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1 Introduction

At first, we introduce briefly the conception of ¢-mixing sequence. Set

¢(n) = sup sup |P(B) - P(BIA)|, (1.1)
k=1 pe FF,Be FE2, ,P(4)>0

where F¥ = & X;,1 <j<k)and F2, =0 (Xj,j>k+n). The sequence {X;,i > 1} is called
¢-mixing iflim,_, » ¢(n) = 0. The ¢-mixing dependence was introduced by Dobrushin [1],
and many applications have been found. See, for example, Dobrushin [1], Utev [2], Yang
[3], Yang and Hu [4] and so on.

In what follows, let us introduce the conception of frequency polygon. Suppose that X is
a random variable with a density function f(x), and let X3, X5, ..., X}, be the sample drawn
from the population X. Consider a partition -+ <x_p <x_] <X < ¥ <&y < - -- of the real
line into equal intervals Iy = [(k — 1)b,, kb,) of length b,, where b, is the bin width. For
given x € R, there exists ko such that (ko — %)b,, <wx<(ko+ %)bn. Consider the two adjacent
histogram bins Iy, = [(ko — 1)b,, kob,) and Iy, = [kob,, kib,), where ki = ko + 1. Define vy, =
Y I((ko — 1)by < X; < koby) and vy, = Y1, I(koby < X; < kib,), which are the number
of observations falling in the intervals mentioned above, respectively. The values of the
histogram in these previous bins can be denoted by fi, = vi,n'b,;! and fi, = vi,n7'b;.
Then the frequency polygonf(x) can be defined as

Flx) = G t ko — ;_n)fk" ‘ G “ko + bﬁn)/kl (1.2)

for x € [(ko — %)bm (ko + %)bn)
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As pointed out by Scott [5], the frequency polygon has convergence rates similar to
those of kernel density estimators and greater than the rate for a histogram. As for com-
putation, the computational effort of the frequency polygon is equivalent to the one of
the histogram. For large bivariate data sets, the computational simplicity of the frequency
polygon and the ease of determining exact equiprobable contours may outweigh the in-
creased accuracy of a kernel density estimator. Bivariate contour plots based on millions of
observations are increasingly required in applications including high-energy physics sim-
ulation experiments, cell sorters and geographical data representation. Moreover, such
data are usually collected in a binned form. Therefore, the frequency polygon can be a
useful tool for examination and presentation of data. Since the frequency polygon has the
advantages mentioned above, it attracts the attention of some scholars, and they have de-
rived some results. For the explicit results obtained, one can refer to the references listed
in Yang and Liang [6] and Xing et al. [7], which gave the strong consistency of frequency
polygons. Among the obtained results, the study on asymptotic normality can be found
in Carbon et al. [8]. The relevant Berry-Esséen bound for ¢-mixing samples has not been
seen. This motivates us to investigate the Berry-Esséen bound of frequency polygon under
¢-mixing samples. Under the given assumptions, we give the corresponding Berry-Esséen
bound. Furthermore, by the obtained Berry-Esséen bound, the relevant convergence rate
of uniformly asymptotic normality is also derived, which is nearly O(n~/¢) under the given
conditions.

Throughout this article, we always suppose that C denotes a positive constant which
only depends on some given numbers and may vary from one place to another. The orga-
nization of this paper is as follows. Section 2 contains the main result obtained, Section 3
contains the corresponding proof.

2 Main result
For the convenience of formulation of our main result, we need the following assump-

tions.

(A1) The density function f(x) is continuous in x € R and f(x) < M for x € R and some
M>0.

(A2) The random sample {X;,1 <i < n} is stationary, identically distributed and ¢-mixing
with ¢(n) = O(n~"), where p > 7;256 with 0 <€ < %.

(A3) The bin width b,, satisfies b,, — 0 and nb,, — o0.

(A4) Define 02 (x) := Var(?(x)), and there exist § > 0, two positive integers p := p, and q :=

qn such that

p+q<n  gp'<C<oo
and

Yin — 0, Yo — 0, Yan — 0, ui(q) — 0, uy(q) = 0,
as n — 00, where

Yini=ap+ @) (nbyo ] )", vani=p(nb o)
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- —(2+6 _ -1
Yan = P2 (1b,) ) (0,0) Y, w(g) = g (nb 202 (x))

and

-1/2

u3(q) = (¢°pbuo; (%)) "
Based on the above assumptions, our main result can be given as follows.

Theorem 2.1 Suppose that assumptions (Al)-(A4) are satisfied. Then we have

sup|F () = D) < C{yl? +var> + van + u1(q) + uy*(q)}, (2.1)
u

where F,(u) = P(S, < u), S, = 0,(x)7! A(x) - Ef(x)} and ®(u) is the distribution function of
the standard normal random variable.

By Theorem 2.1, the following corollary can be obtained directly.

Corollary 2.1 Let the conditions of Theorem 2.1 be satisfied, and let p = [n*), q = [n** 1],
8 =10/9, b, = O(n™°) and 6,,(x) = O(n~?®) in (2.1), where Tt = 1/2 + 3¢. Then

sup Ur\(x) —f(x)| — O(n—l/6+5€/3). (2.2)

XER

Remark 2.1 By (2.2), the convergence rate is nearly O(n7'/°) if € — 0*, as desired.
Correspondingly, Yang and Hu [4] gave also the Berry-Esséen bounds of kernel den-
sity estimator under ¢-mixing samples and obtained the relevant rate of convergence
O(n V¢ log nloglog n). Obviously, the two convergence rates are similar.

3 Proof
Before proving Theorem 2.1, we give some denotations used later. Let

Yi,ks = I{(ks - 1)bn = Xi < ksbn}: s=0,1, (31)

ik, (%) := Yig (%) —EYip (%), i=1,2,...,m5=0,1, (3.2)
1 1

ni(x) := [(5 +ko — %)65,1«) (%) + (5 —ko + bﬁn)ei,kl(x)} (3.3)

Zyi 1= (nbyo(%) i), (3.4)

and let p, g as in assumption (A4), v:=v, = [n/(p + q)],

lm,p,l = (Wl - 1)(17 + q) +1, lm,p,p = (Wl - 1)(19 + Q) +p,
lm,q,l = (Wl—l)(l’+61)+P+1: lm,q,q =m(P+4)r
Li=vip+q) +1,

lmpp lmqq

y;,m = Z Zn,i(x): yZ,m = Z Zn,i(x)! J’me = Zzn,l(x)

i:lm,p,l i:lm,q,l l:lv,l
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and
14 14
S;’l = Zy;l,m’ SZ = Zy;:,m’
m=1 m=1
Then

_ ! 7 "
S,=S. +S.+S/.

Sy =

Page 4 of 11

1"
n,m*

(3.5)

Next, some lemmas are given, which will be applied later.

Lemma 3.1 (Yang [3]) Assume that {X;,i > 1} is a sequence of ¢p-mixing random variables
satisfying EX; = 0, E|1X;|1 < oo for q > 2 and i =1,2,... and Y ;) $"*(i) < co. Then there

exists a positive constant C such that

E anxi ' < C{Xn:axm + (XH:EX?)W} (3.6)
i1 i1 =}
forn>1.
Lemma 3.2 Under the conditions of Theorem 2.1, we have
E(S)’ <Crm  E(S))’ < Cyam (3.7)
and
P(ISi =z v) =Cn’s P(IST = mr’) < Cryy) (3.8)

Proof By assumption (Al), it follows that EZ}; =

Hence, in terms of Lemma 3.1, we obtain that

v 2
w5 - £( )
m=1
lmaq

= E<Z > Zn,,-(x))z

m=1 i=lm,q,1

v lm,q.q

=cy N

m=1 i=lm,q,1
vq
<C————
= n?b,o2(x)
9
p+qn?b,o}(x)
q —
p+qnb,o2(x)

1
n?b,02(x)

<C

= Cyln

E|(nb,,a,,(x))‘1ni(x)|2 <C L

- n2by, (rnz ()"
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and that

= Cyom. (3.10)

Therefore, (3.7) holds. By Markov’s inequality and (3.9), (3.8) is obtained directly. The
proof is complete. O

Lemma 3.3 For any integer k, there exist ¢y, € I, (s = 0,1) such that
) 172
|Coviei, eisjus)| < 2{d()} " (F(&k,)) b, (3.11)
and

<2{¢() (£ (&) *bY2. (3.12)

’COV(ei,ks—l; ei+j,ks)

Proof By Theorem 5.1 in Roussas and Ioannides [9] and the proof of Corollary 2.1 in Car-
bon et al. [10], we can get the results directly. The details are omitted here. O

Lemma 3.4 Under the conditions of Theorem 2.1, we have

50 =11 < C{yiy” + var? + wm(q@)}, (3.13)

where s, = /Y, _, Var(y,, ).

Proof SetT'y =3, Cov(y,;»¥,,). Obviously,
2 =E(S,)* - 2T, (3.14)

Since E(S,)* =1 and E(S,)* = E[S, — (S, + S!)]* = ES? — 2E[S,(S,, + S)] + E(S,, + S!)?, we
have

E()° 1] = [E(5, + 1) ~2£[5,(5, + S)]| = COA2 + 132, 615)
On the other hand, by Lemma 3.3, it follows that

ITal < D [Cov (¥, )]

1<i<j<v

lipp  Gpp

E Z Z Z‘COV(ZVI,S’ZVIJ)’

I<ij<vs=lipyt=lip1
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lipp lipp 1
< D EEE——— C S
= 20 20 2 Gy OO
1§1</§vs:l,',p,1 t:lj,p,l

Z Z Cov ( +ko — i e ko (%)

(nb o,,(x))2 b, )"

vi= ltpl/ l]pl
1 1 X 1 X
(5 —ko + —n)ei,/q(x), (5 +ko — b—n)ei,ko(x) + (5 —ko + b—ﬂ)&,kl(x))‘

l PP /PP 1 x 2
Z Z (ot x) H(i +ko_b_,,> Cov(es iy etky)

vs=lip
1 x
) <E —ko + b—) COV(es,ko:et,kl)

1
(E +k()—

1 1
+ (— + ko — —n> (E —ko + bx_,,> Cov(es i etky)

lipp  Gipp

=2 XX bﬁ/z o V) 3 Ho (s - o)}

1§i<j§vs:ll-,p’1 t:lj,p,l

lPP /P[?

+
S =

+

SHES

K

— \&}
K Nl

2
+ (— —ko + —) Covlesyeri)

n

[\
S

v IZPP 11717

25335 s (20—}

i=1 j=itls=lp) t=lip)

v-1 lpp

o0
O Y g Ll

i=1 s=ljpy m=q

v—1 llpp

CZ Z b3/2(}’10 (x )2 Z P

i=1 s=l;)

q— 3 p+1
nb¥?(0,(x))?

< Cu(q),
which together with (3.14) and (3.15) yields (3.13). The proof is completed. O

Assume that {1,,,, : m = 1,...,v} are independent random variables, and the distribution
of Ny is the same as that of y,, form =1,...,v. Let Ty, = Y v _ N> Bu = v,y Var(nm)
and IN-",,(u), G,(u) and G, (1) be the distribution functions of S, Tu/</B, and T, respec-
tively. Clearly,

B, =52, G, () = Gy(uls,). (3.16)

n

Lemma 3.5 Under the conditions of Theorem 2.1, we have

sup| G, (1) — ®(u)| < Cysy. (3.17)
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€ikg (x)+e,v'k1 (x,

Proof By Lemma 3.1, |z,,;| < ot ) and assumption (Al), we have

14
> Enyml*?
m=1
v lmpp bt v lmpp 1+6/2
< C[Z > EZyu@|” +Z( > Ez;,.(x)> }

m=1 i=ly, ;1 m=1 \i=ly; p1

1 248 an 1+8/2
5C{’”””<nbm<x)> ”[(nbno,,(x)ﬁ] }

1+68/2
p
<Cvh,| —————
== [(nbnan(x)ﬂ}

1+8/2
- Cp b, 1
T p+q \n*(b,0,(x))*

pa/z
<C——M
T (nby)t 0 (0(x))?H

= Cy?)}’l;

which together with B, = s2 — 1 yielded by Lemma 3.4 implies that (3.17) holds by the
Berry-Esséen theorem. 0

Lemma 3.6 Let {X;,i > 1} be a sequence of ¢-mixing random variables, and let n; =

Zf?;}%gﬁ;ﬁl Xi, where1 <[ <k.If+ +1 =1, wherer>0,s>0, then

Eexp (z’tz m) - [ TEexptien)| <116 @) Y Imll- (3.18)
I=1 I=1 i=1
Proof Obviously,
Eexp (it Z m) - l_[Eexp(itm)
I=1 I=1
v v-1
< |Eexp (it Z m) — Eexp (it Z m)Eexp(itm)
=1 =1
v-1 v
+ |Eexp (it Z m)Eexp(itnv) - HEexp(itm)
I=1 I=1
=111 +12. (319)

Noting that e = cosx +isinx, sin(x +y) = sinx cos y+cos x sin y and cos(x +y) = cos xcos y —
sinx siny, we get

L=

v v—1
Eexp <it Z m) —Eexp <it Z m)Eexp(ith)

I=1 I=1
v-1 v-1

Cov (cos (t Z m) , cos(tnv)> Cov (sin (t Z m) , sin(tm)) ‘
I=1 I=1

< +
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v-1 v-1
Cov <sin (t Z m) , cos(tnv)) Cov (cos <t Z m), sin(tnv)) ‘
=1 =1

=:Iy + Lo + 13 + Dy (3.20)

+ +

From Theorem 5.1 in Roussas and Ioannides [9] and | sinx| < |x], it follows that

Ly < Co'(q)|sin(en,)||, < Clel"* @lnull-»  Fa < Cltlg" @)1yl (3.21)

Also, by cos(2x) = 1 — 2 sin* x, we get that

111 =

v-1
Cov (cos <t Z m) ,1-2 sinz(tnv/2)) ’

=1

v-1
Cov (cos (t Z 77;) , sinz(th/Z)) ‘
I=1

< C¢'(q)EY" [sin(tn,/2)|”

=2

< Co"(q)E"" [sin(tn,/2)|

< Cp"(q)lImyll . (3.22)
Similarly,
Lz < Co5 ()l (3.23)

A combination of (3.19)-(3.23) yields that

= C¢1/S(q)”nv||r +1.

v v
Eexp (it Z m) - nEexp(itm)
I=1

I=1

Repeating the procedure above makes (3.18) hold. The proof is completed. d

Lemma 3.7 Under the conditions of Theorem 2.1, we have
sup|F, () - G, ()| < Cysu + 43(9)}. (3.24)
u

Proof Let ¢(t) and ¥ (¢) be the characteristic functions of S/, and T}, respectively. Noting

W (£) = E(exp(itT}) = [ [ Eexp(itnum) = [ [ Eexp(ity), ),

m=1 m=1

we have

lp(t) - v ()| =

Eexp (it > m) — [ [Eexptitm)
=1

=1

<1t6"@ Y Iyl (325
i=1
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Also, from Lemma 3.1, it follows that

lmpp lmpp p
Zni <C 5 < C .
J’nm ( Z (x)) Z nbuzg (B2, (x))?

i=lpp,1 i=lpp,1

Then we have

1/2
o) -y ()| < ltl¢“2<q>Z[W]

1/2
< ltlg "2 r
B p+q| (nbl?0,(x))?

< Cltl(q°pbao(®) " = Cltlus(q),
which implies that
Tlo(t) -y (2)
/ —7—+ﬁ5@MW. (3.26)
-T

On the other hand, by Go(1) = G,y(u/s,) and Lemma 3.5, we get

sgp|én(u +9) = G|
- sx;p| G (s +9)/55) — Gululs,)]
< st;p|Gn((u +9)/su) = ©((u+ y)ls)|
+ Sup| P ((u +)/s) = D(uls,)| + sup| G, (ls,) = P(uls,)|
< ngp}Gn(u) - D) + sgp|d>((u +9)/5) — D(uls,)|

C{VSn + |}/|/Sn} = C{VSn + |J/|}

Therefore,

Tsup/ |én(u+y)—én(u)’dy§CT/ {y3n+|y|}dy§C{y3,,+1/T},
[yl=e/T

u lyl<elT

which together with (3.26) implies

u

V(t)

~ ~ T o(t) - ~ ~
sup|Fu(u) — G, ()| < /T’% dt + Tsup/ /T|Gn(u +y) = Gu(u)| dy
u - lyl<c

< C{yn+ua(@)T + 1T} = Clysn + uy*(q)}

by the Esséen theorem and letting T = u;"/*(g). The proof is complete. d
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Lemma 3.8 (Yang [11]) Suppose that {¢, : n > 1} and {n, : n > 1} are two random variable

sequences, {y, : n > 1} is a positive constant sequence and y,, — 0. If
sup|Fy, () — ()| < Cyu,
u

then for any € > 0,
SUp|Fe,4n, (1) = ®(w)| < Clyn + &+ P(Inal = ) }. (327)
u

In what follows, we can give the proof of Theorem 2.1.
Proof of Theorem 2.1 1t is easy to see that
sup|F, () - ()|
< sup|Fy (1) = Gn()| + 5up| Gy (0) = @(ul VB + sup| @(ulv/By) - @)
=tJin + Jan + Jan.

By Lemmas 3.7, 3.5 and 3.4, we can obtain

Jin = sup|E, () - G(w)| < Clysn + u3(q)},

Jon = sup|G(u/\/B,) — (ul/By)| = 5up| G(a) = @) = Cys
and
Jon = sup| (u/B,) = @] < [su =11 = Cln;? + vy + (@)},
which together with (3.5), (3.8) and (3.27) implies (2.1). The proof is completed. O
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