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Abstract

An existence result for the solution set of a system of simultaneous generalized vector
quasi-equilibrium problems (for short, (SSGVQEP)) is obtained, which improves
Theorem 3.1 of the work of Ansari et al. (J. Optim. Theory Appl. 127:27-44, 2005).
Moreover, a definition of Hadamard-type well-posedness for (SSGVQEP) is introduced
and sufficient conditions for Hadamard well-posedness of (SSGVQEP) are established.
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1 Introduction

Recently, a vector equilibrium problem has received lots of attention because it unifies sev-
eral classes of problems, for instance, vector variational inequality problems, vector opti-
mization problems, vector saddle point problems and vector complementarity problems,
for details, see [2] and the references therein. Moreover, many authors further investigated
several general types of it, for instance, see [3—8].

Let I be a finite index set and i € 1. Assume that E;, F; and Z; are locally convex Hausdorft
X;and Y =
[1ic; Yi- Assume that C; : X — 2% is a set-valued mapping, the values of which are closed
convex cones with apex at the origin, C;(x) ;Cé Z; and int C;(x) # 0. Let Z} be the dual of Z;,
S;: X — 2% and T;: X — 2% be set-valued mappings with nonempty values. Assume that

spaces, X; C E; and Y; C F; are two nonempty convex subsets. Let X = ]_[id

[i: X XY XX;—> Z;,8: X xY xY;— Z; are two trifunctions.

One of the general types, a system of simultaneous generalized vector quasi-equilibrium
problems (for short, (SSGVQEP)), as follows, is considered: find (x,y) € X x Y such that
Viel, x; € Si(x), y; € Ti(x),

fi(ﬁ_C,}_’, ui) € CZ(Q_C), Vui € S,(a_c),
gi(ﬁ_ﬂ)_’, Vi) € Ct(;C)! VV[ S Tl(J_C)

The problem (SSGVQEP) was introduced by Ansari in [1]. By suitable choices of f;, g;, S;
and T;, (SSGVQEP) reduces to several classical systems of (quasi-)equilibrium problems
and systems of variational inequalities, which are studied in the literatures (see [9-13] and
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the references therein). Furthermore, by suitable conditions and suitable choices of i, (SS-
GVQEP) contains vector equilibrium problems as special cases. A solution of (SSGVQEP)
is an ideal solution. It is better than other solutions such as weak efficient solutions, effi-
cient solutions and proper efficient solutions (see [2, 14-16] and the references therein).
Therefore, it is meaningful to study the existence result for the solution set of (SSGVQEP).

The classical concept of Hadamard well-posedness requires not only the existence and
uniqueness of the optimal solution but also the continuous dependence of the optimal so-
lution on the problem data. Recently, the classical concept together with its generalized
types has been studied in other more complicated situations such as scalar optimization
problems, vector optimization problems, nonlinear optimal control problems, and so on,
see [4, 17—-29] and the references therein. However, as far as we know, there are few re-
sults about Hadamard well-posedness of (SSGVQEP). Therefore, it is necessary to study
Hadamard well-posedness of (SSGVQEP).

In this paper, by using demicontinuity and natural quasi-convexity, we obtain an
existence theorem of solutions for (SSGVQEP). Moreover, we introduce the defini-
tion of Hadamard well-posedness for (SSGVQEP) and discuss sufficient conditions for
Hadamard well-posedness of (SSGVQEP). The rest of the paper goes as follows. In Sec-
tion 2, we recall some necessary notations and definitions. In Section 3, we obtain the
existence theorem of solutions for (SSGVQEP). In Section 4, we investigate Hadamard
well-posedness of (SSGVQEP).

2 Preliminaries and notations
Let us recall some notations and definitions of vector-valued mappings and set-valued
mappings together with their properties.

Let X, Y be two topological spaces and F : X — 2% be a set-valued mapping. Assume
that x € X. If for any open set V with F(x) C V, there exists a neighborhood N of x such
that

U F()=Fv) v,
x'eN

F is called upper semi-continuous (u.s.c. for short) at x. If F is u.s.c. at each point of X, F is
called u.s.c. If for any z € F(x) and any neighborhood N of z, there exists a neighborhood
U of x such that Vy € U, we have

F(y) NN %9,

F is called lower semi-continuous (.s.c. for short) at x. If F is [.s.c. at every point of X,
F is called ls.c. In addition, F is called continuous if F is both l.s.c. and u.s.c. If the set
Graph(F), i.e., Graph(F) = {(x,y) : x € X,y € F(x)}, is a closed set in X x Y, F is called a
closed mapping. F is called compact if the closure of F(X), i.e., m, is compact, where
F(X) = U ex F().

Definition 1 ([30]) Let Y, Z be topological vector spaces. A vector-valued mapping f :
Y — Z is called demicontinuous if for each closed half space M C Z,

M) ={xeY:f(x) e M}

is closed in Y.
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Definition 2 Let (Z, P) be an ordered topological vector space, E be a nonempty convex
subset of a vector space X, and f : E — Z be a vector-valued mapping.
(i) f is called convex if for every x,x, € E and for every A € [0,1], one has

f(kxl +(1- A)xg) € Af(x1) + 1 = A)f (x2) — P.

(ii) f is called properly quasi-convex if for every x;,%; € E and A € [0,1], one has either
fOx+ Q= A)xz) €f(x1) — Por f(hxy + (1 — A)xy) € f(x2) — P.

(iii) f is said to be naturally quasi-convex if for every x1,x; € E, A € [0,1], there exists
u € [0,1] such that

f(kxl +(1- A)xz) € uf(x) + (1 — w)f(x) — P.

It is clear that every properly quasi-convex or convex mapping is naturally quasi-convex,
but a naturally quasi-convex mapping may not be convex or properly quasi-convex.

3 Results and discussion

In this section, we will consider the existence results of (SSGVQEP) and give an example
to show that our existence theorem extends the corresponding result in [1]. Moreover,
we will introduce Hadamard-type well-posedness for (SSGVQEP) and establish sufficient
conditions of Hadamard-type well-posedness for (SSGVQEP).

3.1 Existence of solutions for (SSGVQEP)
In this subsection, we will consider the existence results of (SSGVQEP) and give example
to show that our existence theorem extends the corresponding result in [1].

Let Z be a locally convex Hausdorff space, P C Z be a closed convex and pointed cone,
and int P # . We denote

T = {x* €Z":Vx € —intP,x*(x) < 0 and Vx € P,x™(x) > 0}.
We can deduce from [31], p.165, Theorem 2, that T # @.
Lemma 1 For arbitrary x € Z, if (x*,x) > 0 for all x* € T, then x € P.

Proof 1If we assume that (x*,x) > 0 forallx* € T,but x ¢ P. Let A={Ax+ (1 - A)p: A €
(0,1),p € —int P}, then we have A is an open convex set,

PNA=¢ and (-intP)CA. 1)

If not, there exist y € P, 2 € (0,1) and p € —int P such that y = Ax + (1 — A)p. Thus,

LY ao e
x—k<k )\+(1 A)( p)>eP.

It is a contradiction. Thus, (1) holds. By [31], p.165, Theorem 2, there exists x* € Z* such
that for all y € P,

() =0,
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and for all y € A4,
%" (y) < 0.

Then ¥ (x) < 0 and x* € T. However, this contradicts the fact that (x*,x) > 0 for all
x*eT. d

The following well-known Kakutani-Fan-Glicksberg theorem is our main tool.

Lemma 2 ([32]) Let X be a locally convex Hausdor(ff space, E C X be a nonempty, convex
compact subset. Let F : E — 2F be u.s.c. with nonempty, closed and convex set F(x),Vx € E.
Then F has a fixed point in E.

Lemma 3 ([33], Theorems 6, 7) Assume that X and Y are two locally convex Hausdorff
spaces and X is also compact. The set-valued mapping F : X — 2¥ is u.s.c. with compact

values if and only if it is a closed mapping.

Theorem 1 Let i € I. Assume that E;, F; and Z; are locally convex Hausdorff spaces, X;
X; and
Y =[], Yi. The set-valued mappings S; : X — 2% and T; : Y — 2" are compact closed

and Y; are nonempty and convex subsets of E; and F;, respectively. Let X =[],

mappings with nonempty and convex values. Assume that the following conditions hold:
(i) Ci:X — 2% is a closed set-valued mapping. For arbitrary x € X, Ci(x) is a convex

Ci(x),

(ii) P} has a weak* compact convex base B} and Z; is ordered by P;,

closed cone with apex at the origin. Assume that P; = (), cx
(ili) f;: X X Y x X; > Z; is a demicontinuous function such that for arbitrary
xy)eXxY,
(@) 0 =<p, filx,y,x1),
(b) the map u; — fi(x,y,u;) is naturally quasi-convex,
(iv) gi: X x Y x Y; = Z; is a demicontinuous function such that for arbitrary
(xy)eXxY,
(@) 0 <p, gix ),
(b) the map v; — gi(x,y,v;) is naturally quasi-convex.
Then (SSGVQEP) has a solution (x,5) € X x Y.

Proof We denote the set-valued mapping T; : X — 2% by
T; = {x* €Z":Vx € —intP;,x"(x) <0 and Vx € P;,x*(x) > 0}.

By (iii), (iv) and Lemma 2.2 of [34], for every x} € T, the composite functions ¥} o f; and

x} o g; are continuous. For each i € I, Y(x,y) € X x Y, define:

Fi(x,y) = min{ (x} o f;)(x, 5, u;) : u; € S,-(x)}, (2)
Gi(x,y) = min{ (x} 0 g;) (%, 3, v) : vi € Ti(%)}, (3)
Ai(x,y) = {ui € Six) : (6} o fi) (%, ) = Fi(x,9) ), (4)

Bi(x,y) = {vi € Ti(x) : (%} 0 &) (%3, ;) = Gi(x,9)}. (5)
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Firstly, we show that for arbitrary (x,7) € X x Y, A;(x,y) and B;(x, y) are nonempty. In
fact, %7 of; and x} o g; are respectively continuous on compact sets S;(x) and 7;(x). Secondly,
we show that 4; is a closed mapping (similar to B;). In fact, let (x,,, ¥, ) € Graph(4;) and
(%> Yo ) = (%, 9,u) € X x Y x X;. Then

(%5 o fi) @y, u) < Lim (5 © f5) (s Vs 1) = UM F (61, y) < lim Fy (%, ¥) < Fi(%, ),
n n n

which means (x] o f;)(x,y, ) = Fi(x,y). Since Graph(S;) is closed in X x Xj, u, € S;(x,), we
obtain that u € S;(x). Hence, (x,y, #) € Graph(4;). By Lemma 3, A4; is u.s.c. Thirdly, we show
that the set A;(x, ) is convex. For this, let u;;,u;5 € A;(x,y). According to the definition of
Ai(x,y), we have u;1,u;5 € S;(x,7), and

Fi(x;y) = x:k Ofi(x;y; ui,l) = x;'k oﬁ(xiyi ui,2)~ (6)

Let A € (0,1), since S; : X x Y — 2%i has convex values, we have (1 - A)u;; + Au;o € Si(x,9).

Since the map f;(x, y, ) is naturally quasi-convex, there exists ¢ € (0,1) such that

Fi(%,y) <7 o fi(%,3, (1 - My + Auaiz)
< (1 =0)x7 o fix,y, uin) + tx7 o fi(x, ¥, ui2)

= (1 -t)F(x,y) + tFi(x,y) = Fi(x, ).

That is, 27 o fi(x, 5, (1 — M)u;1 + Au;z) = Fi(x, ), which means (1 — A)u;; + Auyp € A, y).
Assume that L; = Ty(X), i € I. Since T; : X — 2% is nonempty convex-valued, L; are

nonempty convex subsets of F; and L = [ [, L; is a nonempty convex subset of F = [ [, F.

iel
Since E; is a locally convex topological vector space, X; is a nonempty convex subset of E;.
It is similar to knowing that X = [],; X; is a nonempty convex subset of E = [, E:.

2X£><L

Define set-valued mappings H; : X x L — i,ielas

Hi(x,9) = (Ai(x,9), Bi(x,)), VY(x,y) € X x L.

According to the proof above, we obtain that X and L are nonempty convex. Define
H:X x L — 2"t as H(x,y) = [],.; Hi(x,5). Obviously, H is a u.s.c. set-valued map-
ping with convex and compact values. By Lemma 2, there exists (¥,y) € X x L such that
(%,7) € H(%,y). Thus, x; € S;(x), y; € T;(x) with X; € A;(%,7) and y; € B;(,y). According to
(4) and (5), it means that for each i € I, x; € S;(x), ¥; € T;(x) such that

(xf o f)) @3, %:) = (] o f)) (%7, %),  Vax; € Si(%),

(x7 0 @)@y y) = (% 0 @) &7, 71), Vi € Til®).
By conditions (iii)(a), (iv)(a), we have

(xf Oﬁ) (‘;Ctj_/txi) = O) in € Sl(’_c))

(xf 0 g))®391) =0, Vy; € Ti(®).
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By Lemma 1, we obtain that

fix,y,x) € P; C Ci(%), Vax; € Six),

&%y, y:) € P C Ci(x), Vy; e Ti(x).
Then the (SSGVQEP) has a solution. a

Remark 1 The following example is given to show that Theorem 1 improves [1], Theo-

rem 3.1.

Example 1 Foreachi€l,E;=F;=Rand Z; =R?, X; = ¥; = [0,1]. Let X = [],.; X; and
Y =[], Yi- For each i € I, the set-valued mappings S; : X — 2% and T;: Y — 2" are
defined as S;(x) = T;(x) = [0,1]. For all (x,y,u;) € X x Y x X, let

iel

Sy ) = (w1 - 1)
and for all (x,y,v;) e X x Y x Y},
gilx,y,v:) = (0,0).

Then the assumptions of Theorem 1 hold. But the vector-valued mapping f; is not a prop-
erly quasi-convex mapping, and thus this example does not satisfy all the conditions of
Theorem 3.1 in [1].

3.2 Hadamard well-posedness of (SSGVQEP)

In this subsection, we will introduce Hadamard-type well-posedness for (SSGVQEP) and
establish sufficient conditions of Hadamard-type well-posedness for (SSGVQEP). Broadly
speaking, we say that a problem is Hadamard well-posed if it is possible to obtain ‘small’
changes in the solutions in correspondence to ‘small’ changes in the data. More precisely,

let us recall the notions of Hadamard well-posedness and generalized Hadamard well-

posedness.
Assume that Z is a metric space, the excess of the set A C Z to the set B C Z is defined
by
e(A,B) = sup{d(zz,B) 1a EA}, (7)

and the Hausdorff distance between A and B is defined as
h(A, B) = max{e(A, B),e(B,A)}. (8)
For convenience, in what follows, assume that Py is a set of problems of (SSGVQEP)

and p, (n=1,2,...) means a sequence of problems of (SSGVQEP) which belong to Py. We
show that the formula of p,, is as follows: find (x",y") € X x Y such that Vi € I, x! € S/ (x"),
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e T,

F ) eCH), il e SI),

gy Vi) e CHx"), W e T/ (x").

Meanwhile, for any problem p € Py, the formula of p is showed as follows: find (x,y) €
X x Y such that Vi € I, x; € S;(x), y; € T;(y),

fi(x’yv u;) € Ci(x), Vu; € Si(x),

g%y, v) € Cilx), Vv, € Ti(x).

Given a set Py of (SSGVQEP), let us define the distance function dp, as follows:

dpo (pl’p2) = sup Zufl XY, U x»)’» U; )”

(eyui)eX <Y xX; ;4

+ sup X:Hgl1 (@3, vi) — g @&, y,vi)

(xy,v)eX XY xX; -1

+suth Sl(x S (x +suth T1 T2(x

xeX i-1 er

1 71 1.1 .1 1 ol ol 1 7l 1 2 22 2 2 2
wherepi = (1, /35 oo 85820 - &0 S S2 - S T T o TNy P2 = (S5 oS30 810825
8 S35, 83, T2, T3, ..., T%) € Py. Let

sup Zﬂf(x,y, u))|| < +oo0.

(1) EX XY X X; -1

Clearly, (Py, dp,) is a metric space.
We say that p,, — p if dp,(p,, p) — 0. Moveover, let I'(p) be the set of solutions of p € Py.
I is a set-valued mapping from Py to 2¥*Y, and it is called the solution mapping of p.

Definition 3 Let (P, dp,) be the metric space of data of (SSGVQEP) problems mentioned
above, let (X x Y,dxxy) be the metric space for the solutions of a problem p in (Py,dp,)
and I be the solution mapping from the space (Py, dp,) of problems to the space 2X¥ of
all non-empty solution subsets in (X x Y, dxxy).
(1) Let p, — p. A problem p € P is called Hadamard well-posed (in short, H-wp) with
respect to (Po,dp,) and (X x Y, dx.y) if the set I'(p) of solutions of p is a singleton
and any sequence x, € I'(p,) converges to the unique solution of p.
(2) Letp, — p. A problem p € P is called generalized Hadamard well-posed (in short,
gH-wp) with respect to (Py, dp,) and (X x Y, dx.y) if the set I'(p) of solutions of p is
nonempty, and any sequence x, € I'(p,) has a subsequence converging to some

solution in I'(p).

Example 2 Let/={1,2}foreachiel,E;=F;=Rand Z; =R, X; = Y; = [0,1]. Assume that
the problem p is defined by S;(x) = (-1,1), T;(x) = {0}, Ci(x) = R, fi(%, ¥, u;) = x; — u; and
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gi(x,y,v;) = 0 for every i € I. Define a sequence of problems {p,} by S'(x) = [-1 + %, 1- %],
T!(x) = {0}, CI'(x) =Ry, f (%, y, ui) = % — u; + % and g/'(x,y,v;) = 0 for every i € I. It is clear
that d(p, p,) — 0, the solutionset I'(p,) of p,, is [1 - ﬁ,l— %] x [1— ﬁ,l— %] x {0} x {0}, but

the problem p has not any solution. Therefore, the problem p is not Hadamard well-posed.

Lemma 4 LetI={1,2,...,n} be a finite set. For each i € I, E;, F; and Z; are metric spaces.
Let X; C E; and Y; C F; be compact convex subsetsand X = [ [,.; X;and Y =[]
that the set I' (p) of solutions of p € Py is nonempty and the following conditions are satisfied:

el ie1 Yi- Assume
foreachiel,
(i) the set-valued mappings S;: X — 2% and T; : X — 2% are compact closed
continuous mappings with nonempty convex values,
(ii) the vector-valued mappingsfi: X X Y x X; —> Z;and g : X X Y x Y; — Z; are
continuous.
Then T(p) : Py — 2V isu.s.c.

Proof Since X x Y is compact, by Lemma 3, we need only to show that I is a closed
mapping, i.e., to show that for any p,, € P, m =1,2,3,... with p, — p, and for any (x",y") €
I'(p,) with (x",5") — (x,9), we have (x,y) € I'(p). Since (x",y") € T'(p,,), we obtain x} €
SH(«") and y! € T}'(y"). For any i € I, by the continuity of S;, T; and p, — p, we have x; €
Si(x) and y; € T;(y). Therefore, to prove (x,y) € I'(p), we only need to prove

[y, u;) € Clxy),  Yu; € Si(x), o)
9
gi(x7y7 Vi) € C(xl')! vvi € Z(x)

Suppose that (9) is not true, we have

Ju; € Si(x), st filx,y,u) & Clxy),

or v, eTi(x), st gy v)é¢Clx).

Without loss of generality, we assume that Ju; € S;(x), s.t. fi(x,y,u;) ¢ C(x;). Thus, there
exists some open neighborhood V of the zero element of Z; such that

(fix,y,u:) + V) N Cilx) = 2.

Since p, — p, there exists n; € Z* (Z* is a set of positive integers) such that when n > n;,

we have
n N M n M n n 1
Sy ul) — fi(x ,y,ul-)ei\/. (10)
Since u; € S;(x), (x",y") — (x,7) and S; is a compact continuous mapping, we have that

there exists 1 € S/'(¥") such that ! — u;. Since f; is continuous at (x,y, #;), there exists

ny € Z* such that for any #n > n,, we have

1
fi(xﬂ,yn,uf) € filx,y,u;) + 3 V. a1
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Let N = max{ny, ny}. By (10) and (11), we obtain that for any n > N,
FG ) = () () + ()
€ %V+ (fi(x,y,ui) + %V) C (fitx,y,w) + V).

Since (f;(x, 5, u;) + V) N Ci(x) = ¥, we have f"(x", ", u}') ¢ C;(x), which contradicts (x",y") €
['(p,). Therefore, I is a closed mapping. d

Now we establish the sufficient condition of Hadamard-type well-posedness for (SS-
GVQEP).

Theorem 2 Let I = {1,2,...,n} be a finite set, for each i € I, let E;, F; and Z; be metric
spaces,and X; C E; and Y; C F; be compact convex subsets. Let X = [ [,.; X;and Y =[], Y.
Assume that the set I (p) of solutions of p € Py is nonempty and the following conditions are
satisfied: for each i € I,

(i) the set-valued mappings S; : X — 2% and T;: X — 2Yi are compact closed

iel

continuous mappings with nonempty convex values,
(ii) the vector-valued mappings fi : X x Y x X; —> Z;and g : X x Y x Y; — Z; are
continuous.
Then the problem (SSGVQEP) is generalized Hadamard well-posed.

Proof By Lemma 4 and Theorem 2.1 of [35], the conclusion naturally holds. d

Remark 2 It is easy to verify that if (SSGVQEP) has a unique solution, then the fact that
(SSGVQEDP) is generalized Hadamard well-posed implies that (SSGVQEP) is Hadamard
well-posed.

4 Conclusions

Under some weaker conditions, we have established an existence result for the solution
set of a system of simultaneous generalized vector quasi-equilibrium problems, and it im-
proved the relevant Theorem 3.1 in the work of Ansari et al. [1]. We have defined a new
concept of Hadamard-type well-posedness for (SSGVQEP) and established sufficient con-
ditions for Hadamard well-posedness of (SSGVQEP).
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