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Abstract

The purpose of this paper is to introduce a modification of g-Dunkl generalization of
exponential functions. These types of operators enable better error estimation on the
interval [%, 00) than the classical ones. We obtain some approximation results via a
well-known Korovkin-type theorem and a weighted Korovkin-type theorem. Further,
we obtain the rate of convergence of the operators for functions belonging to the
Lipschitz class.
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1 Introduction and preliminaries

In 1912, Bernstein [1] introduced the following sequence of operators B,, : C[0,1] — C[0,1]
defined by

Bu(f;%) =y (Z)xk(l —x)""‘f(g), x€[0,1] 1.1)
k=0

for n € Nand f € C[0,1].
In 1950, for x > 0, Szasz [2] introduced the operators

0 k
Salfsx) =€y (n) f(li>, f e Cl0,00). (1.2)

! n
k=0 k

In the field of approximation theory, the application of g-calculus emerged as a new area.
The first g-analogue of well-known Bernstein polynomials was introduced by Lupas by
applying the idea of g-integers [3]. In 1997, Phillips [4] considered another g-analogue of
the classical Bernstein polynomials. Later on, many authors introduced g-generalizations
of various operators and investigated several approximation properties [5-14].

We now present some basic definitions and notations of the g-calculus which are used
in this paper [15].

Definition 1.1 For |g| <1, the g-number [A], is defined by

A

1-¢"
7 A e ),

My=1&
! ZZZéqk=1+q+q2+---+q’“‘1 (A=neN).

(1.3)
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Definition 1.2 For |g| < 1, the g-factorial [n],! is defined by

(Vl = 0)’

[Ti[kl; (meN). (1.4)

[”]q! =

Our investigation is to construct a linear positive operator generated by a generalization

of the exponential function defined by (see [16])
o n

e, (x) = Z X

o Vi (n)

where

2K (k + o+ 1)
Yu(2K) = ——————>
g I(w+3)
and

22k + e+ 3)
T(u+3)

V/L(Zk + 1) =

The recursion formula for y,, is given by
Vulk+1) = (k+1+2ubkn)yu(k), k=0,1,2,...,
where u > —% and

9, < 0 ifke?2N,
Tl ifkean+1
Sucu [17] defined a Dunkl analogue of Szdsz operators via a generalization of the expo-

nential function [16] as follows:

. (nx)" k + 216;
Salf%):= e#(mc)Z (k) ( n )’ (15

o Y1

where x >0, f € C[0,00), >0, neN.

Cheikh et al. [18] stated the g-Dunkl classical g-Hermite-type polynomials and gave
definitions of g-Dunkl analogues of exponential functions and recursion relations for j >
—% and0<g«<1,

o n

%A@=§:Z£GT x € [0,00), (1.6)
n=0 ’

n(n-1)

Ooqzxn
~ Vuq(n)

Eﬂ,q(‘x) = X € [01 OO), (17)
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where

(42}“1’ qz)[’%l](qzl qz)[g]

a-qr , neN. (1.8)

V/L,q(n) =

Some of the special cases of y,, ,(n) are defined as follows:

1-— q2u+l

l1-¢q
- (55 ()
- (L) (1) (15222),
I-¢q I-¢q l-q
yﬂ’q(4) ) <1_q2u+1><1_q2)<l_q2u+3)(1_q4>‘
l1-¢q 1-¢q I-¢q I-¢q

In [19], I¢6z and Cekim gave the Dunkl generalization of Szész operators via g-calculus

’

Vu,q(o) =1, V;L,q(l) =

as follows:

1 & () (1—q2“9k+k>
Dy (i) = 1.9
A= 10 2= @\ 1o -

for > %,x20,0<q<1andfeC[O,oo).

Previous studies demonstrate that providing a better error estimation for positive linear
operators plays an important role in approximation theory, which allows us to approxi-
mate much faster to the function being approximated.

Motivated essentially by I¢6z and Cekim’s [19] recent investigation of Dunkl generaliza-
tion of Szdsz-Mirakjan operators via g-calculus, we show that our modified operators have
better error estimation than those in [19]. We also prove several approximation results and

successfully extend the results of [19]. Several other related results are also discussed.

2 Construction of operators and moments estimation
Let {r(u,} be a sequence of real-valued continuous functions defined on [0, 00) with 0 <

7(n), (x) < 00 such that

1
, where — <x< andn e N, (2.1)

2n 1-4"

1
’"[n]q(x) =X- T”l]q

Then,foranyﬁ§x< ﬁ,0<q<1,,u,>%andneN,wedeﬁne

D, (f3x) =

1 . ([ grpa, ())F (1 - gk ) (2.2)

eu,q([n]qr[n]q(x)) =0 V,u,q(k) 1- qn
where e, 4(x), ¥4 are defined in (1.6), (1.8) by [17] and f € C, [0, 00) with ¢ > 0 and

C;[0,00) = {f € C[0,00): [f(t)| <M( +¢t)* for some M >0,¢ > O}. (2.3)
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Lemma 2.1 LetD:‘l,q(g -) be the operators given by (2.2). Then, for each % <x< ﬁ, neN,
we have the following identities/estimates:
@) Dy, Lx) =1,

( ) D* (tx) =X = ﬁ»
o eu,q(qlnlgrin, () 1 5 en,q(qlnlgrim, (%)
( ) x + (q ! [1 2 ]q g ([n] ar n]qq( )[Vl]q m(zq M[l - 2:“/]&] eu,q([n]qr[n]qq(x)) - 1) =
Dn’q( 2ox) <+ ([L+ 2uly - 1) Tl ~ 4[;1]; 21 +2ul,-1).
Proof AsD¥ (1;x) = Z (gt O _ 1, and
ng\’ - euq [n]qr[n k=0 Y (k) -
1 X (nl.riq (x))k 1 — g2Hok+k
Di (6 = Z([ lg71m, (%)) ( q )
’ eu,q([n]qr[n]q(x)) =0 V;L(k) 1- qn
B 1 > ([Vl]qr[n]q (x))k
[n]qeu,q([n]qr[n]q(x)) k=1 Yu (k - 1)
1
2[n],’
then (1) and (2) hold. Similarly,
1,77 x k 1 — g2n0k+k
e A 1=y
’ €, q([n]qr[n (x)) y/l.(k) 1- q"
) 1 . ([lqrn, () (1_qwk+k)
[n]ée,u,q([n]qr[n]q(x)) k=0 Yu (k-1) 1-¢q
i 1 00 ([n]qr[n]q (x))kﬂ (1 _ q2;49k+1+k+1)
[n]zeu,q([n]qr[n]q(x)) =0 Yu (k) 1- q

From [19] we know that

(2600 +k + 1] = 206k + Klg + % [20(-D" +1] . (2.4)

Now, by separating to the even and odd terms and using (2.4), we get

1 2\ ([Mlgrim, @) (1 — gPHoeavhet
Dﬂ< 2; = q q ( )
n,q(t x) (n]7e,q([mlgrin), (%)) S Vi (k) 1-¢
+ [1 * Z[L]q - ([n]qr[”]q(x))2k+l 21402 +2k
[]3eng((mlgrim, @) 45 vu(2K)
[1- 2M]q - ([I’l]qr[,,]q(x))zk+2 2ubkr1+2k+1
[n]éel"q([n]qr[l’l]q(x)) o v, (2K) :
Since

[1 - Zﬂ]q = [1 + 2M]q7 (25)
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we have

oo

Tl )L = 21]4 (qlnlgrim, (x)
[n]qeuq([n]qr[n]q(x ZO 2k)

)2k

D’;vq(tz;x) > (r[,,]q(x))2 +

qzﬂr[n]q (x)[l - Zﬂ]q ad (Q[n]qr[n]q(x))yﬁl

[n]genq(mlgrim, ) 4= vu(2k+1)

eu,q(q[n]qr[n]q(x)) V[,,]q (x)
e,u,q([n]qr[n]q (%)) [n]q '

> (1, @) + g1 - 244,

On the other hand, we have

r[n ()
(ng

D;, (¢%5x) < (1, @) + [+ 201],

This completes the proof. O

Lemma 2.2 Let the operators D;, (-;-) be given by (2.2). Then, for each x > ﬁ, neN, we

have
* ix) = 1
(1) Dn,q(t _x»x) - _Z[n]q’
(2) Dy (¢ =)%2) < [+ 20y = 5 201+ 20l - 1)

Proof For the proof of this lemma, we use Lemma 2.1. In view of
D} (t — x;x) = D (t;x) — D} (1; %),

(1) follows immediately.
Also

Dfl((t - x)Z;x) =Dy (tz;x) —2xDj(t;x) + xzDZ(l;x)

<x*+ (1 +2u]q—l)ﬁ = 4P
a

2 1 2
— x(x— 2[n]q) + X

5[1+2u]qﬁ— []2(2[1+2u] 1).

(201 +2ul,-1)

This proves (2). O

3 Main results
We obtain the Korovkin-type approximation properties for our operators (see [20—22]).
Let Cg(R*) be the set of all bounded and continuous functions on R* = [0, c0), which is

a linear normed space with

Ifllc, = S‘jlo’lf(")|~



Mursaleen et al. Journal of Inequalities and Applications (2017) 2017:38 Page 6 of 12

Let

f(x)
1+x2

H:= {f:x € [0,00), is convergent as x — oo}

Theorem 3.1 Let D;, (;-) be the operators defined by (2.2). Then, for any function f €
C;[O,OO)HH, ; 22’

nlizlgo D:,q(f; x) =f(x)

is uniform on each compact subset of [0, 00), where x € [%, b), b> %

Proof The proof is based on Lemma 2.1 and the well-known Korovkin theorem regarding
the convergence of a sequence of linear positive operators, so it is enough to prove the
conditions

lim D:,q(t/;x) =x, j=0,1,2 (as n — o0)

n—00

uniformly on [0,1].

Clearly, ﬁ — 0 (n — o0o) we have

: * . _ : * 2, 2
)EEODn,q(t”‘) =X, nll)n;oqu(t ,x) =x°.
This completes the proof. O

We recall the weighted spaces of the functions on R*, which are defined as follows:

(%) = {1+ 0] = Moo,
Q,(R*) = {f:f € P,(R*) N C[0,00)},

Qi (RY) = {f :f €Q,(R") and lim ]Lx)) =k (kisa Constant)},

x—00 p(x

where p(x) = 1+ x? is a weight function and M is a constant depending only on f. Note

@)l
plx)

that Q,(R") is a normed space with the norm ||f||, = sup,.

Lemma 3.2 ([23]) The linear positive operators L,, n > 1 act from Q,(R*) — P,(R*) if
and only if

|1Ln(@5%) | < Ko(x),
where ¢(x) =1+ x%, x € R* and K is a positive constant.

Theorem 3.3 ([23]) Let {L,},>1 be a sequence of positive linear operators acting from
Q,(R*) — P,(R*) and satisfying the condition

lim |, (p%) = o7, =0, 7=0,1,2.
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Then, for any function f € Q’; (R*), we have
nli)r{.lo”L,,(f;x) —f||(p =0.

Theorem 3.4 Let D}, .(;-) be the operators defined by (2.2). Then, for each function f €
Q’; (R*), we have

lim | D (f;%) || , = 0.

n—00
Proof From Lemma 2.1 and Theorem 3.3, for 7 = 0, the first condition is fulfilled. There-

fore,

lim |D;, (%) -1]  =0.

n—00

Similarly, from Lemma 2.1 and Theorem 3.3, for v = 1,2 we have that

sup |D;, 4 (&%) — x| 1 sup 1
xelooo)  L+a? T 2[nly xef0,00) 1 + %2
_ 1
" 20n),

which implies that

nan;o||D:,q(t;x) —x||p =0,

105,850 = 2% _|[1+2u], - 1] x
x€[0,00) 1+«2 - [}’l]q x€[0,00) 1+a2
+ |[1+2ul,-1| sup
X!

4[}’1]2 €[0,00) 1+ x2 ’

Hence
Jim | D7, (%) - 27, = 0.
This completes the proof. O

4 Rate of convergence

Let f € Cz[0, 00], the space of all bounded and continuous functions on [0, 00) and x >
21_n’ n € N. Then, for § > 0, the modulus of continuity of f denoted by w(f,5) gives the
maximum oscillation of f in any interval of length not exceeding 6 > 0, and it is given by

, tel0,00). (4.1)

of,8) = Supslf(t) -f (%)

[t—x|<
It is known that lims_ o, w(f, 8) = 0 for f € C[0, 00), and for any § > 0 we have

|t — x|
8

[f() -f(®)| < ( + 1>w(f,8). (4.2)



Mursaleen et al. Journal of Inequalities and Applications (2017) 2017:38 Page 8 of 12

Now we calculate the rate of convergence of operators (2.2) by means of modulus of con-
tinuity and Lipschitz-type maximal functions.

Theorem 4.1 LetDj, , (+;-) be the operators defined by (2.2). Then, for f € Cz[0,00), x QL
and n € N, we have

D}, (f5%) = @)] < 20(f;8,,0),

where

5n,x=\/[1+2pc]q[;]q [1]2(2[1+2u] -1). (4.3)

Proof We prove it by using (4.1), (4.2) and the Cauchy-Schwarz inequality. We can easily
get

1
D3lfi9) 1) = {105 (D1t~ otri0)
if we choose § = 8,4, and by applying the result (2) of Lemma 2.2, we get the result. [

Remark 4.2 For the operators D,,4(-;-) defined by (1.9) we may write that, for every f €
Czl0,00),x>0and n €N,

’Dn,q(f;x) _f(x)’ =< Zw(f: )\n,x): (44)

where by [19] we have

done =/ Dug (£ = 2)%2) < 1+ zu]q%. (4.5)
q

Now we claim that the error estimation in Theorem 4.11is better than that of (4.4) pro-
vided f € Cp[0,00) and x > 2 ,n € N.Indeed, for x > 2 N andn € N, itis guaranteed

that
D} (6~ 5755) = Dy (6 -75), 9
x x
% e ]2(2“*2“] ~1) <+ 2l 47)
which implies that

X 1 x
\/[1+2M]q@—m(2[1+2u]q—1)5 /[1+2M]q@. (4.8)

Now we give the rate of convergence of the operators D}, (f;x) defined in (2.2) in terms
of the elements of the usual Lipschitz class Lip,,(v).
Let f € C5[0,00), M > 0 and 0 < v < 1. The class Lip,,(v) is defined as

Lipy(v) = {f : [f(©) = f(©2)| =Mty = & (¢1, 82 € [0,00)) ). (4.9)
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Theorem 4.3 Let D;, ,(-;-) be the operators defined in (2.2).Then, for each f € Lip,(v) (M >
0, 0 < v <1) satisfying (4.9), we have

|D;,,(f30) = f()] < M(8)2,
where 8, is given in Theorem 4.1.

Proof We prove it by using (4.9) and Holder’s inequality. We have

D50 f52) = f )| < DL, (F(0) ~f @)
<D, (If®) = f(0)];x)
<MD; (|t -x|";x).

Therefore,

D}, (f;%) - f (%)
[ =\ ([M)grim, ()X ‘ 1 — i+ )

eu,q( [n]qr[n]q () k=0 Vu,q(k)

[nl, i (([n]qr[n]qoc))k) 2
eu,q([n]qr[n]q (x)) k=0 yu.,q(k)

v

<M

1-g"

<M

(([n]qr[n]q<x>)k ) $|1o gtk |
X —x
Vi (k) 1-q"
2-v
M n = ([mlgrpm, )\ ?
eu,q([n]qr[n]q(x)) =0 V;L,q(k)
(1], >\ ([, ()" ’ 1— g2k 12\ ?
—x
eu,q([n]qr[n]q (%)) =0 Vﬂ,q(k) 1-4q"
= M(D, (t—%)%x%)".
This completes the proof. 0
Let
C3(R*) = {ge Cs(R") : ¢, g" € Cx(RY)}, (4.10)
with the norm
"g” C]%(]R*') = ||g||CB(R+) + ”g/ || CB(R+) + ”g// || CB(R+)1 (411)

also

lglcpms) = sup lg(x)]. (4.12)
xeR*



Mursaleen et al. Journal of Inequalities and Applications (2017) 2017:38 Page 10 of 12

Theorem 4.4 Let D;, (-;-) be the operators defined in (2.2). Then for any g € CA(RY) we
have

1 Sn,x
’D;q(f;x) ~f)| < {(‘m) iy } gl 2y

where 8, is given in Theorem 4.1.

Proof Let g € C4(R*). Then, by using the generalized mean value theorem in the Taylor

series expansion, we have

2
40 =509+ -9+g' 0L,y e,

*

g We have

By applying the linearity property on D

')
2

D}, (g,%) - gx) = ¢ (®)Dj, (¢ —x);%) + D; (- x)% %),

which implies that
’D:,q(g; x) - g(x) |

1 , x 1 g | cpmr)
= (-5 Il # (1210 = g 20 2, LG,

From (4.11) we have [lg'll c5(0,0) < l1gll 210,00

D5, (g5%) — g()]

1 x 1 lgllc2 @)
< (- )Iglcge +<[1+2u] (21424 —1>—B
( 2[n]q) g CB(R) q[l’l]q 4[,1]3( q ) 2
The proof follows from (2) of Lemma 2.2. O
The Peetre’s K-functional is defined by
K(f,8) = inf - s|lg” :geW? 4.13
2f )—C;?R+){(Ilf glesen +8]¢" | 3 ry) 1€ €W}, (4.13)
B
where
W? = {ge Cp(RY):¢g,¢" € Cs(R")}. (4.14)

There exists a positive constant C > 0 such that K(f,8) < C(L)z(f,(s%), 8 > 0, where the

second-order modulus of continuity is given by

wz(f,S%)z sup sup[f(x+2h)—2f(x+h) +f(x)‘. (4.15)
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Theorem 4.5 Forx > 1, neNand f € Cz(R*), we have

2n’

D}, (f5%) - f (%)

(_ﬁ) + (Sn,x . (_ﬁ) + 8n,x
< ZM{a)z (f; f) +m1n(1, T)WHCB(R*)}’

where M is a positive constant, 8, is given in Theorem 4.3 and w,(f; 5) is the second-order
modulus of continuity of the function f defined in (4.15).

Proof We prove this by using Theorem 4.4

|D;, ,(f5%) = f )| < | D} (f - g:%)| + | D (g5%) — g@)] + | (%) — g()|

<9 Onx 1
< |lf—g||CB(R+>+7||g||c§(R+)+ ~ 30, lgllcame)-

From (4.11), clearly, we have ||g|lcz0,00) < ||g||c§[o,oo)'
Therefore,

" (_ﬁ) + 5n,x
’Dn,q(f;x) _f(x)| =< Z(Hf _g”CB(]R*) + T ||g||c§(R+)>,

where §,,, is given in Theorem 4.1.

By taking infimum over all g € C3(R*) and by using (4.13), we get

(—ﬁ) + 8z
|D;; (%) —f (%)| < 2K, (f; +>

Now, for an absolute constant Q > 0 in [24], we use the relation
Ky(f38) < Q{wa(f; V/8) + min(1, 8)I[f I}
This completes the proof. d

5 Conclusion

The purpose of this paper is to provide a better error estimation of convergence by mod-
ification of the g-Dunkl analogue of Szasz operators. Here we have defined a Dunkl gen-
eralization of these modified operators. This type of modification enables better error es-
timation on the interval [1/2, 00) if compared to the classical Dunkl-Szész operators [19].
We obtained some approximation results via the well-known Korovkin-type theorem. We
have also calculated the rate of convergence of operators by means of modulus of conti-
nuity and Lipschitz-type maximal functions.
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