2¢§W_6 dx < é® / (szf(p,%”’ dx + Ce,mR_gf v2<p,2e”’_8 dx. (3.4)
Bar Bar

Bar

Proof of 4. Integrating by parts, we obtain
R* / |V2V|2<p12{"_4 dx
Bar

R—4
=_R™* / VVV(AV)¢12?M_4 dx + — [Vv]2A ((p%’”“*) dx. (3.5)
Bar 2 Bar

Using Young’s inequality and from (3.3) and (3.4), we obtain

2R

R_4/ ’VZV‘2¢122m_4 dx SR_2/ ‘V(AV)‘Z(/)IZQm_Z dx+CR_6/ |VV|2(/)12{”_6 dox
Bar Bor B

< 63/ (A2v)2<p,23m +CE,mR_8/ qu)lzem—s'
Bar B

2R

Proof of 5. Integrating by parts, we get
R‘Z/ |V3V|2g0,2{”_2 dx
Bar
- 2 o - 1 2 -
=R 2/ (‘V(Av)} X" + v Avi(pR” 2)j+ E‘Vzv’ A(pg" 2)) dx,
Bar

- _ O e OF R i instei
where fi = 7=, fij = T and fi = T (Here and in the sequel, we use the Einstein

summation convention: an index occurring twice in a product is to be summed from 1 up
to the space dimension.)
Using Young’s inequality of the above, we deduce

R‘Z/ |V3V|2g012{”_2dx
Bar

<CR™ / |V(Av)|*0" 2 dx + CR™ / V20|24 dx, (3.6)
Bar B

2R

which gives the desired conclusion. O

Lemma 3.2 For any m > 4 and € > 0 arbitrary small number, there exists a constant
Cem > 0 such that

(A2 (ugy))” < L+ €) (0 A%u) + CepnBlut, pr, 1), (3.7)

where B(u, pr, m) = (R™*| Au*@F™* + RV (Au) 293" + R |Vul?p3"° + R3up3"® +
R—4|v2u|2(p122m—4)'

Proof Let g € C*(R") be defined as above and m > 4. Direct calculation yields
A (ugp) = o Au+ A(u, o), (3.8)

where A(u, o) = 2AuA@i + 4VuV(AQR) + uA?i + 4V(Au)V(pl) + duyi (g
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Thus,
(a? (mpg’))2 = (gofR"Azu)2 + A% (1, 0 ) + 2A(u, 0 ) 0 A u.
Now by the Young inequality, for any € > 0, there exists C, a constant such that
(A2 (uw}e”)f <1+ 6)(¢1§”A2u)2 + C.A? (u,0). (3.9)
For the second term on the right hand side of inequality (3.9), one obtains

A2 (u, ) < C(18ul|Agp " + 1Vul? |V (Agg)|” + 1ul?| A%
+ V)9 () + 1 ), )
< Com(R 1 AuP g™ + RV ()] g2 + ROIVuP g

" R-suz%zem—s LR | V2u|2¢§m_4),
which gives the desired inequality (3.7). O

Using the previous lemmas, we obtain the following results.

Proposition 3.1 Let u € C**(R") be a stable solution of (1.1). Assume that f satisfies H,
and Hy. Then there exists a constant C > 0 such that, for any R > 0, we have

/ (|u|94rl + |Dku|2) dx < CR”_Zk% and FfWudx < CR”_zk%.
Bp Br

When attempting to prove the nonexistence of the nontrivial solution which is stable
outside a compact set of (1.1) in the subcritical case, we need first to establish the following

proposition.

Proposition 3.2 Let u € C*(R") be a solution of (1.1) which is stable outside a compact
set. Assume that f satisfies Hy and H,. Then there exists a constant C > 0 such that, for any
R >0, we have

/ (Jul + |Dku|2) dx<C(1+ R”‘Zk%) and fwudx <C(1 +R”‘2k%).
Bp Br

Proof of Proposition 3.1 The proof of the case k = 1,2, 3, bears resemblance to an argument
found in [5, 6, 8]. For more details, please see the proof of proposition 4 in [6] for the case
k =1, the proof of Lemma 4.2 in [5] for the case k = 2 and the proof of Proposition 1.2 in
[8] for the case k = 3. For this reason, we omit the details.

Proof of the case k = 4. Let pg € C*(R") defined as above, let u be a solution of equation
(1.1). The function ug}' belongs to C*(R"), and thus it can be used as a test function in the
quadratic form Q,. Hence, the stability assumption on « gives

[y dx < / | A2 (up}) |2 dx.
Bar

Bar
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Applying Lemma 3.2, we obtain

f/(u)uzwlzem dx<(1+¢€) ((p,’{’Azu)z dx + C, / B(u, pr, m) dx. (3.10)
Bar

Bar Bar

In view of Lemma 3.1, we get

PP g2 dx < (L+€) /

Bar

((pl'{’Azu)z + CER_S/ w28 dx. (3.11)

Bar Bar

Multiplying equation (1.1) by up3™ and integrating by parts, we get

/ Azqu(mp ) fw)ugpd™ dx.
Bar

Bar

From (3.8), we derive

/ Azqu(u(p,%’")dx
Bir

, / A2u((A%u) 3" + 28uA (93") + duy (63",

Byr

+4V(Au)V (pF") + 4VuV (A(pF™)) + ur?(p™)} dx,
therefore

/ (A%u )2 2 = f(wupy™)d :—/ A ul(u, 03") dx. (3.12)
Bar Bar

Then, using Young’s inequality, we derive

(Azu)zgo%’” dx + Cg,m/ B(u, pr, m) dx.

Bar

/ (%) Q2" — fW)ugpl") dx < € /
Bar

Bar

Applying again Lemma 3.1, we have
/ (Azu)2<p1%”‘ dx— | fwups™ dx
Bar Bag
<e€ f (Azu)z(pfem dx + C.,,R8 / w8 dx. (3.13)
Bor Bar
Multiplying (3.13) by 6 and combining it with (3.11), we derive
/ [ (w)u® - Of (wyu]p2" dx + [0(1—€) - (1 + €)] f (M%) 2" dx
Bar

Bar

< CR’S/ U (p2m 8 dx.
Byr
From (H;) and for € sufficiently small such that € < Zfi, we deduce

/ (Azu)zwlz{” dx < CR‘S/ w8 dx. (3.14)
Bor Bor
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By Young’s inequality, we have

2 .
/ (A2u)* g2 dx < —— |10 gy CRI-85T (3.15)
Bar 0 +1 Jy

As above, we find from (3.13) that

fWupd"dx < (1 +€) (Azu)zgofem dx + CeymR_gf w28 dx.
Bar Bar Bar
Using (3.14) in the latter, we obtain

fwup™dx < C.R® / w8 dx

Bar Bar

2 _ +
<— / jul gl VD iy . CRTSF (3.16)
0+1 Jp,,
From (H]) and (H,), we get

CO/ |u|9+1g012{” dx < f(u)ugo,%m dx
Bor

Bor

< 2 / |M|9+1(p1(29+1)(m_4) dx + CRnig%,
0+1 Bor

if (0 +1)(m —4) = 2m, then
f ||+ o2 dx < CRM8671. (3.17)
Bar
From (3.15), (3.16) and (3.17), we deduce that

/ (Azu)2¢1%m dx < CR”’S%, and (u)uga]z{" dx < CR”’S%.
Bor Bar

Since ¢ =1 in Bg, we have

/ (Jul + (Azu)z) dx < CR"™371, and fudx < CR™8741 0
Br Bp

Proofof Proposition 3.2 The proof of the case k = 1,2, 3, bears resemblance to an argument
found in [5, 6, 8]. Now, we prove the case k = 4. The proof is the same as the proof of
Proposition 3.1. We need only to replace gz by @,z where ¢, € C*(R") satisfies 0 <
@a,r <1 everywhere on R” such that ¢, z(x) = 0 for |x| < a or |x| > 2R, ¢, r(x) = 1 for 2a <
lx] < R and |V, r| < CR", T <4, for R < |x| < 2R. By the stability assumption on ,
there exists a¢ > 0 such that Qu(ugo;’(’) ) = 0 for any R > 2a,. Hence, by the choice of the
test function ¢, r, the constant C,, depending on ay,€,m and u appears and the rest of
the proof is unchanged. Thus Proposition 3.2 follows. d

As in [20], we shall employ a cut-off function with compact support to derive a variant
of the Pohozaev identity. This device allows us to avoid the spherical integrals raised in
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[21], which are very difficult to control, especially for the polyharmonic situations. For
k =1,2,3, the Pohozaev identity is similar to [7, 8, 20, 22].

Proposition 3.3 Let u € C3(R") be a solution of (1.1) and € C*(Bg), then

-8
n2 ﬁR(A2M)2wdx—nLRF(u)wdx=/ By(u, ¥) dx, (3.18)

Br
where
By(u, ) = F(u)(x, Vi) - %(Azu)z(x, V) +2A0%uV ((x, V(Aw) Vyr

+ A%u{(x, VIAW)AY + 28uly } + Au{dV(Au) VY + A (x, Vi) }
+ A uf{ Ay A((x, Vi) + 2V(AY)V ((x, V) + 2A[V ((x, Vi) ) V] .

Thanks to Propositions 3.2 and 3.3, we derive the following.

Proposition 3.4 Let u € C**(R") be a solution of (1.1) which is stable outside a compact
set. Assume that f satisfies Hy and H,. If 1 < 0 < ps(n, k), then

2
IDkul’ dx = —"— | F(u)dx (3.19)
R” n—-2k R”
and
/ |D*ul® dx = / f)udx < oo. (3.20)
R” R”

Proof of Proposition 3.3 Let u € C*(R") be a solution of (1.1) and ¥ € C*(Bg), we have
A, Viyyr) = (6, V(Aw)Y + 2Aur + (x, Vi) Ay + 2V ((x, Vi) ) V.
Multiplying equation (1.1) by (x, Vu)¢ and integrating by parts in Bg, we obtain
fu)(x, Vu)yr dx = / APul((x, Vu) ) dx. (3.21)
BR Br
For the right hand side of (3.21), we integrate by parts to get

/ APul((x, Vu)yr) dx
Br

= / Au((x, V(AW +2Aup + (x, Vu) Ay + 2V ((x, Vi) ) V) dix
Br

=f AZMA[<x,V(Au))]wdx+2/
Br

Br

AuV|(x, V(AW) |V dx + 2/ (A2u)2w dx
Br
+ / Auf(x, V(AW)AY + 2Auy + 4AV(Au)VY + (x, Vu) A*yr } dx
Br
+/ Au{ Al (x, Vu) | Ay +2V[(x, Vi) [V (AY) } dix
Br

+2 / A uA[V((x, Vu)) V] dx. (3.22)
Br
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For the first term on the right hand side of (3.22), we integrate by parts to find

/ A’ul[(x, V(Aw)|y dx = d-n (Azu)zt/fdx—%/ (AQu)z(x,Vw)dx. (3.23)
Br

2 Br Br

For the term on the left hand side of (3.22), by integrating by parts, we derive

f(u)(x,Vu)wdx:/ (x,V[P(u)])wdx

Br Br
= —n/ Fu)y dx—/ F(u){x, V) dx. (3.24)
Br Br
Therefore, the claim follows from (3.21)-(3.24). |

Here, we are concerned with the proof of Proposition 3.4.

Proof of Proposition 3.4 To simplify the proof, we will concentrate on the case k = 4 which
is the most delicate case; even we believe that the results should hold true for k =1,2,3, for
more details, see for example [5, 6, 8, 23]. Let Ry > 0. Assume that u is stable outside Bg,.
Let 0 < @ < B. We begin by defining some smooth compactly supported functions which
will be used several times in the sequel. More precisely, we choose ¢ € C*(R") satisfies
0 < ¢ <1 everywhere on R” such that

1 for aR < |x| < BR,
dr(x) =10 for [x| < $R or |x| > 28R,
|VAprl < CR™  on {$R<|x| <2BR},k=1,2,3,4.

For R large enough such that R > Ry, then Br; N {FR < |x| < 28R} = @. Then u is stable
in Azg’lié2 := {3 R < |x| < 2BR}. By Proposition 3.1, there exists a constant C > 0 such that
2

/ﬁR(|u|9+1 + (Azu)2) dx < CR"™ 871  and fﬂRf(u)udx < CR™854 (3.25)
A APR

aR

Let Yz € CH(R") satisfies 0 < ¥z <1 on R” defined by

1 for |x| < aR,
Yr(x) =10 for |x| > BR,
[VEYR| < CR™* on {aR < |x| < BR}, k =1,2,3,4.

In view of Lemma 3.1 and Proposition 3.1, we have
/ (" g2 + (M%) y2") dx < CR37, (3.26)
BﬂR
/ (B(u, Yo, m) + R |V3u[*y2"2) dx < CR'871. (3.27)
BﬂR

Now, we estimate all terms on the right hand side of (3.18). Take ¥ = 2" in (3.18), m > 4.

Page 13 of 21
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The second term on the right hand side of (3.18) can be estimated as

1
i “5 /A,jR(Azu)Z(x, VYR dx

<Cu / ﬁR(Azu)zwI%’"-l dx < CR™5. (3.28)
AotR

1 wtieeiie
AR

Next

/ [A%u((x, VIAW)AYR™ + 2Au Y™ + 4V (Au) V" + N>y (x, Vu)) ] dx
Bgr

/ﬁR[A2u((x, V(AW)AYR" + 2AuAY "™ + 4V (Au) VY™ + A>3 (x, Vi) ] dx
A

oR

< Cm/ﬁR|A2u|( V(AW |[YR"? + R | Auly” 2 + R | Vuly" ) dx
AotR

<Cp [BR1A2M|(R-1W(AM)W;"-1 + R Auly ™ + R | Vulyg ) dx, (3.29)
AotR

the last line comes from the fact that 0 < ¥ <1, hence ¥ < /%, forany ¢ <s.

By applying the Holder inequality and the Young inequality to (3.29), we have

/ [A%u({x, V(AW)AYE" + 2AuAY " + AV (Au)VYR" + A*Yg"™ (x, Vu)) ] dx
Bgr

: f o[ A% RV (A [yt + R | Ay + R Vulyg™*) d
A

aR

5</AM( A2 )2dx) (/A (RYV(Aw)|yg~" + R Auly?

aR

+ R73|Vulyp )
§C</ ) (/ 2|V(Auw) P2 + R4 AuPyRrt
A
+ RO VulPy"°) dx) (3.30)

Similarly, we also obtain

/ A’uV ((x, V(Aw) VY™ dx
Bgr

/ A u(V(Au)VYR" + xi(Au)ij(w]%’”)j) dx
Bgr

SCmfAﬁR|A2u|( 1|V(Au)|1ﬁ2m 1 |(A”)L1|w2m 1)

aR

C(/AﬁR(AM)zdx) (/I;ﬂR(R_lW(Au)WI%mI |(Aw)y| 2= 1) dx)

aR oR

IA

1

c< / ﬂR(Azu)zdx>7< /A RV @0y + (Au))” ;‘sm-z)dx>2. (3.31)
A

aR aR

IA
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Integrating by parts and using Young’s inequality, we obtain
- 2 4 2 am-
/A LIV () i
< [ [RT@ P (o) v s
Bgr

=f (Azu)2¢j§m_2dx+/ A*uV(Au)V (" %) dx
Bgr Bgr

+ /];ﬁR|V(Au)}2|:R_21p£’”’2 + %A( ;‘”‘_2)] dx

§Cm/ (Azu)zw,imd“CmR-Z/ V(AW w272 dx.
BﬁR BﬁR

From (3.31) and (3.32), we obtain

/ APuN ((x, V(Aw) V" dx
BﬂR

1

= C</AﬁR(A2u)2dx) 7 (/B,SR((AZM)Z 24 B2V (Aw) [Py 2?) dx) "

The sixth term on the right hand side of (3.18) yields

/B AP u(A(YF") A Vi) + 2V (A (V™)) V((x, Vi) da

/ APu((x, V(AW A (V™) + 2Aun(YR™)
Bgr

+2VuV (A(YE™)) + 25 A( ,%’”))j) dx

AaR AaR

1

2
+ ROVuPy2m=0 1+ R V2l o) dx) :
The last term on the right hand side of (3.18) can be estimated as

/B A ul(V((x, V)V (y3")) dx

:/ A u(BV(Au)V (Y") + VuV(A(YR")) +2 x V() x V(yg"),) dx
Bgr

o [ s g (03 g x (AU, 4 20037, )
BR

+ 2[ X A%U X e X (1//13’“)].]( dx.
BﬁR

Page 15 of 21
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By Holder’s inequality and Young’s inequality, we get

/B A uA(V((x Vi) V(¥R™)) dx

1

< c< /A ﬁR(Azu)2dx)2

R
x (/ (R2| V(AW Y@ + RO\VuPyp™® + (Au)k x yam=>
BﬁR

1

+ R V2ul® x g6 4 2| V3| x I/f;‘;m-“)dx)Z

= C</A£§ (Azu)zdx) (/l;ﬂR((Azu)sz%m + B(u, ¥z, m)

+ RVl y2m2) dx) " (3.35)

From hypothesis Hj, one has (6 + 1)F(s) <f(s)s, Vs € R. Using the latter inequality, (3.25)
and 1 < 0 < ps(n, 4), we get

/ F)(Vy3",x)dx=0(1) asR— +oo. (3.36)
Bgr

From (3.18), (3.25)-(3.36), and 1 < 6 < p,(n,4), we obtain

2n

2
fRn(AZM) dx = n—SAnF(u)dx'

Now, multiplying equation (1.1) by 2™ and integrating by parts, we get

[ (@rei - s
=_/ A u(2Aur(yF™) +4uij(lﬂ1%m)ij+4-V(Au)V( )
Bar
+4VuV(A(Yrm)) + ul*(Yg")) dx.

By the same reasoning as above, we find
/ (Azu)2 dx= | f(u)udx<oo. 0
R# R
4 Proof of Theorems 2.1, 2.2, 2.3,2.4 and 2.5
Proof of Theorem 2.1 The proof of Theorem 2.1 for the case k = 1,2, 3 is exactly the same

asin [5, 6, 8]. Now, we prove the case k = 4. Let u be a stable solution to (1.1).
Subcritical case: 1 < 6 < ps(n,4). By Proposition 3.1, there exists C > 0 such that

|’ dx < CR"™$71, VR > 0.
Br
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Note that

0+1 16
n—Sﬁ:n—S—ﬁ<0, V@e(l,ps(n,4))

Then, if 1 < 6 < py(n,4), after sending R — oo, we get u =0 in R”.

n+8
n-8°

/ ((A2M)2 +|ul®*!) dx < +o0.

Critical case: 6 = By Proposition 3.1, we have

So,

lim [ ((A%)° + [ul’")dx =0. (4.1)

R—+00 A

Moreover, if we come back to the proof of Proposition 3.1, we may improve the following

integral estimates:

/BR((A2M)2 +|ul®*) dx < Cf

AR

(Azu)2 dx+ CR® / u® dx.

AR

By Holder’s inequality, we have

2

- 7
f ((A%)? + ") dx < C/ (A2u)” dx + CRM8 x (f |1 dx>
Bg AR AR
2
2,\2 0+1 o
<C (A u) dx+C |u|”* dx .
AR AR
Using (4.1), we get
lu|”dx = 0.
Rn
This implies that # = 0 in R”. O

Proof of Theorem 2.2 We now collect (3.19) and (3.20). By assumption Hs, if # is not iden-
tically zero, then

2
|Dku|2dx= = F(u)dxz(1+(x0)/ fWudx
R” RY

n-2k R”
> / fw)udx = / \Dkuiz dx.
R7 R”
This is a contradiction. Then u# = 0. The proof of Theorem 2.2 is thus completed. O

Proof of Theorem 2.3 The proof of Theorem 2.3 is similar to proof of Proposition 4 in [6].
Lety €[1,20 —1+24/6(6 —1)). Multiply equation (1.1) by |1,t|7”1ug01,2e and integrate by parts
to find

S @ulul” " pp dx
Bar

__ Y
S (y+1)2

/ |V(|u|VT_1u)|2<p,%dx— b |u|y+1A(<pI23) dx. (4.2)
Bor Yy + 1

Bar
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-1
The function |u|yTu<pR € CYR"), and thus it can be used as a test function in the
quadratic form Q,. Hence, the stability assumption on u gives

£ @)|ul” oz dx

Bar

5/ |v(|u|%‘1u)f¢§dx+/ |u|y+1|wR|2dx—§f 1" & () d.
Bar

Bar Bar

Using (4.2) in the latter, we obtain

ﬁzR{U/(u)uz —Of wu)|ul”™ + <(y4_):?)2 - 1) ’V(|u|y2_1u)|2}(p123dx

<Ci(y,0) f "1 A (pg) dax + f |ul” |V or|* dx,
Bor

Bar

where C;(y,0) = % - %). By hypothesis H;, we obtain

4y0 =l 2 o
(()/+1)2 _1> /32R|V(|u| 2 ”)| Prdx

<Ci(y,0) f "1 A (pg) dax + / |ul”* |V | dx.
Bor

Bar

Since # >1and y € [1,20 —1 + 24/6(6 — 1)), we have (:1/16;2 —1>0and

| 190 w)Perax =0y [ (Al + (9enk) d
Bar

Bar

Using again (4.2), we get

fulul’toidx < C/(y,G)/ " (IVerl® + | A(gz)[) dx.
Bar

Bar

First, we replace @r by ¢y’ in the latter inequality, for any m > 2, we derive

Flyulul g2 dx < Cly,8,m) / g2 (IV gl + | Agrl) dx

Bar Bar

C
< = uy+1 2m—2dx.
< me| B

By H; and H,, we get

C
O+y 2 1 2m-2
/ ] " dx < e lu" " dx.
Bar Bar

An application of Young’s inequality yields

6
a0 Y+l @m-2)23%
/ |u|?*Y 92" dx < CR™ T 4 ~—— lul” " pp " dx.
Bar Bar



Harrabi et al. Journal of Inequalities and Applications (2017) 2017:79 Page 19 of 21

Thus

_o 0ty
||t dx < C'R" 25T,
Br

As in Farina’s work we readily deduce, by letting R — +00, that there is no nontrivial stable
solution of (1.1), in the special case 1 < 0 < p.(n). O

Proof of Theorem 2.4 We proceed as in the proof of Proposition 2.1. From (3.11) and (3.13),

|9—1

we deduce by replacing f () by —mu + A|u|® Yy — p|ulP~tu that

(1-¢) (Azu)zwf{" dx — / (—=mu® + Mul” — plul )" dx
Bor Bar

< CGR_S/ w8 dx (4.3)
Bir
and
/ (—mu® + O |ul®" — pulul’*')pp" dx
Bar

<(1+e) (go,’Q”Azu)2 + CGR’S/ w28 dx. (4.4)

Bar Bar

Multiplying (4.3) by 6 and combining it with (4.4), we derive

m( - 1) / W dx+ w0 —p) | |uleg" dx
Bor

Bar

+ [9(1—6)—(1+6)]/ (A2u)2<p12{”dx

Bar

< CR8 / u2<p,2{”_8 dx.
Byr

For € sufficiently small, we deduce

m(® —1) " dx + (0 - p) lulP o™ dx + / (A2u)2g0123”’ dx
Bar Bar Bar
<CR® f w28 dx. (4.5)
Bar

Proofof 1.If m > 0 and 6 > p, then from (4.5), we deduce that

/ u?dx < CR™8 / u® dx.
Br Byr

Let J(R) := f Br u? dx. If we iterate the above inequality, then we get
J(R) < CR &V (2k1R). (4.6)

We deduce from the boundedness of u that the right hand side of (4.6) is of order RY with
M =-8(k+1)+n— 0ask— +00. Hence, we can choose k large enough such that M < 0.
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Then it follows from (4.6) that J(R) — 0,asR — +00. So we get

/ u?dx = 0.
Rn

Then u = 0.
Proofof 2.1f 0 > p, m > 0, then from (4.5) and by Young’s inequality, we get

2 - _gptl
/ lul " do+ / (A%) g3 de < | o™ dx v CRTU
Bor

Byp + Bor

Choosing 2m = (p + 1)(m — 4), thus

p+l
/ " R dx + / (M%)’ 3" dx < CR™ 71,
Bar

Bir

Consequently
|u|P+1dx+/ (A%u)* dx < CR**/ T,
Br Br

The result then follows in a similar way to that in the proof of Theorem 2.1. This completes
the proof of Theorem 2.4. d

Proof of Theorem 2.5 We can proceed as in the proof of Proposition 3.4, we get

2 A
|Dku|2= n / —Zu2+—|u|9+1—i|u|p+l
R n—2k Jgn\ 2 0+1 p+1

and

/W|Dku|2 = /Rn(—mu2 + Alu)f! —u|u|‘“1)‘

Thus
2mk ) 2n
dx+Aill- ——— 0+1 4
n—zk/W” xr < (n—2k)(0+1)) |l
2n
— -1 Pl dx = 0.
(e ) L
This concludes the proof of Theorem 2.5. d
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