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Abstract

Distance measures play a central role in evolving the clustering technique. Due to the
rich mathematical background and natural implementation of /, distance measures,
researchers were motivated to use them in almost every clustering process. Beside /,
distance measures, there exist several distance measures. Sargent introduced a
special type of distance measures m(¢) and n(¢) which is closely related to /,. In this
paper, we generalized the Sargent sequence spaces through introduction of M(¢)
and N(¢) sequence spaces. Moreover, it is shown that both spaces are BK-spaces, and
one is a dual of another. Further, we have clustered the two-moon dataset by using
an induced M(¢)-distance measure (induced by the Sargent sequence space M(¢)) in
the k-means clustering algorithm. The clustering result established the efficacy of
replacing the Euclidean distance measure by the M(¢)-distance measure in the
k-means algorithm.

MSC: 40HO05; 46A45

Keywords: clustering; double sequence; k-means clustering; two-moon dataset

1 Introduction

Clustering is a well-known procedure to deal with an unsupervised learning problem ap-
pearing in pattern recognition. Clustering is a process of organizing data into groups called
clusters so that objects in the same cluster are similar to one another, but are dissimilar to
objects in other clusters [1]. The main contribution in the field of clustering analysis was
the pioneering work of MacQueen [1] and Bezdek [2]. They had introduced highly signifi-
cant clustering algorithms such as k-means [1] and fuzzy c-means [2]. Among all clustering
algorithms, k-means is the simplest unsupervised clustering algorithm that makes use of
a minimum distance from the center, and it has many applications in scientific and indus-
trial research [3-6] (for more information about the k-means clustering algorithm, see
Section 5). K-means algorithm is distance dependent, so its outputs vary with changing
distance measures. Among all distance measures, a clustering process was usually carried
out through the Euclidean distance measure [7], but many times it failed to offer good re-
sults. In this paper, we define M(¢)- and N(¢)-distance measure. Further, M(¢)-distance
is used to cluster two-moon dataset. The output result is compared with the result of
Euclidean distance measure to show the efficacy of M(¢)-distance over the Euclidean dis-
tance measure. M(¢) and N(¢)-distance measures are the generalization of m(¢)- and
n(¢)-distance measures introduced by Sargent [8] and further studied by Mursaleen [9,
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10] (to know more about m(¢) and n(¢), refer to [8—10]). The M(¢) and N(¢) spaces are
closely related to /, distance measures. [, measures and its variance are mostly used to
solve the problems evolving in the fields of Market prediction [11], Machine Learning [12],
Pattern Recognition [13], Clustering [20] etc.

Throughout the paper, by @ we denote the set of all real or complex sequences. More-
over, by I, ¢ and ¢y we denote the Banach spaces of bounded, convergent and null se-
quences, respectively; and let /, be the Banach space of absolutely p-summable sequences
with p-norm | - ||,. For the following notions, we refer to [14, 15]. A double sequence
x = (xj) of real or complex numbers is said to be bounded if ||x]|o < 00, the space of all
bounded double sequences is denoted by L. A double sequence x = (x) is said to con-
verge to the limit L in Pringsheim’s sense (shortly, convergent to L) if for every € > 0, there
exists an integer N such that |x; — L| < & whenever j,k > N. In this case L is called the
p-limit of x. If in addition x € L, then x is said to be boundedly convergent to L in Pring-
sheim’s sense (shortly, bp-convergent to L). A double sequence x = (xj) is said to converge
regularly to L (shortly, r-convergent to L) if x is p-convergent and the limits x; := limy xj
(j € N) and «* := lim; xj (k € N) exist. Note that in this case the limits lim;limg xj and
limy lim; xj exist and are equal to the p-limit of x. In general, for any notion of conver-
gence v, the space of all v-convergent double sequences will be denoted by C, and the
limit of a v-convergent double sequence x by v-lim;; x;, where v € {p, bp, r}.

Let 2 denote a vector space of all double sequences with the vector space operations
defined coordinate-wise. Vector subspaces of Q2 are called double sequence spaces. Let us

consider a double sequence x = {x,,,} and define the sequence s = {s,,,} via x by
m,n
Spn 1= lej (m,n € N).
ij

Then the pair (x,s) and the sequence s = {s,,,} are called a double series and a sequence
of partial sums of the double series, respectively. Let A be the space of double sequences
converging with respect to some linear convergence rule p-lim: A — R. The sum of a
double series Z?fzcl’o x; with respect to this rule is defined by - fojo Xy 1= - lim s,

Basar and Sever introduced the space L, in [16]

Lp1={{xmn}€Q:Z|xmn|p<oo} (1§P<OO)

mn

corresponding to the space /, for p > 1 and examined some of its properties. Altay and

Basar [17] have generalized the spaces of double sequences L, C, and Cy, to
Loo(t) = {{xmn} €Q: sup |yl < oo},
m,neN
Cp(t) = {{xmn} €Q ‘p- lim |xmn _Eltmn = O})
n,n— 00

and

Cbp(t) = Cp(t) N Loo(t)’
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respectively, where ¢ = {t,,,} is the sequence of strictly positive reals £,,,,. In the case t,,,, = 1,
for all m,n € N, Lyo(£), C,(t) and Cp,(£) reduce to the sets Ly, C, and Cy,, respectively.
Further, let C be the space whose elements are finite sets of distinct positive integers. Given
any element o of C, we denote by c(o) the sequence {c,(0)} which is such that ¢,(c’) = 1 if

n € o, c,(0) = 0 otherwise. Further, let

Cs= {U eC:Zc,,(o)gs}
n=1

be the set of those o whose support has cardinality at most s, and

® = {¢> = {pu} €w:h1>0,Ad, > 0and A(@) <0(n =1,2,...)},
n
where A¢, = ¢, — ¢,,_1 and ¢ = 0.
For ¢ € ®, the following sequence spaces were introduced and studied in [8] by Sargent
and further studied by Mursaleen in [9, 10]:

m(¢p) = {x: {x,} € @ :sup sup (% Z |xn|) < oo},

s>1 0eCs neo

and

n(g) = {x: {x,} € w: sup ( Z |un|A¢>n) < oo}.
ueS(x) =11

Remark 1.1
(i) The spaces m(¢) and n(¢) are BK-spaces with their usual norms.
(if) fp,=1(n=1,2,3,...), then m(¢) = l; [n(p) =l], andif ¢, =n (n=1,2,3,...),
then m(@) =l [n(}) = 4].
(iii) [, Sm(p) Cloo [h S (@) C o] forall ¢ € @.
(iv) Forany ¢ € @, m(¢) # 1, [n(¢) #1;], 1 <p < 00.

In this paper, we define Sargent’s spaces for double sequences x = {x,,,}. For this we
first suppose U to be the set whose elements are finite sets of distinct elements of N x N
obtained by ¢ x ¢, where 0 € Cs and ¢ € C; for each s,¢ > 1. Therefore, any element ¢ of
U means (m,n); m € o and n € ¢ having cardinality at most s, where s is the cardinality
with respect to m and ¢ is the cardinality with respect to n. Given any element ¢ of U, we
denote by ¢(¢) the sequence {c,,,(¢)} such that

1;, if(m,n)ec,

0; otherwise.

Further, we write

ust: {GU: Z Cmn(g)SSt

m,n=1
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for the set of those ¢ whose support has cardinality at most s¢; and
O = {¢ = {¢mn} € Q: d’ll > 0: All¢mn = 0 and AH(%> < 0 (Vl’l,l’l = ]42’---)})
mn

where A11¢un = Gimn — Pm-1,1— Pmn-1 + Pm-1,n-1 and Poo, Goyms Guo = 0, Vm, n € I*. Through-
out the paper, we write 3, . for > > __, and S(x) is used to denote the set of all
double sequences that are rearrangements of x = {x,,,} € Q. For ¢ € ©, we define the fol-
lowing sequence spaces:

1
M(g) = {x= (%mn) € Q2 lxlla1) = sup sup (— > |xmn|) <oo}
s;t>1¢ely ¢S£ mpnec

and

ueS(x)

N(¢) = {x: {xmn} €eQ: ”x”N(qﬁ) = sup (Z |umn|A11¢mn> < OO}

m,n=1

Then the distances between x = {x,,,} and y = {y,,,} induced by M(¢) and N(¢) can be
expressed as

1
dM(d’) = Sup sup (¢_ Z % _ymn|)
t

st>1¢elg S| mnec

and

00,00
dN(fb) = sup (Z [t — an|A11¢mn>'

u,veS(x) =1

Remark 1.2 If ¢ =1 (s,£=1,2,3,...), then M(¢p) = L; [N(¢) = L], and if ¢y, = st (s, =
1,2,3,...), then M(¢) = Loy [N(6) = L1].

We now state the following known results of [18] for single sequences (series) which can
also be proved easily for double sequences (series).

Lemma 1.1 If the series Y u,x, is convergent for every x of a BK-space E, then the func-
tional Y 7| uyx, is linear and continuous in E.

Lemma 1.2 [fE and F are BK-spaces, and if E C F, then there is a real number K such
that, for all x of E,

lxllF < Kllx]lg.

2 Properties of the spaces M(¢) and N(¢)
Theorem 2.1 The space M(¢) is a BK-space with the norm.

1
%/l asg) = sup sup —( > |xmn|). (21)

s,t>1¢els ¢st el
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Proof It is a routine verification to show that M(¢) is a normed space with the given norm

(2.1), and so we omit it. Now, we proceed to showing that M(¢) is complete. Let {x'} be a

!

Cauchy sequence in M(¢), where &' = {x!,

et for every fixed I € N. Then, for a given
€ > 0, there exists a positive integer #y(¢) > 0 such that

1
||xl —x’”MW = sup sup —( Z |x£,m —x:,m|) <&

st=1celly Pst et

for all [, 7 > ny(g), which yields, for each fixed s,£ > 1 and ¢ € Uy,

Z |4 = | <€ forall L,y > mo(e). (2.2)
mneg
Therefore
D |kl = D Wl [ <2gu forallr> no(e). (2.3)
nm,neg mneg

This means that {Zm'ne ¢ |x£m,|}leN is a Cauchy sequence in R for every fixed s, > 1 and
¢ € Uy. Since R is complete, it converges, say

Z |xfm| — Z [%mn|  asl— oo.

mneg mnes

Since absolute convergence implies convergence in R, hence

Z xﬁnn — Z Xmn  aS 1 — o0. (2.4)

mneg m,nes

Hence we have

!
2 S = D o

m,neg m,ne

lim =0. (2.5)

-0

M(g)

Lety' =), . 1«,|. Then {y'} € L. Therefore

sup Z x| < k.

leN mper

Since D, er [Xmnl < D nee [Xmn — x|+ ) lxl .| < epu + k, it follows that x =
{%un} € M(¢). Since {x'};cy was an arbitrary Cauchy sequence, the space M(¢) is com-
plete. Now we prove that M(¢) has continuous coordinate projections p,,,, where p,,, :
Q — K and py;,(x) = x,,,. The coordinate projections p,,, are continuous since |x,,,| <

SUP; 1 SUP, e 1y, Pst 1%l 1) for each m,n € N. O

Remark 2.1 The space N(¢) is a BK-space with the norm

00,00
%l = sup (Z |umn|Au¢mn>.

ueS(x) =1
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Lemma 2.1
(i) Ifx e M(p) [x € N(¢)] and u € S(x), then u € M(p) [u € N(¢)] and ||u| = |x].

(ii) Ifx € M(¢p) [x € N(@)] and |tsyun| < |%mn| for every positive integer m, n, then
u e M(@P) [ueN@)| and |lull < x|

Proof (i) Let x € M(¢), then sup ., sup, i Zm,ne; [%mn| < 00. S0, we have

1
— Z |%mn| < 00 foreach ¢ € Uy and s,t > 1.

st m,nes

Since the sum of a finite number of terms remains the same for all the rearrangements,

1
— |Upn| = — |%un| foreach u € S(x) and ¢ € Uy,s, t > 1.
> o 2 ‘

m,neg mneg

Hence

1 1
SUP SUP —— ) [us| = SUP SUP —— D | < 00,

s;t>1¢els Pst s;t>1¢elsy Pst

m,neg m,neg
thus u € M(¢) and ||u| = ||x].
(ii) By using the definition, easy to prove. O

Theorem 2.2 For arbitrary ¢ € ®, we have Ay € M(p) and || Andllpe) < 2.

Proof Let s and ¢ be arbitrary positive integers, let o,¢ € Uy, and let 71, 7, constitute
the element of o and ¢ exceed by s and ¢ respectively, also from the definition we have
An¢ > 0 and Aqp(222) < 0. Then

mn

St
Z |All¢mn|§ Z A11¢mr1"’ Z A11¢W1n

neo,meg n=1,m=1 NET,METY
d)m—l n-1
< + e a—
<o T (G5
NET,METY
@ ¢s,z+1 ¢s,t+2 +
st s(t+1) s(t+2) ‘
¢s+l,t ¢s+l,t+1 ¢s+1,t+2 +
< ¢st + (s+1)t (s+1)(t+1) (s+1)(£+2) : max(st)_terms
+ + +
< g+ 62 22, o
N

Lemma 2.2 Ifx € M(¢) and {c11,¢125 -5 Clur €21, €225 -+ > Conr + - - Crnls Cns + « - » Coun } 1S G rear-
rangement of {by, b1a, ..., 01,021,022, ;0245 ... b1, byds . . ., By} SUCh that |ci1| = |12
s> el learl = leaal = -+ = Meanls s [l = lemal = -+ = Cnl| and |cu| = len| > - -

>
lconls lerzl = leaal = -+ = |emals a1l = |Cua| = - -+ = |Cuml, then

v

v

mn

m,n
> byl < Il Y lejl Andy.

ij=1,1 ij=1,1
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Proof In view of Lemma 2.1(i), it is sufficient to consider the case when b; = ¢; (i =
L2,...,m;j=12,...,n). Then writing X,, = 3]’} |x;1, we get

n,n -1 n-1
Z [bjx;| = (Iegl = leijal = el + Ieivjsn]) Xig + 1mn| X
ij=11 -1 j-1
m-1 n-1
< llellasgy Y D (legl = lcijul = leisnsl + cinjonl) By + 1%l o) | Comn | Xomn
-1 j-1
mn
= |lxllarg) Z lcij| Ay
ij=11
Hence we have Z:’j;’ll byl < 1%l mce) ZZ’:’U lcijl An . d

Theorem 2.3 In order that ) u;x; be convergent [absolutely convergent] whenever x €
M(¢p), it is necessary and sufficient that u € N(¢). Further, if x € M(¢) and u € N(¢), then

00,00
> gl < el 1l aacs)- (2.6)
ij=1,1

Proof Necessity. We now suppose that ) u;x; is convergent whenever x € M(¢), then
from Lemma 1.1 we have
00,00

E uijxij

ij=1,1

< K%l mp)

for some real number K and all x of M(¢). In view of Lemma 2.1(ii), we may replace x;; by
x; sgn{u;}, obtaining

00,00

> gl < K%l - 2.7)

ij=11

Let v € S(u). Then taking x to be a suitable rearrangement of Ay;¢, it follows from Eq. (2.7)
and Theorem 2.2 and Lemma 2.1(i) that

00,00
Z [vijl Andy < 4K,

ij=1,1

and thus u € N(¢).
Sufficiency. If x € M(¢p) and u € N(¢), it follows from Lemma 2.2 that for every positive
integer m and #,

00,00

D L] < llutllg) Il
ij=1,1

O

Theorem 2.4 In order that ) u,,uxm, be convergent [absolutely convergent] whenever x €
N(¢p), it is necessary and sufficient that u € M(¢).
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Proof Since sufficiency is included in Theorem 2.3, we only consider necessity. We there-
fore suppose that > %, is convergent whenever x € N(¢). By arguments similar to
those used in Theorem 2.3, we may therefore have that

00,00

D |t < K%lIneg) (2.8)

m,n=1,1

for some real number K and all x of N(¢). Let x = ¢(¢), where ¢ € Uy. Then x € N(¢), and

Ixllng) = Sup D A < 4

Eelst mnek

from Theorem 2.2 and Eq. (2.8) we have

Z |umn| §4K¢St (; € ust;s,t: 1’2>3»'~~))

m,ne

and thus u € M(¢). O

3 Inclusion relations for M(¢) and N(¢)
Lemma 3.1 In order that M(¢) € M(yr) [N(¢) 2 N()], it is necessary and sufficient that

sup <ﬁ> <0
s,t>1 wst '

Proof Since each of the spaces M(¢) and N(¢) is the dual of the other, by Theorems 2.3
and 2.4, the second version is equivalent to the first. Moreover, sufficiency follows from the
definition of an M(¢) space. We therefore suppose that M(¢) € M(y/). Since A¢p € M(¢p),
it follows that Ay € M(v), and hence we find that, for every positive integer s, > 1,

St
st = Z Andy < Yl Adllme), where A=Ay,
hj=11

Theorem 3.1
() Ly © M($) € Lo [y € N($) € Loo] for all ¢ of ©.
(i) M(¢p) =Ly [N(¢) = Loo] if and only if bp-limg; ¢ < 00.
(ili) M(¢p) = Loo [N(¢) = L1] if and only if bp-limg (s /st) > 0.

Proof We prove here the first version, while the second version follows by Theorems 2.3
and 2.4. Since ¢11 < Gy < MmNy, for all ¢ of ©, we have by Lemma 3.1 that (i) is satisfied.
Further, from Lemma 3.1, it follows that M(¢) C L; if and only if sup, ., ¢ < 0o, while
Loo € M(9) if and only if sup, ., (¢s/st) < 0o; since the sequences {¢y} and {st/¢s} are

monotonic, (ii) and (iii) are also satisfied. a

Theorem 3.2 Suppose that 1< p < 00 and }7 + é =1. Then

(i) Givenany ¢ of ®, M(¢) # L, [N(¢) #L,].
(ii) In order that L, C M(¢) [N(¢) C L], it is necessary and sufficient that

l/q
supsvtzl((sgsz ) <00
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(iii) In order that M(¢) C L, [N(¢) D L], it is necessary and sufficient that A¢ € L,.
(iv) UAq;eLp M(@) =L, [ﬂA¢eLp N(¢) =L,

Proof (i) Let us suppose that M(¢) = L,,.
Then, by Lemma 1.2, there exist real numbers r; and r, (r; > 0, r, > 0) such that, for all
x of M(¢),

nllxl, < Il < rallxls, .

Taking x = ¢(¢), where ¢ € Uy, we have that

1 st 1
rl(St)p =< ¢_ < rZ(St)p (s’t: 1;2)31-”))

St

and hence that

(st)
¢st

n< <r ($t=1,23,..).

In view of Lemma 3.1, this implies that M(¢) = M(y), where ¢ = {(mn)% }. Since Ay €
M(yr) by Theorem 2.2, but Ayr ¢ L, this leads to a contradiction. Hence (i) follows.
(i) If L, C M(¢), arguments similar to those used in the proof of (i) show that

()" <Koy (s,t=1,2,3,...). (3.1)

For sufficiency, we suppose that (3.1) is satisfied. Then, whenever x € L, and ¢ € Uy,

’ ; L
D Tl < (Z |xmn|f“) (Z 1) < %l ()7 < Kepoe %1l

m,neg mnes m,nel

and hence x € M(¢). In view of (i), it follows that L, C M(¢).

(iif) By Theorem 2.2, we have A¢ € M(¢). For sufficiency, we suppose that A¢ € L,
and that x € M(¢). Then {#,,, A11¢mn} € L1 whenever u € L, and it therefore follows from
Lemma 2.2 that {#4,,,%,,,} € L1 whenever u € L. Since L, is the dual of L, and since M(¢) #
L,, it follows that M(¢) C L,,.

(iv) By using (iii) we have (4. 1, My S Lp. Now, for obtaining the complementary re-
lation L, C UAd)eLP My, let us suppose that x € L,. Then lim,, ;,_, oo %, = 0, and hence
there is an element u of S(x) such that {|u,,,|} is a non-increasing sequence. If we take
Y= {Z:;’:"M |lu;j}, then it is easy to verify that ¢ € © and that x € M(¢). Since Ay € L,
the complementary relation is satisfied. O

4 Application of M(¢) and N(¢) in clustering

In this section, we implement a k-means clustering algorithm by using M(¢)-distance
measure. Further, we apply the k-means algorithm into clustering to cluster two-moon
data. The clustering result obtained by the M(¢)-distance measure is compared with the

results derived by the existing Euclidean distance measures (/).
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4.1 Algorithm to compute M(¢) distance
Let x = [x1,%2,%3, ..., % ]1xn and ¥ = [y1,¥2,¥3, .-+, Yul1xn D€ two matrices of size 1 x n, and
let ¢y = 1 = 1.

(1) Calculate a; = ﬁ’ilxi -yil,i=1,2,3,...,n.

(2) The M(¢)-distance between x and y is d, where

d=max{ay,a + as,...,a1 +ay + -+ + a,}.

4.2 K-means clustering algorithm for M(¢)-distance measure
Let X = [x1,%9,%3,...,%,] be the data set.

(1) Randomly/judiciously select k cluster centers (in this paper we choose first k data
points as the cluster center y = [x1, %3, ...,%x¢]).

(2) By using M(¢) or N(¢) distance measure (since both are dual of each other, in
application point of view, we only consider M(¢)), compute the distance between
each data points and cluster centers.

(3) Put data points into the cluster whose M(¢)-distance with its center is minimum.

(4) Define cluster centers for the new clusters evolved due to steps 1-3, the new cluster
centers are computed as follows: ¢; = kl, Z]kil x;, where k; denotes the number of
points in the ith cluster.

(5) Repeat the above process until the difference between two consecutive cluster
centers reaches less than a small number &.

4.3 Two-moon dataset clustering by using M(¢)-distance measure in k-means
algorithm

Two-moon dataset is a well-known nonconvex data set. It is an artificially designed two
dimensional dataset consisting of 373 data points [19]. Two-moon dataset is visualized as
moon-shaped clusters (see Figure 1).

By using M(¢)-distance measure in the k-means clustering algorithm, the obtained re-
sultis represented in Figure 2. In Figure 3, we represent the result obtained by using the Eu-
clidean distance measure in the k-means algorithm (we measure the accuracy of the cluster

w0 T T T T T

. .
.o .
ra . O
. .

1) 5 10 15 20 25 30 35 40 45

Figure 1 Original shape of two-moon dataset.
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1) 5 10 15 20 25 30 35 40 45

Figure 3 Clustering induced by Euclidean distance /,.

by using the formula, accuracy = (number of data points in the right cluster/total num-
ber of data points)). The experimental result shows that cluster accuracy of M(¢)-distance
measure is 84.72% while /,-distance measure’s clustering accuracy is 78.55%. Thus, M(¢)-

distance measure substantially improves the clustering accuracy.

5 Conclusions

In this paper, we defined Banach spaces M(¢) and N(¢) with discussion of their mathe-
matical properties. Further, we proved some of their inclusion relation. Furthermore, we
applied the distance measure induced by the Banach space M(¢) into clustering to cluster
the two-moon data by using the k-means clustering algorithm; the result of the experiment

shows that the M(¢)-distance measure extensively improves the clustering accuracy.
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