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Abstract

In this paper, new error bounds for the linear complementarity problem are obtained
when the involved matrix is a weakly chained diagonally dominant B-matrix. The
proposed error bounds are better than some existing results. The advantages of the
results obtained are illustrated by numerical examples.

MSC: 90C33; 60G50; 65F35

Keywords: error bound; linear complementarity problem; weakly chained
diagonally dominant matrix; B-matrix

1 Introduction
A linear complementarity problem (LCP) is to find a vector x € R"*! such that

Mx+q)Tx=0, Mx+g>0, x>0,

where M = [m;] e R”*” and g € R"*!, The LCP has various applications in the free bound-
ary problems for journal bearing, the contact problem, and the Nash equilibrium point of
a bimatrix game [1-3].

The LCP has a unique solution for any ¢ € R”*! if and only if M is a P-matrix [4]. In [5],
Chen et al. gave the following error bound for the LCP when M is a P-matrix:

||x —x* || < max

-1
o~ gefo1)” (I~D+DM) “oo ”’”(x) ||oo,

where x™* is the solution of the LCP, r(x) = min{x, Mx + q}, D = diag(d;) with 0 < d; <1, and
the min operator r(x) denotes the componentwise minimum of two vectors. If M satisfies

special structures, then some bounds of maxc(o,1 ||(I — D + DM) ||« can be derived [6—
11].

Definition 1 ([4]) A matrix M = [m;] € R"*" is called a B-matrix if for any i,j € N =

{1,2,...,”},
mi > 0, l my | >my, jFIL
P n
eN keN
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Definition 2 ([12]) A matrix A = [a;] € R"” is called a weakly chained diagonally domi-
nant (wedd) matrix if A is diagonally dominant, i.e.,

n
|aii| > ri(A) = Z lagl, VieN,
jel i

and for each i ¢ J(A) = {i € N: |a;| > r;(A)} # @, there is a sequence of nonzero elements of
A of the form a;;,, ayys,, . .., 4,5 With j € J(A).

Definition 3 ([13]) A matrix M = [m;;] € R™*" is called a weakly chained diagonally dom-
inant (wcdd) B-matrix if it can be written in the form M = B* + C with B* a wedd matrix

whose diagonal entries are all positive.

Garcia-Esnaola et al. [8] gave the upper bound for maxejoj» [|({ — D + DM)™! ||, when
M is a B-matrix: Let M = [m;] € R"*" be a B-matrix with the form

M=B"+C,
where
my—rf e My —TY
B' = [by] = : : , (1)
My =1y o Mgy =T,

and r{ = max{0, m;|j # i}. Then

. n-1
dlel[lgi( ”(1 D+ DM)” ”00_ mm{ﬁ,l} @

where g = min;en{B;} and B; = b;; — Zﬁ@ |byl.
To improve the bound in (2), Li et al. [14] presented the following result: Let M = [m;] €
R"" be a B-matrix with the form M = B* + C, where B* = [b;] is defined as (1). Then

o "on-1 2
Jmax |(1=D+DM)| < 3 7mm{5i,l}l—1[< Zml) (3)

J k =j+1

where 8; = b;; — Z} i1 1041:(B), k(B*) = maxkiiin{ﬁ Z]’ik’# |b;j|} and

i-1 n
]_[(1+ =3 |b,k|> 1, ifi=1

j=1 / k=j+1

Recently, when M is a weakly chained diagonally dominant (wcdd) B-matrix, Li et al. [13]
gave a bound for maxgc(o,yn [|(I = D + DM)™}||oo: Let M = [m;] € R"™" be a wedd B-matrix
with the form M = B* + C, where B* = [b;] is defined as (1). Then

n i-1
1 n-1 h,,
max [ =D+ DM)” ||OO—Z(—1"[ ) @)

—\min(f.1) 11 B
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where B; = b; — Z} i1 161 >0 and ]_[l b ’1’ =1ifi=

This bound in (4) holds when M is a B-matrix since a B-matrix is a weakly chained
diagonally dominant B-matrix [13].

Now, some notation is given, which will be used in the sequel. Let A = [a;] € R"*". For
i,j,k € N, denote

n

1
uiA) = — > lagl,  ua(A) =
| ll|1 i+1
n
e lail
br(A) = max M , b(A) =1,
k+l<i<n laii|
|l + 3 ka4 121k (A)
pr(A) = max { w2 gy }, pn(A) =1.
k+1<i<n |6ll‘l‘|

The rest of this paper is organized as follows: In Section 2, we present some new bounds
for max e ||(I — D + DM)™| o when M is a wedd B-matrix. Numerical examples are
given to verify the corresponding results in Section 3.

2 Main results
In this section, some new upper bounds for maxejo1j» |(I = D + DM)™!||« are provided
when M is a wedd B-matrix. Firstly, several lemmas, which will be used later, are given.

Lemmal ([13]) Let M = [m;] € R"*” be a wedd B-matrix with the form M = B* + C, where
B* is defined as (1). Then

[+ (B5)"Co) o =m0,
where B}, =1 - D + DB* and Cp = DC.

Lemma 2 ([15]) Let A = [a;] € R"™" be a wedd M-matrix with ui(A)pi(A) <1 (Yk € N).
Then

. " 1 uj(A)
|A ||oo§max[lZ:< e u(A)pl(A))l_[l u,(A)P;(A))

- pl<A) -
Z(&l”(l 1 1_[1 u(A ))}'
i /

where
i-1 i-1
A
l_[ L =1, =1, ifi=
i 1-u;(A)p;(A) i 1-u(A)p; 1-u(A)p;(A)

Lemma 3 ([14]) Let y > 0 and n > 0. Then, for any x € [0,1],

1 1 nx

< <
1-x+yx ~ min{y,1} l-x+yx "y
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Theorem 1 Let M = [m;] € R"™" be a wedd B-matrix with the form M = B* + C, where
B* = [by] is defined as (1). If, for each i € N,

Bi = bii - Z |bylpi(B*) >0,

J=i+l
then
max (I —D +DM)™||
de[0,1]" e
n i-1
n-1 (n—1)pi(B* ) b}'/’
< max — Dk | —_— ) (5)
{;mm{ﬂul} (ﬂ kZ ’ ) Z min{$;, 1} H A
where
i-1 n il
H( > |b,k|) [[F=1 ii=1
j=1 Jk_1+1 j=1 B

Proof Let Mp=1—-D + DM. Then
Mp=I-D+DM=1-D+D(B" +C) =B}, + Cp,

where B, =1 - D+ DB*. Similar to the proof of Theorem 2 in [13], we see that B}, is a wcdd
M-matrix with positive diagonal elements and Cp = DC, and, by Lemma 1,

|75 < 12+ (B5) " Co) [ (B5) e < (= 1)][ (B5) ] (©)

By Lemma 2, we have

1 : 1 7 %(B)
I(5) “wfma"{zu d; + bud) (L~ w(By)pi(B} ))Hl (B Bp)’

pi(Bp) 1
Z(l di + biid;)(1 — u;i((Bp))pi(Bp) )nl u;(BB)PJ(BB)}

By Lemma 3, we can easily get the following results: for each i,j, k € N,

> i |bild; > i byl

+ j=k,#i 7Y j=k,#i \7Y +
- Sk T ki TV B
bk( D) k-gliai);n 1-d; + b;d; } = kfflft)in{ b;; } b ( )

|bt/<|d + Z] k+1,#i |bl}|d bk(B ) }

pi(B}) = max

k+1<i<n 1- dl + b”dl
< max |bik| + Z;l:]p,l_;z,' |bij|bk(BB)
T k+l<i<nm bii

|bik| + 2" k11,4 1ij | bi(BY)
< max
k+1<i<n bii

=Pk(B+),
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and
1 B 1
(I—-d;+ byd))(1 — u;(B)pi(B,)) 1-d;+byd; - Z]}im |bij|dipi(B},)
1

< — I

min{b; — Z}':Hl |bij|pi(B*),1}
1

=——- (7)

min{g;, 1}

Furthermore, by Lemma 3, we have

ui(B}) Y7 |byld;
1- ”’(B )pl(B ) 1-d;+bid; - Z;l:m |bij|di10i(35)
i by

<
T b= ) |bylpi(BY)

Z || 8)

l} i+1

and
1 1-d; + byd;
1-u(B )pt(B ) 1-d;+bid; - Z;t:iﬂ |bl'j|dipi(BZ))
1- dl‘ + biidi
i~ Z;I:m |bij|pi(B¥)

=

S >

4

S
=
<

=

By (7), (8), and (9), we obtain

N 1 l i-1 b
”(BD) 1||Oo§max{271_[<’3/ Z| 1k|) Z pi( {ﬂl,l}HrB]}] (10)

i=1 mln{ﬁ“l} j=1 k=j+1 j=1
Therefore, the result in (5) holds from (6) and (10). O

Since a B-matrix is also a wedd B-matrix, then by Theorem 1, we find the following

result.

Corollaryl Let M = [m;j] € R"™" be a B-matrix with the form M = B* + C, where B* = [b;]
is defined as (1). Then

max |(I-D+DM)™|
del0,1]”

- : (n—1)pi(B*)
< maxiz rn{ﬁl,l} H(ﬁ, Z | 1k|> Z Tmin(AL) l—[ Ak (11)

i=1 j=1 k=j+1 i=1 j=1

where p; is defined as in Theorem 1.
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We next give a comparison of the bounds in (4) and (5) as follows.

Theorem 2 Let M = [m;] € R"™" be a wedd B-matrix with the form M = B* + C, where
B* = [by] is defined as (1). Let Bi, Bi, and @ be defined as in (3), (4), and (5), respectively.
Then

"on-1 2 (n—-1)p;(B*) = by
max{;fn( Z| ;k|> Zmng

-1 mln{ﬁi’ 1} j=1 7 k=j+1 i=1 j=1

i-1
b]/
< 12
Z(mm{ﬁul}nﬁ,) 12

j=1

Proof Since B* is a wedd matrix with positive diagonal elements, for any i € N,
0<pi(B*) <1, Bi < Bi. (13)

By (13), foreach i e N,

1 1 1 1
~ S = ~ S =~ ‘ (14)
,Bi ﬁi min{ﬂi’ 1} min{ﬁir 1}

The result in (12) follows by (13) and (14). O

Remark 1
(i) Theorem 2 shows that the bound in (5) is better than that in (4).
(ii) When n is very large, one needs more computations to obtain these upper bounds

by (5) than by (4).

3 Numerical examples
In this section, we present numerical examples to illustrate the advantages of our derived

results.
Example 1 Consider the family of B-matrices in [14]:

1.5 0.5 0.4 0.5
-0.1 1.7 0.7 0.6
My = ,
0.8 -0. 1k 1.8 0.7
+1

0 0.7 08 18

where k > 1. Then My = B + Cy, where

1 0 -01 0
B - -0.8 1 0 -01
0 -01%-08 1 -01

-0.8 -0.1 0o 1

By (2), we have

o 4-1
dIEI[lgi(]4||(] D+DM)™| < TR =30(k +1).
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It is obvious that
30k +1) = +o0, ifk— +o0.
By (3), we get

max | (I-D+DMy)™|, <15.2675.
defo0,1]4

By Theorem 7 of [11], we have

max (I -D+DM)™|_ <13.6777.
de[0,1]%

By Corollary 1 of [13], we have

4
0D ) ~15.2675.
d2§ﬁ4|‘ + DM ;(mm{ﬂ” B a j)

By (11), we obtain

max [[(1 -D+DM)™ |, < 9.9683.
de[0,1]*

In these two cases, the bounds in (2) are equal to 60 (k = 1) and 90 (k = 2), respectively.

Example 2 Consider the wedd B-matrix in [13]:

1.5 02 04 05
-01 15 05 01
05 -01 15 01
04 04 08 18

M =

Then M = B* + C, where

1 -03 -01 O
-0.6 1 0 -04

0 -0.6 1 -04
-04 -04 O 1

B =

By (4), we get

max | (I-D+DM)™|_ < 411111
def0,1]4

By (5), we have

max [[(/ -D+DM)™ | <21.6667.
de[0,1]*



Wang Journal of Inequalities and Applications (2017) 2017:33

4 Conclusions

In this paper, we present some new upper bounds for maxgejo1y= |(I — D + DM)™ || when
M is a weakly chained diagonally dominant B-matrix, which improve some existing re-
sults. A numerical example shows that the given bounds are efficient.
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