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1 Introduction
Let T be a multilinear operator initially defined on the m-fold product of Schwartz spaces

and taking values into the space of tempered distributions, i.e.,
T:S(R") x --- x S(R") - S'(R").

In [1], it is said that a function K belongs to the class m-CZK(A4, ¢) if
A
(D) IKWosy15--9m)| < 70 e

(2) if |y; =y}l < 5 maxo<k<m [y; — Yk,

Aly; - yl*
Qo vy — yulymmee

|K(y0,...,y/,...,ym)—K(yo,...,y]/.,...,ym)i <

for some e >0andj=0,1,2...,m.
The operator T is said to be an m-linear Calderén-Zygmund operator if there exists a
function K € m- CZK(A4, ¢) defined away from the diagonal yg = y; = 5 - - - = ¥, in (R?)"*
such that

T(hs...ofm)x) = / K@y ymh01) - S Om) Ay dyi 1.1)

(R")

forx ¢ (), suppf}, and that T extends to a bounded multilinear operator from L% x - - - x
L to L9 forsomel <gj<oowitht =L 4+...4 L,

q q1 dm
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It was shown in [1] that if % oot % = 1, then an m-linear Calderén-Zygmund operator

satisfies
T:LI"x---xL'™—L"

whenl<r<ooforj=1,...,mand
T:LVx .- x L'm — L[>

when 1 <r;<ooforj=1,...,m and at least one r; = 1. In particular,
T:L'x-- x L' — LM,

The theory of multiple weight associated with m-linear Calderén-Zygmund operators

was developed by Lerner et al. [2]. Let 1 < pj < 0o for j =1,...,m, }7 = pil +ot i and
P =p1...,pm), we say o € Aj if
1 Up m 4 NP
)l [47)
s \IB| J5 AN
where B is the ball in R" and v; = [, wf/pj . They showed that if & € Aj then
N m
|| T(f)”l}’(v(;)) = Cl_[ |m||ij(wj)' (12)
j=1
If1 <pj<ooforj=1,...,mand at least one of the p; = 1, they also proved
R m
” T(f) ||L1"°°(Va;) = Cl_[ ”ﬁ”Lp/(wj)‘ (13)

j=1

Let b = (b1,...,b,) be a vector-valued locally integrable function. Ifb= (b,...,by) in

(BMO)™, we denote ||l;||(BMo)m = SUpP;_y, m 15;llsmo (see [2]). The commutator generated

.....

by an m-linear Calderén-Zygmund operator 7 and a (BMO)" function b is defined by

Ty(fisef) = Y THP), (1.4)

j=1

where each term is the commutator of b; and T in the jth entry of T, that is,
TUF) = BT (oo fie s fi) = T s B nfon)-
Pérez and Torres [3] proved that if be (BMO)™ then

Tp: P x - x [P — [P
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for1<pj<oo and1<p<oowith1% = pll e +ﬁ,wherej:1,...,m. In [2], the authors
proved that if & € A; and b € (BMO)™, then

m
| 750 104, < ClBl@aor [ T16121, (15)

j-1

forl<p,<oowith}%=pil +-~~+$,wherej=1,..,,m.
Feuto [4] introduced the generalized weighted Morrey space (L?(w),L7)*. Let 1 <p <
a < g < oo and w be a weight. The space (L?(w), L7)* was defined to be the set of all mea-

surable functions f satisfying ||f || (17 (w),19)¢ < 00, where
If ller @0 = suprIf 1 zo o), 0y
r>0

with

1/q
1/a-1/p-1/
Ml p o = [ /R (BT qufxB(y,mup(w))"dy} :

When w = 1, the space (L?,L7)* was introduced in [5]. If p < @ and g = oo, the space
(L? (@), L>)* is just the weighted Morrey space L?*(w) with x = 1 — p/a defined by Ko-
mori and Shirai [6].

Similarly, the weak space (L7*°(w), L7)* is defined with

1/p
1/a-1/p-1/
rlUFll oo (@) Laye = [/n(w(B(% n) qILfXB(y,nllmoww)qdy} :

When p = 1, the space (L*°(w), L7)* was introduced in [4].

Feuto proved in [4] that Calderén-Zygmund singular integral operators, Marcinkiewicz
operators, the maximal operators associated to Bochner-Riesz operators and their com-
mutators are bounded on (L7 (w), L9)“.

In this paper, we aim to study the boundedness of multilinear singular integral operators
on the product of generalized Morrey spaces. Inspired by the above mentioned works, we

state our main results as follows.

Theorem 1.1 Let T be an m-linear Calderén-Zygmund operator, }7 = pil +ot ﬁ and
o € Ap.

(1) Ifl<pj<oo,j=1,...,mandp <a <q <00, then

m
” T(f) ” (LP (vz),L9)* S 1_[ ”fi||(Lm(wl.),Lqpi/p)am/p~
i=1
(2) Ifi1<pi<oo,j=1,...,mand at least one of pj=1, p < < q < 00, then
j ] j

m
17O wrooumpanee S [Tl @i aomioyanso:
i=1
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Theorem 1.2 Let T; be a multilinear commutator, be (BMO)™, }7 = pil +oeet ﬁ with
l<pj<ooand @€ Ap. If p <a < q < o0, then

H )LD~ ||b|| (BMO)™ 1_[ Hf” (LPi (w;),LIPiPYPiIp -

i=1

Remark 1.3 When m =1, Theorem 1.1 is just Theorem 2.1 in [4] and Theorem 1.2 is just
Theorem 2.5 in [4].

2 Notations and preliminaries
We first recall the definition of A, weight. A nonnegative locally integrable function w
belongs to A, (p > 1) if

1 - >P‘1
up(|B|/ wlz)d >(|B|/“’(x) dr) <00

where p’ is the conjugate index of p, i.e., 1/p + 1/p’ = 1. We say that w € A; if there is a
constant C > 0 such that

1
ﬁ /};w(x) dx < C?icrellgw(x)

for any ball B. If w € A, then there exists § > 0 such that

w(E) _ (1E\’
Mf*(E) 2D

for any measurable subset E of a ball B. Since the A, classes are increasing with respect to
p» we use the following notation Ao = ,,; Ap- A < Bmeans A < CB, where C is a positive
constant independent of the main parameters. For A > 0 and a ball B C R”, we write AB
for the ball with same center as B and radius A times radius of B.

Now we give the definition of A3 condition.

Definition 2.1 ([2]) Let1 <p;<ooforj=1,...,m, p = (p,...,p,) and }7 =

Given o = (w1, ..., ), set

1,41
p1 Pm

H 7

We say that & € Aj if

( 1 / )”P = < 1 / - p’)l/p/
sup l_[ — | w; < 00.
|B] L i\IBl /s

P/ is the conjugate index of p. When p; = 1, denote p; = 00, (I;T\ A a);_p/)l/l"/i

is understood
as (infp a)/)’l

Obviously, if m =1, Aj is the classical A, class. A3 has the following characterization.
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Lemma 2.2 ([2]) Let & = (wy,..., ). Then & € Ay if and only if

lfp/j
w; " €Apy, and vy € App,

1/m

. 1-p .
where the condition w; e Amp ' is understood as w;"™" e Ay inthe case p; = 1.

Lemma 2.3 ([2]) Assume that & = (w,...,w,) satisfies A; condition. Then there exists a

finite constant r > 1 such that & € Ay,

In order to prove the results for commutators, we need the following properties of BMO.
For b € BMO,1<p<ooand w € A, we get

1 1/p
161l Bat0 ~ sup< B /|b(x) —bgl’ dx) (2.2)
and for all balls B,
1 1/p
(@ f |b(x) - bs |’ w(x) dx) < ClIbllsumo- (2.3)
B

For all nonnegative integers k, we obtain
|bori g — bl < Clk + 1)1l o, (2.4)
where w(B) = [, w(x)dx, bg = ﬁ [ b(x) dx (see [4]).

3 Proof of the main results

Proof of Theorem 1.1 (1) Let B = B(y,r) be a ball of R”, f; = fi x2p + f; x28)c and denote f; x25
by 2 and f;x@2p)c by £° (i =1,...,m), x denotes the characteristic function of set E. For
x € B(y,r), we have

Tf@)| < [T @][+ > [T e @)

+|T(f§’°,...,ffn°)(x)|
=1+1I+1II,

where g, ...,a,, are not all equal to 0 or co at the same time. We first estimate III. Since
21y < |x — y;| < 2%*2r, we have

fl(yl fm(ym -

= ‘/]R”\ZB (Zz 1l —yil)m dy
< / Iﬁ(yl) fm(ym)|
= Jemamr (30 ¥~ yzl)’”"

(kg 2kpym (Yo 1|x J’z|)m"

k=1
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T /i)l
I, o

o1 el Y 2KIBN2%B e — i

[o¢] 1 m
< _— (v | dy;, 3.1
~ I<2=1: |2k+lB|m ll;[/Zk”Blﬂ(yL” i ( )

the Holder inequality gives us that

' 1/p; ) 1y
[fii)| dy; < (/ )P i) d%) (/ w(y;) P d}’i) . 3.2)
k+1p ok+1p ok+1p

By the definition of A3 condition, we obtain

(o)
g IVfi xarr1 g1l 221 o (3.3)
; f2k+1BVw )P H st
For II, we just consider this case: «; = oo for i = slandaj=0forj=1+1,...,m,

T oS o) @)

fl(yl fm()’m -
d
/]R”\ZB /23*% ! (Z, 1 le =yl )

dy
/R”\ZB)I /23)%4 ! (Z, 1= yl|)'”” )

< 1_[/ V(yt)| }’l |2k+lB|m l_[/2 V;(yz)’dyz

k+1 k
i=l+1 TB\2B

o0 1 m
<y ()| dys. 3.4
N;pkHB'm];[/ZmBlfm} y (34)

By (3.2) and the definition of A5 condition, we have

oo

s Z m l_[ fi xakr1 1127 - 3.5)
ok+lp w

Combining all the cases together, we obtain

’Tf ‘f x’yl’ 7ym)fl(yl)"'fm(ym)d5’
* Z _— H I Xakot sl 221 (- (3.6)

f2k+lB Va))l/p

Taking L”(v;) norm on the ball B(y, r) on both sides of (3.6), by (1.2), we get
I T]?XB(y,r) lresy S H /i x B2 Il 22 ()
i=1

- fB Va) l/p “
+ Z ]_[ I Xok1 g 11 22 () (3.7)
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Multiplying both sides of (3.7) by v (B)" V4~V by Lemma 2.2 and (2.1), we obtain
vy (B)VeVave| Tf XBon IzP )

1 Va-1/g-1/,
~ Z 9nks(1/e~1/q) Vw(2k+lB) o pl_[ Vi X2k 1274 () (3.8)

i=1

FO['L+L+"'+

—L_ =1, we have
plp -~ palp pmlp

)l/a—l/q—l/P | Tf xBy.n ez ”Lq(R”)

o0 m
1 pi—plap:
k+1 p\Plapi-lpi-plqpi
S Z ks (Ua-1/q) 1_[||a)i(2 "'B) Vi X gyt | 271 @)
k=0 i=1

LPilp(Rm)

by the Hélder inequality. Since Y ;- m < 00, we obtain the expected result
N m
1T  lwrwapene S [T Iillwri oy pavitoyorite-
i=1
(2) For A > 0, by (3.6) and (1.3), we get
Avi(x € B(y,r): |T]’(x)| > A)l/p

m 00 (fB V(j))l/p m
S H Wfixoanllipiwy + ) ———7 l_[ IVfi Xarr1 gl 22t (0 -
i=1 =1

(f2k+13 Vo )l/p

That is,

1T X8y 12200 (v5)

o0 m
(fyva)'?
N H /i XB20) |12 (@) + Z (ffB i 1 l_[ Ve Xkt ll 7 ) - (3.9)
ok+1p Vi -1
Multiplying both sides of (3.9) by v (B)Y*~Y41, we conclude as in the case (1). O

Proof of Theorem 1.2 1Tt suffices to prove Ti». For B=B(y,r),x€B

DO = TFe@+ Y. BT oo f)

1,0 €{0,00}
— T b fo) ()

+bj(x)T(floor'~: ]‘oo»« ) T(fl re ; ; )fyzo)(x)
=I'+1I'+ 1,

where a4, ...,q,, are not all equal to 0 or co at the same time. We first deal with IIT".

\r'| < | (B(®) = bp) T (. % o )]
T, (b= bE)° . ) ()]
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x) bB | Z (fk Ve )I/p l—[ ”fXZk*lB”Lpl (w;)
2k+1B

> |b2k+lB - hB| i
228 T Wittt gl o
k=1 (f2k+13 VE)) i=1

o0 1 m ]
! kXﬂ: |2k+1 B /(zkﬂ By J:Ii#lﬁ(%)ﬁ(yj)(b/(y/) — bykag)| dy. (3.10)

Select suitable s > 1 to raise [,k gym [ [121, Vi (i) (8;(3)) = byrap)| dy by the Holder in-
equality and such that & € Aj/; by Lemma 2.3. Then characterization Az and (2.3) yield

oo

Z 2k+lB|m/k+1 l—[ [f(ylf()/, b(3’1) b2k+13)|dy
i=1,i#f
_Z 2k+lB|m/s (lllf vb’t ‘ dy‘>
1/s
s

x ( / | (B0) = barer)f;0))] dyz‘)

ok+1p

m 1/p;
. . pi . . .
= Z |2k+lB|m/s ll:[{( 2k+1BLﬂ(ﬁVz)| a)z()’;) dyl>
i=s)Ipis

X (/ wi(y;) 0 dyi>

ok+1p

1/s

X (f |b](y]) _ bzkﬂB‘P/'S/(ijs)wi(yj)—s/(pj—s) d_y;)

ok+1p

. Upj

X ( / oD @) dy;)

ok+1p
”b ”BMO Z (f2 BV )l/p l—[ |[fX2k+IB||Lpz (w;)* (3,11)

So we have

| < | (by(x) - bB]Z Ui l/p]'[szmBan,wL
+B w

N bk — bp|
W 1_[ /i xarr1 127
ko1 Jakp Vo)

+||b||BMoZ( [~ 1/p1"[ufx2k+13||m<w, (312)
ok+1p a)

For II', we just consider this case: ; = oo for i = landaj=0forj=1+1,...,m. There
are two cases:

b@T (A oS S o)
=T B o f S fin) )
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or
bi®)T (... [ ,81,...,f°,...,fm)
T2 [ S s b s ) ().
We just consider the following case:
BT .. ,-°°w~»fz°°,fz?p~--,fr3)
_T(fl . fl ), l+1’ ’frg)(x)‘

< ‘(b,(x)—bB)T(ff’o,, 'oo,”.’floo’ l(il""’f;g)|
[T, By = bR)° o S0 o fo) @)

b i Kok+ i (w0
B | Z (fzk“B vg)ip 1_1[ IVfi Xok1 51l 27i ()

>\ |bokirg — bp| 1
W l_[ /fixakr1gll 27wy
k=1 ok+1p V& i=1

|2k+lB|m

k=1 i=1,izj

The estimate for

) (i) dyi : y
3 [ L V01 /( [T 00 (5,09 = byers) | &5

K+l
k=1 RAN: )™ i21,i%
is similar to (3.11). We get

1 i dl
ZH’ = zfiigﬁf = /M 1"[ G500 (B0)) — byeos) | d5

i=1,i#f

o0 1 m
<Y g 11 [ 100l [ 100 - baaslf
k=1 i=1,i#

<
||b ”BMOZ f2k+1B Vw l/p l_[ ”szkHB”LPl (w;)

so we have

o |byng — byl 1

ok+lp — UB

——, | | Wixarngll

k=1 (fzkHB V&))l/p 11:1[ ! L7 (i)

+ 115 ||BMOZ .7 i ]_[ fixakripll i
2k+13 w

i)l dy;
+Z (101 fop V00 dy /M 1_[ lf(%)f()’} (b)) - b2"+13)|dy'

LA @) < | ThF xan)@)] + | (5;(x) — b)) Z ( f2k+ — | H I Xo5

Page 9 of 10

(3.13)

(3.14)

(3.15)
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Take L?(v;) norm on the ball B(y, r) on both sides of (3.15). By (1.5), (2.3), (2.4), we have

” Té (f)XB(W‘) “LP(V,;,)

m
S billsmo ]_[ Vi xBw.20) | 12 ()

i=1

ve)'"”
+ 116l Bmo Z (fzk{]; b l_[ Vfi xoks1 1127 (o) - (3.16)

Multiplying both sides of (3.16) by v (B)Y* V4P, by Lemma 2.2 and (2.1), we obtain

v (B)VeVa-1lp H T,§ (}7) XBOyr) HLP(V(;))

(k+ DIBjIBMO g1 o e—1/g=11p T
S Z 9nks(1/a-1/q) ’(2 " B) 1_[ ”ﬂXB(y,Zk*lr)”U’i(wi)' (3.17)

i=1

Next the proof is similar to Theorem 1.1 of (1), we get

01— e ]_[Ilfll (oL yrip- -

i=1
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