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1 Introduction and main results

Area-preserving mappings have some dynamical properties similar to Hamiltonian sys-
tems, and hence become an important test ground of all kinds of theories for studying
Hamiltonian systems, such as Poincaré [1, 2] on three body problem, Moser [3] on the
differentiable form of KAM theory, Aubry and Mather [4—8] on Aubry-Mather theorem,
Conley and Zehnder [9, 10] on symplectic topology. So area-preserving mappings have at-
tracted many scholars’ interest. We refer to [11-17]. Among all the mappings, symplectic
mappings are special for their symplectic structures; we refer to [18—21] for more results
on symplectic structures.

On the other hand, many mathematicians turn to the study of the connection between
the KAM tori and the parameter. The first work is due to Pdschel [22] who proved that the
persisting invariant tori are C*°-smooth in the frequency parameter. Popov [23] obtained
the Gevrey-smoothness, a notion intermediate between C*-smoothness and analyticity,
of invariant tori in the frequencies under the Kolmogorov non-degeneracy condition. Xu
and You [24] obtained a similar result under the Riissmann non-degeneracy condition by
an improved KAM method. For more results, we refer to [25, 26].

Motivated by [19, 24], we consider the persistence and the Gevrey-smoothness of lower
dimensional hyperbolic invariant tori for symplectic mappings determined by generating
functions under Riissmann’s non-degeneracy condition. We consider the following pa-

rameterized symplectic mapping:

D(E): (wu,y, ) eT" XWX O xW— (xi,y,V) € T x R” x R” x R”,
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where £ € IT C O is a parameter and O C R” is a bounded closed connected domain.
Suppose ®(+;&) is implicitly defined by

x=0;H(xu,3,%;§),
y=0:H(x,u,y,7;§),

(1.1)
o= 0,H(x,u,y,;€),
v=20,H(x,u,3,V;§),
where
H(x,u,5,%&) =N + P, (1.2)
1 1
N(x,u,5,%:€) = (v + 0(§),7) + (Au, D) + 5 (Bu, u) + 5<Cf’: V). (13)

Suppose A is a constant matrix and B, C are symmetric. If P = 0, ® can be expressed ex-
plicitly as

x=x+w(), V=9,

(1.4)
i=(A-c(A") ' Bu+c(An) v, v=—(AT)"Bu+ (A7) v

We define

o_(A- canT'e  c@An?
i _(AT)_IB (AT)_I 2mx2m .

Denote the eigenvalues of Q2 by (A1, 12,...,A2,). We call the lower dimensional invariant
torus elliptic if |A;] =1, ; #1,Vi=1,2,...,2m and hyperbolic if |X;| #1,Vi=1,2,...,2m.

We note that, although some results on symplectic mappings can be anticipated by
Hamiltonian systems, there are still many differences for lower dimensional invariant tori.
The first one is concerned with the relations of variables. In symplectic mappings, some
variables determined by generating functions take on an implicit form and hence lead to
more difficulties than in a Hamiltonian system. The second one is the non-degeneracy
condition, which will result in a more complicated proof for estimate of measure.

Before presenting the main result, we give some assumptions and definitions.

Assumption 1 (Riissmann’s non-degeneracy condition) There exists an integer 7 > 1 such
that

rank{8f w(§):1<|Bl<i}=n VEell, (1.5)
where

(€)= (8 an(6),8f 0 (©)...., 0 wa())"
with

3 wi(£)

B
35 wz(g) = 8%:15135152 . aé:n" ’
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and

:3 = (/31’/321"-,,3n)'

Assumption 2 (Hyperbolic condition) Let A = diag(as,as,...,4,), B = diag(b, by, ..., by),

a?—b,ﬁﬁl .

C =diag(cy, ¢, ...,Cp). Define A; = ,i=1,2,...,m.Suppose A? >4,i=1,2,...,m.

a;

Remark 1.1 By direct calculation, we have the eigenvalues of €2,

A E£V(A)? -4
A= %, i=1,2,...,m.

If A% >4, we have |A;| #1,i =1,2,...,m, so the lower dimensional invariant torus is hy-
perbolic. If otherwise A? < 4, we have |A;| = 1, and hence the lower dimensional invariant
torus is elliptic.

Definition1.1 Let O C R” be abounded closed connected domain. A function F: O — R

is said to belong to Gevrey-class G*(O) of index p (i > 1) if F is C*°(O)-smooth and there
exists a constant J such that for all p € O,

|0/ F(p)| < cJP1* p1¥,

where || =1+ Ba +--- + B and B = B1!By!--- B,! for B = (B, B2, ..., Bn) € L.

Remark 1.2 By definition, it is easy to see that the Gevrey-smooth function class G' co-

incides with the analytic function class. Moreover, we have
G'cG"cG2cc®
for 1< puy < o < 00.
Set

T ={xeC'2nZ" : |Imx|s <s},
B, ={yeC":|yh =r*},

and

W, = {we(C’”:|w|2 §r}.

\]

[

Denote by D(s,r) =

2
lwly = (Zlfjfm lw;|%)

Denote

X W, x B, x W,. Here, |x|o = maxi<j<, %], [yh = Zlﬁfn lyj] and

I ={¢& € O|dist(§,00) > h}
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and
I, = {E e C" | dist(&,IT) < h}.

Definition 1.2 f € GY*(D(s,r) x I1) means that f € C*°(D(s,r) x II) and f(x,y, u, ;) is
analytic with respect to (x,y, u,v) on D(s,r) and G*-smooth in & on II.

Below we define some norms. If P(x, 4,5, 7;€) is analytic in (%, 4,5, V) on D(s,r) and #-
times continuously differentiable in £ on IT, we have

Pl u,3,v;§) = Z Pr(u,,9;€)el*,
keZ"

where

Pe(u,3,9:6) = Y Pu()7'u' V.

Lij

Define

k
IPlpnxm =Y 1Ple,
keZ

where

NS
|Pr|, = sup E | Pr 7' 'V
(3 9)eWrx By x W gl

This norm is apparently stronger than the super-norm. Moreover, the Cauchy estimate of
analytic functions is also valid under this norm.
Let Xp = (=93P, —8;P, 3,P, 3,P) and denote a weighted norm by

1
”XP”r;’D(s,r)xl'l = ”aj/P”D(s,r)xH + ;”aﬁpllD(s,r)xH
1
+ 7‘_2 ||axp||D(s,r)><l'[ + ;”auP”D(s,r)xl'l:

where

195l b xrn = Y 1195, Pll s ryris
j

103P]| ps,ryx11 = m}ax 1195, Pl (s, =11

and

1
2
18P sy = (Z(nau,Pns,r)z) :

J

185l p(s,y <1 is defined similarly.
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Now we introduce the main result. Let t > nin — 1. For § € (0,1), let . =7 + 8 + 2 and
o= ()7t
i .

Theorem 1.1 Consider the symplectic mapping ®(-;&), which is implicitly defined by a
generating function H(;€) in (1.2). Let maxgen, |Z—‘é’| < T. Suppose that Assumptions 1, 2
hold. Then there exists y > 0 such that for any 0 < o < 1, if | Xpl ;D ryxny = € < y3a?” p?
withv=n+1,v=1(n+1)+n+n, the following results hold true:
(i) There exist a non-empty Cantor-like subset 11, C Il and, for & € I, a symplectic
mapping V. (-; &), where ¥, € G** with

o (w. —id)], <] gy T (1.6)

5,5)xI
+ _ 2741 1 4u-D(m+) 1pu-1 _w-l ;

forvBeZ! and] m [ 3 1#1. Moreover, @, = W' o @ o U, is generated by

H, = N, + P, as in (1.1) satisfying

1 1
NG, 16,3,958) = (x+ 01,3) + (Aute §) + 2 (Buaw ) + Z(C.D,9),

P.u,3,%8) = Y Pyx§iuv.

lil+lj1+2111=3

(i) Hence, for & € I, the symplectic mapping ®(; &) admits a lower dimensional
invariant torus

TE = "IJ*(TH) 0; O; 0)5)7
whose frequencies w, satisfy

|0 (2.(8) - 0(8))| < cp?V ]I gty T w7

and

(s (8), k) +271| > ﬁ 1.8)

forall & € 1, 0 # k € Z". Moreover, we have
meas(IT\ IT,) < ca%.

2 The proof of main results

We will use the idea for Hamiltonian systems in [24] to prove our results. In Section 2.1,
one KAM step iteration is presented. The key lies in solving a homological equation. Then
we will show the KAM step can iterate infinitely in Section 2.2. Convergence of the itera-
tion and the estimate of measure will be presented in Sections 2.3 and 2.4.

2.1 KAM-step
Iteration Lemma Counsider a symplectic mapping ®(-;&) defined in Theorem 1.1. Let 0 <
E<1,0<p=(1-0)s/10< ¢ and0<n< é. Let K > 0 satisfy n?eX* = E. Let

ow

9§

o
<T,

he— %
semy| 08 | = 20+ K) 1T

Eelly
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Moreover, w(§) satisfies that: for k € '\ {0}, [ € Z,

2a
(k,w) +2ml| > (2.1)
Suppose Assumptions 1, 2 hold. Suppose that P satisfies
”XP”r;D(s,r)xl'Id <e€e= 77201217,02‘}5
withO<a<1,v=n+1,v=1(n+1)+n+n Then we have the following results:
(1) V& € Iy, there exists a symplectic diffeomorphism ¥ (-; §) with
. ce
¥ —id l3D6-3p,5)xm, < oc‘_’—,o”’
. ce
1DV —id |,;p(s-3p,5)x11, < W,
such that the conjugate mapping ®,(;€) = W' o ® o U is generated by
H.(;&) =N, +P,, where
N A~ 1 1 ..
N, ={x+w,(),9)+ (Au, V) + 5<B+u, u) + §<C+V' )
and P, satisfies
||XP||r+ D(sy,r)xTTy; = 77+Ol+ ,0+E+ =€y,
with
=s-5p, P+ =0p, n.=E,,
4 a
ry =nr, E. =E3, Egoufoz.
Furthermore, we have
. (§) - ()| <€, V& e (22)
(2) Leta, =a — (K +1)"*1e,
200,
=& el |k o (8) < Tk keZ" K<kl <K, t, (2.3)
and T1, =TT\ I1. Then, for V€ € I1,,Yk € Z" and 0 < |k| < K, we have
kw,(§))| > (2.4)
|( A >’ |k|)
where K, > 0 such thate K”” =E,.
(3) Let T, =T + 6€ and h, W.If}u < %h, we have maxgen,,, |%| <T,,

where Iy, is L‘he complex h,-neighborhood of T1,.
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A. The equivalent form of (1.2).
Let

P(p,q) = Pooo (%) + (Proo (%), 3) + (Poro (%), 1) + {Poo1 (%), V)

+ <P011 (x)u, 1/>> + %<P020 (x)u, Lt) + %<P002 (x)?/, 1’>>

s (2.5)
li]+171+2141=3
with
gl+itip
Py = 9y ouiov 4=0§=0,9=0
Let

Qs 0,9) = (Qa(e ) + 5 (Q1 W)+ 2{Qs@)7)

with Q(x) = Po2o(x), Q2 (%) = Pon (%), Q3(x) = Pooa (%).
Then we rewrite H as

H=N+Q+(P-Q),

where N + Q is the new main term and P — Q is the new small term.
Now we will study the following function which is equivalent to (1.2):

H(x,u,9,1;6) = N(x, u, 3, ;6) + P(x, u, 5, V), (2.6)
where
N A1 1 ... A
N = <x + w(é),y) + (Au, V) + E(Bu, u) + §<CV’ V) + Qx, u, V)
and

P = Pooo () + (Proo(x),5) + (Poro (x), ) + (Poor (%), 7) + Z Pyt u'v.
201+l +1j|=3

B. Generating functions of conjugate mappings.

For convenience, let p = (x,u) and g = (y,v). p and g have a similar meaning. The sym-
plectic structure becomes dp A dgq on R" x R"". Consider a symplectic mapping
D : (p,q) = (b,q) generated by

p=Hp.q9,  q=3H@pq), 2.7)

where H(p,q) = N(p,q) + P(p, q), where N is the main term and P is a small perturbation.
We need a symplectic transformation WV : (p,,q,) — (p,q) generated by

q=4q.+Fpq.), p+=p+Fpq.), (2.8)
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with
0F(p,q.)
F1(p,q+):£,
ap
0F(p,q.)
Fz@,q+)=¥~
q+

The generating function is (p,q,) + F(p,q,) with F being a small function.
By (2.7) and (2.8), we have a conjugate mapping ® = ¥~ o ® o ¥ : (p,,q.) — P+, 4.)

implicitly by
‘ﬁ+ =H2(P:@)+F2(Ib;é+)r q+ =H1(Pré)—F1(P:Q+) (29)
with
. 0H(p,q)
HI(P; q) = ;IP; q )
. 0H(p,q)
Hy(p,q) = 8(Zq .

So we have the following lemma.

Lemma 2.1 ([19]) The conjugate symplectic mapping ®, can be implicitly determined by
a generating function H,(p,,q.) through

19+ = 321+H+(l7+,é+), q+ = 3p+H+(P+,@+), (2.10)
where

H+(P+,5I+) = H(P: 2]) + Hl(p’ 5])F2(P, q+) —Hz(Iﬂ: é)Fl@’ é+)

(2.11)
+ F([A97é+) - F(p; Q+) - Fl(qu+)F2(P7 q+);
where p,p,q,q, depend on (p,,q.) as explained above.
Set z=(p,q,). We have

H.(2) = H() + F(Ny(2), ) — F(ps Ni(2) + T (2) (2.12)

with
IN(p.,q IN(p,,q
Ni(g) = ) -y INWd)
ap. g
and Y (z) satisfying
2
ce
|||XT|”r;D(s—5p,r/16) < W; (2.13)

wherev=n+landv=t(n+1)+n+n.



Jiang Journal of Inequalities and Applications (2017) 2017:39 Page 9 of 17

C. Truncation.

Let
P=R+(P-R), (2.14)
where
R(p,q) = ,Z (Poo (%) + (Phoo (%), 3) + (Ph1o (%), 1) + (P, (%), 7)) (2.15)
|k|=K
= Rooo (%) + (Ri00 (%), 3) + (Roo (%), 1) + (Roon (%), ), (2.16)
and

P-R= Z Pl,‘jj\/luil’\/i + Z P[ijj\/luil’y.

[1+]il+1/1=1 20l +1il+j1=3

Let F(p, q) possess the same form as (2.15).
D. Extending the small divisor estimate.
V& € Iy, there exists & € IT such that |§ — &;| < 4. So we have, for 0 < |k| < K,

o

(k, (&) + 21| = |k w(&0)) + 27 L| = |k, (&) — w(&0))| = AT

E. Homological equation.
By (2.12), it follows that

N(p.,q) + P(p+,q+) _F(p+er(p+»Q+)) + F(Nq(p+,@+),@+) +7T(2)
:N(pﬂéJr) +1_)(P+’é+)' (2.17)

For simplicity, below we drop the subscripts ‘+” in p, and g,.
Similar to the discussion in [27], we get the homological equations.

~F(N,(p,4),4) + F(p,Ny(p,3)) = R~ [R]. (2.18)

To solve (2.18), we need some preparations.
Let x + w = x. Since

P=Nyp.p) = (% (A+ Q)u+(C+Qs)v)
and

=N, 4) = (7 + Qv (A + Q) + (B+ Qu),
we have

F(p,Ny(0:9)) = Fooo () + (Fi00(x), 5 + Q) + (Foo (%), )
+(Foor(x), (A + Q)9+ (B+ Q1)) (2.19)
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and

F(N; (), 4) = Fooo(%) + (Fio0(%), 3) + {Foo (%), V)

+ (F()l()(ﬁﬁé), (A + Q2)TM + (C + Qg)i}) (220)
So we get
F(N;(®:4),4) - F(p: Np(®,9)) = Lo + L1o + Lot — {Fioo(%), Qx)»

where

Lo = (Fooo(%) — Fooo (%)) + (Fio0(%) — Fioo (%), ),

Lio = (A" Fo1o(%) — Fouo(x) — BFoo1 (%), ) + (Q3 Fo10(®) — Q] Foro (%), 1)

and

Loy = (C" Foio(%) + Fow () — AFo01 (%), ) + (Q3 Fo10(%) — QFoo (%), ).

After these preparations, we can solve (2.18) which is equivalent to solving the following:

Foo00(*) — Fooo (%) = Rooo(x) — [Roool,

3 (2.21)
Fio0(%) — Fio0(%) = Rigo (%) — [Ri00],
and
AT Fy10(%) — Foro(x) — BFoo1 (%) + QX Fo10(%) — QF Fo10(x) = Rozo (), (2.22)
CT Fo10(%) + Foo(x) — AFoo1 (%) + QF Fo10(%) — QaFo10(%) = Roon (%).
Firstly, we solve (2.21) for Fyoo and Figo. Expand Fooo(x) and Rooo(x):
Fooo (%) = Z Froo0€' ™,
keZ?
Rooo(x) = Z Rioooe ™.
kezn
Then we get
Frioo = 1 R (2.23)
kj0o = e —1 kj00 .
with e = €l®®), k # 0. By Assumption 2, we have the following estimate:
|| Rooo |l
I Fxo00lls-p <~
ap
So we have

cllRooolls
”XFQOO ”r;D(s—p)xl‘l =< T,Ov



Page 11 of 17

Jiang Journal of Inequalities and Applications (2017) 2017:39

Similarly we have

¢l Ryools
”XFloo ”r;D(s—,o)Xl'l = T,OV

Next we will get Fo1o and Foo from (2.22). Let Foyo = (Fém, ..., EFly) and Foop = (Fém, ...
F{iy). Expand Féi/j/ (x) and Rf)i’// (x):

l 1 ik,
Fol-/j/(x) = Z Fkol-/j/el< x),
kez

Ry (®) = ) Ry
kez”

with/=1,2,...,mand (7,j) = (0,1),(1,0).
Let

F (l)lo ano
X = <Fl ) Y = Rl ’
001 001
(aek -1 -b )
My = .
bey ex—a

To get the estimate of Féi,j, (%), we rewrite (2.22) as the following form:

Z ]\/Ikaei(k'x> = Z Ykei<k’x> + Z Nkaei<k’x>,

kez" kez"

(2.24)

kez"
where Ny is composed of the components of Q;,j = 1,2, 3,4. We can set |[Ni| < .

By a direct calculation, we have

)

| My = lex — Ail|ex = A

where
A+ (A)? -4 A=y (A -4
)"l':—’ Ai:f’ l:lyzyo--;m,

2
are the eigenvalues of Q. By Assumption 2, we have |A;] #1, |A]| #1. Since |ex| = 1, it follows

that |My| > ¢y > 0. We rewrite (2.24) as

AX =Y + A X.
Since |My| > 0, we have the operator A is invertible and hence X = A™/(Y + A1 X). Set

EX =X - ATA1X, then we have EX = LY. So

IEX: - BXall = [ A7 A - AT A |
<[l A7H - Al 1% - Xa |-
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Set €9 = 3, then we have
~ ~~ 1
IEX; - EXy|l < 5||X1 - Xall.

By the implicit function theorem, we have | X|| < ¢||Y|, with ¢ depending on A, B, C. So

crl|Rozy | psryxnn
1 Eoi | Ds—pryxm < %
with (7,j) = (0,1),(1,0).

From the above discussion, we have

ce
”XR”r;D(s,r)xl'[ < — ) (225)

aﬁpv aVpv

”XF ” r;D(s—p,r)x 1 =<

wherev=n+landv=t(n+1)+n+n.
By (2.8) and (2.25), we obtain

. ce
¥ —id “r;D(s—Bp,%)xl'I = ot‘_'—p“,
DV —id <&
[ —1 ”r;D(s—Sp,%)xl'l = W-

From the above discussion, we get the conjugate mapping ®,(;;£) = ¥~ o ® o W gener-
ated by H, = N + P, where

N = [R()()()] + (x + w(é) + R100¢5/> + (AI/t, 17) + %(Bbt, M) + %(Cf/: ‘7) + Q(x: u, f/):
and
P=Y+({P-R) - (Floo(x), Qx)-

Recalling (2.6), we find there are second order terms of , ¥ in P,, so we will put these terms
into the main term. Let Q. = —(Fjo0(x), Qx) + Y1, where Y; contains the second order term
onu,vin Y.

Then we get H, = N, + P,, where
N, = [Rooo] + {x + (&) + Rigo, ) + (Au, V) + %(Bu,u) + %(Cf/, D) + Qx, u,9) + Q.
and
P,=(P-R)+7Y -

We note that N, has the same form as N.
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Since

P-R-= Z Pyd'u'v + Z Pyd'u'V,

[L1+11+j1=1 2/1+11+1j1=3

we have

e Ke
I Xp-rllyriD(s=5p =11 < C - € (n + 2 ) (2.26)

By (2.13) and (2.26), we have

I I - e Xp ce?
XP+ nrD(s=5p,r)xIT = C- € ] S .
7]2 ]720[211102\)

E Choice of parameters.
We choose 0 < E <1 and set

o

-E, - ¥ 2E, ¢ _E he %
7 e=map ” 2K + 1)1 T

Fix o € (0,1). We define

Py =0p, sy =5-5p, ry =nr,

Wl

a, =a— (K +1) e, €, = Cne, E, =cE3.

By the estimate of P,, supposing « < 2«,, we have

I ! - eKr ce?
Xp, lnrDs-5pmr)x1, <€ €|l n+ + =
'+ [InrsD( £,17) + 772 7’]2(12”,02U

<cne = Ca2vp2vE4

20 2713
<ca'p,"E;.
Setting €, = ca, pTE3, we arrive at

”Xp+ ||r+;D(s+,r+)><l'[+ < €.

By Iteration Lemma, we have

’(k,a)+(5))+27rl| > |(k,a)(é) +2nl>‘ - |(k,a)+(§) —w(é))‘

2 T+l
= Ty 00

20,

@+ |k’

where & € 1, and 0 # k < K. So we choose a, = a — (1 + K)**'e. By the choice of a,, the
definition of IT in (2.3) and I1, = IT\ I, it follows, for V& € I1,,

20, "
\(k, @, (8)) + 21| > T VkeZ",0<|k| <K,.
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Now we give the choice of T,. Suppose 4, < 2. By the Cauchy estimate, for & € I,

+ =5
we have
(&) - 6
18w, (€) - 0(£)) /05|, < W <.
Define T, =T + 6h—€ and /1, = W, then we have

+ =< + = =< T+~
531%12 0w, /3| < ;2%2 |0 (w w(g))/ag|+£§2 |dw/3E|
Thus all the parameters for H, are defined, and so Iteration Lemma is proved.

2.2 Iteration

Define inductive sequences

Pjs1 = O Pj, Sj4s1 =8, —5p, Tjis1 = ity
4 6¢;
_ T+l 3 _ ]
Qj = — (1 + 1(1) €, E]+1 = CE Tj+1 = T} + 7,
/
_ _ 20 2v 2
N1 = Ejs1, €01 =0 P Eang,

and
e Kjs10j41 a1
—— =L, i = —— 37—
N A+ K) " T
Define
I, = {5 €I: |(wi(§) + 2L k)| = K=" 1)r K < |k| <1<,+1}
and

Hh/‘+1 = {S eC": diSt(%’, 1_[1'+1) < hj+1}.

In the following we give some estimates for Gevrey-smoothness.
K.
Let y; = Kjp; = —lnE?’ We have ’*1 = %lln“—g + 5, and hence % <

enough. If 12 < K; < Kj,1, we have ,+1 _ o T (4K)

K;

it 41
3% =3 for Ey small

5 5 s
VALY —_ < 2 . < 2N
; Tj+1 a Kj+1)r 6’ and hence h]+1 Sh]’ Wthh

means /1, < ih holds. Suppose maxsenh |2—?| <T.Llet Tjy =T + ﬁ. Then we have
/

9 ) $

| =5 w’“ | = |M| < Tj,1. By the choice of o, we can easily get that pﬁlylifl > p}yl”l
8

Since poy, = > 1, we have p,y]”‘ >1forallj>1.

By the definitions of T}, 4; and ¢;, we have T}, = T; + =Ty +6 Zl o(yi) e i T;. Not-

ing Vi = —1nE3 and E < (ch)( y , we can choose E, to be sufficiently small such that

0()/,)’e V'T <e¢ L then we have T < T; < To + 1. Similarly, we have 2 70 < aj <.
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By Iteration Lemma, there exists a sequence of symplectic mappings {W;(-;£)}, generated
by (p,q.) + Fi(p,q.), satisfying

. CEj
”“Ijj —id ”r]‘;D(S]‘—Bpj,r]‘)Xth < SR
o p;
)
Céj
”D"Il/ -1d ”r]-;D(s]-—Bp]-,r]-)xl'[h]_ < S vil®
Ol]» P

Define W/ = ¥; 0 W 0- - -0 W;. Then we have a sequence of symplectic mappings {®),1(-;§) =
(W)™ o @; 0 W}, generated by Hj,1 (&) = Njs1 + Pja1, where

A A

Ny =[x+ 031 5) + Gt ) + 2 B + 5(Gird,)
with

lwjs1 —wjl <cej, V=1,
and

”XP]‘H ”rj+1;D(5j+11rj+1)thj+l =< €j+l'

2.3 The convergence of the KAM iteration
Now we prove the convergence of the KAM iteration. Similar to [27], we have

j il <ca’ o’ E3
” v v ”r/;D(s/v—Sp/,r/)xHhi — Ca]—lp}—lE]—l’

and

”D(\Ij/ - \Ijj_l) ”rj;D(s]'—Bpj,rj)xl'[hj = a]ilpl'\ilEJiI'

By the Cauchy estimate, we have

” 85 (\IJ/ - qjj_l) Hrj;D(si—?:pi,rj)xHh/. - h\ﬂ”

S cof o}V E
|| aE D(ij -V 1) ||rj;D(s}'—3p1',r1')><l'[hl, — : ljllﬁ'\ :

and
NS,
Jof o ), = 27
j
VopY E3 Bl .
Let Llf B R R L Gf = 2 Now we estimate Llf and G]’.S forgeZ;.

18] 18]
) hi hj

Since pjyj”‘

8

5 .
> 1 for all j > 1, we have % < y}-”‘. Then we have Kj = % < V,»H”l, which
7 7

3
N 3
,T,r<T+1,%oc§0(jandEj,1:E4 =

T+1 T+146 : L
means that K" <y, - Noting that /; = - ( ;

i
K+1)] 17;
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_Y
e %, we have

T+1 3yj
L[]ﬂ < CO[U,OUﬁ ( ) (yjr+1+8)‘me—T1

2

2T +1)\ ! /N I/ 2/
<cpj (% B! [yjﬂle & o)) ~~~yj’3"e L (I+8)(n+1)]T+Be_Tm

9
I+
< ij}ﬂjlﬂ\ﬂ!lt]j (n+ ),

2T+1 [4(#—1)(n+1)],;__1
o 3

where ] = ,iu =T + 36, and c only depends on n,«, .

In the same way, we have
B 2v 718l q z i)
v 1 n+
Gj =cp; J'P B! Ej .

Note that s; — 5,77 — 0,/ — 0 as j — oo. Let D, = D(3,0), 11, = N

>0 IV and ¥, =

lim;_, o, /. Then we have

9
|9f (. —id) <cp] P BIESTY ) vg e Z7,

5:D()x Ty —

Since W, is affine in y, ¥/ is also affine in y, and hence we have the convergence of 85 W to
8'3 U* on D(3, 5) and

_9
||8§(\IJ* —ld) Scp(‘;]‘ﬂ\ﬂ!ME(‘;(ml)’

5iD(5,5)x 1,

VB € Z}. Thus we proved (1.6).
Let w, = lim;_, o, ;. Similarly, it follows that

9
|0 (0.(8) — ) )| . < cog"TPIBYES™, VB eZ;.
Moreover we have

w«(§),k)| =
for all £ € [], and 0 # k € Z", where o, = limj_, o/, with % < &y < a. Thus we proved
(1.7) and (1.8).

2.4 Estimate of measure

We note that 8 > 1in Assumption 1 for symplectic mappings, while 8 > 0 in Hamiltonian
systems [24, 25]. So the non-degeneracy condition in symplectic mappings and that in
Hamiltonian systems are different. It means that the estimate of measure is different in
two cases. But the proof for symplectic mappings is similar to [24, 25], so we omit the
details.
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