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[@(A(a,b) + (1 - () Q'(a,b)]"" < TD[Alg,b),Q(a,b)]
<[BWA@,b) + (1 - B2 (a,b)]”

holds for all r < 1 and g, b > 0 with a # b, and we provide new bounds for the
complete elliptic integral £(r) = O”/2(1 —r?sin20)"2d6 (r € (0,4/2/2)) of the second
kind, where TD(a,b) = 2 fon/z Va2cos26 + b2sin20 db, Ala,b) = (a + b)/2 and

Qla, b) = v/(a? + b?)/2 are the Toader, arithmetic, and quadratic means of g and b,
respectively.
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1 Introduction

For p € [0,1], g € R and a4, b > 0 with a # b, the pth generalized Seiffert mean S,(a, b), gth
Gini mean G,(a, b), gth power mean M,(a, b), gth Lehmer mean L,(a, b), harmonic mean
H(a, b), geometric mean G(a, b), arithmetic mean A(a, b), quadratic mean Q(a, b), Toader

mean TD(a, b) [1], centroidal mean C(a, b), contraharmonic mean C(a, b) are, respectively,

defined by
pla—-Db)
’ O < 1;
Sy(a,b) = arctan[2p(a — b)/(a + b)] <P=
(a+Db)/2, p=0,
a-1 4 pa-1y/ b ll(q—2), 2,
Gy b) = [(a®™" + b77")/(a + b)] q7
(aubb)l/(aer)’ q= 2’
1 4+ p1)/2]Y4, 0,
M by | 1@ O a7

m; q=07
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a®tl + pa+l 2ab
L ,b = ) H yb = ) G ) = )
alab) = —— (a,0) = — (a,b) = Vab (LD
b 2 2
Aabh) =2 Qb =° ;b,

2 /2
TD(a,b) = = / Va? cos? 6 + b2 sin® 6 db,
T Jo

2(a® + ab + b?) a’ + b?
2B Clab) =
3(a +b) (@5)

Cla,b) = 0

It is well known that S,(a, b), G,(a, b), M,(a, b), and L,(a, b) are continuous and strictly
increasing with respect to p € [0,1] and g € R for fixed a, b > 0 with a # b, and the inequal-

ities

H(a,b) = M_1(a,b) = L_i(a, b) < G(a, b) = My(a,b) = L_1)2(a, b)
< A(a,b) = My(a,b) = Ly(a, b) < TD(a, b) < C(a, b)

< Q(a,b) = My(a,b) < C(a,b) = Li(a, b)

hold for all 4, b > 0 with a # b.
The Toader mean TD(a, b) has been well known in the mathematical literature for many

years, it satisfies
TD(a,b) = Reg(a?, b%),

where

1 [ [a(t+Db)+b(t+a)lt
Re(a,b) = — /0 (t + a)2(t + b)32

stands for the symmetric complete elliptic integral of the second kind (see [2—4]), therefore
it cannot be expressed in terms of the elementary transcendental functions.

Letr €(0,1), K(r) = foﬂ/z(l—r2 sin?0) Y2 d6 and E(r) = 0"/2(1 —r?sin? 0)Y2 d be, respec-
tively, the complete elliptic integrals of the first and second kind. Then K(0*) = £(0%) =

/2, K(r), and £(r) satisfy the derivatives formulas (see [5], Appendix E, p.474-475)

dK(r) _ Er)— A -r)K(r) d&(r) _ Er)-K(r)

dr r(1-r2) ’ dr r
dlK(r)-Er)] _ rEr)
dr C1-r2

the values K(+/2/2) and £(+/2/2) can be expressed as (see [6], Theorem 1.7)

V2\  T21/4) V2\  4r%(3/4) + T*(1/4)
IC<7>_ ive =1.854..., 5(7)_ NG =1.350...,
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where I'(x) = fooo t*Le7t dt(Rex > 0) is the Euler gamma function, and the Toader mean
TD(a, b) can be rewritten as

2a€(/1-(bla)?)/w, a=>b,

TD(a,b) = (1.2)

2bE(\/1-(alb)?®)/m, a<b.

Recently, the Toader mean TD(a, b) has been the subject of intensive research. Vuorinen
[7] conjectured that the inequality

TD(a, b) > M3/2(6l, b)

holds for all 4,b > 0 with a # b. This conjecture was proved by Qiu and Shen [8], and
Barnard, Pearce and Richards [9], respectively.
Alzer and Qiu [10] presented a best possible upper power mean bound for the Toader

mean as follows:
TD(a,b) < Miog2/(10g 7 -log 2(a, b)

forall a,b > 0 with a # b.
Neuman [2], and Kazi and Neuman [3] proved that the inequalities

(a + b)vab-ab 4(a + b)/ab + (a - b)?
—————— < TD(a,b) < )
AGM(a,b) 8AGM(a, b)

TD(a,b) < i(\/ 2 +V2)a% +(2-V2)b? + \/ (2 +V2)b% + (2~ V/2)a2)

hold for all a,b > 0 with a # b, where AGM(a, b) is the arithmetic-geometric mean of a
and b.

In [11-13], the authors presented the best possible parameters Aq,u; € [0,1] and
A, M2, A3, s € R such that the double inequalities S, (a,b) < TD(a,b) < S,,(a,b),
Gy (a,b) < TD(a, b) < Gy, (a,b) and Ly, (a, b) < TD(a, b) < L, (a, b) hold for all a, b > 0 with
a#b.

Let A, u, o, B € (1/2,1). Then Chu, Wang and Ma [14], and Hua and Qi [15] proved that
the double inequalities

C[)La +(1=-1)b,Ab+(1 - A)a] < TD(a,b) < C[ua + (1= w)b,ub+ (1 - u)a],
E[(m +(1-a)b,ab+ (1 - a)a] < TD(a,b) < E[ﬁa +(1-8)b,Bb+(1- ﬁ)a]
hold for all @, b > 0 with a #b ifand only if A <3/4, u > 1/2 + /(4 —7)/(27), @ <1/2 +
V3/4and B >1/2 + V12/7 - 3/2.
In [16-20], the authors proved that the double inequalities
a1Q(a, b) + (1 - a1)A(a, b) < TD(a, b) < p1Q(a, b) + (1 - B1)A(a, b),
Q*2(a,b)A""*)(a, b) < TD(a,b) < Q™ (a,H)A" " (a, b),

a3C(a,b) + (1 — a3)A(a,b) < TD(a, b) < B3C(a,b) + (1 — B3)A(a, b),
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oy +1—0l4< 1 Py Ba +1—,34
A(a,b)  C(a,b) TD(a,b) A(a,b) C(a,b)’

a5C(a,b) + 1 — as)H(a, b) < TD(a, b) < BsC(a,b) + (1 — Bs)H(a, b),

a6[C(a, b) — H(a, b)] + A(a, b) < TD(a, b) < ,36[C(a, b) — H(a, b)] +Ala, b),
a7;C(a,b) + (1 - a7)A(a, b) < TD(a, b) < B;Cla,b) + (1 - B7)A(a, b),

og +1—Olg< 1 < /88 +1_ﬂ8
A(a,b)  C(a,b) TD(a,b) A(a,b) C(a,b)

a9Q(a,b) + (1 —a9)H(a, b) < TD(a, b) < BoQla,b) + (1 — Bo)H(a, b),

a0 4_1—0610< 1 < Bo +1—,310
H(a,b) Q(a,b) TD(a,b) H(a,b) Q(a,b)

hold for all a,b > 0 with a # b if and only if a; < 1/2, B > (4 — 7)/[(v/2 - V7], oy < 1/2,
By >4 —-2logm/log2, a3 <1/4, B3> 4/mr -1, a4 <7m/2-1, B4 > 3/4, a5 <5/8, B5 > 2/m,
og <1/8, Be = 2/m —1/2, a7 <3/4, B7 > 12/m — 3, ag <1 -3, Bg > 1/4, a9 <5/6, By >
24/2/7, az0 < 0, and Bio > 1/6.

The main purpose of this paper is to present the best possible parameters «(r) and B(r)
such that the double inequality

[Ol(l’)Ar(ﬂ, b) + (1 - Ol(l"))Qr(d, b)]l/r < TD[A(a, b), Qa, b)]
<[B(NA(a,b) + (1- B(r))Q (a, b)]

1/r

holds for all » <1 and a,b > 0 with a # b.

2 Lemmas

In order to prove our main result we need two lemmas, which we present in this section.

Lemma 2.1 Letp € (0,1), £ € (0,+/2/2), = (2 + V2)[1 - 26(/2/2)/7] = 0.478 ... and
fO="2VT=E+ Za-p)-c0. 1)

Then f(t) < 0 for all t € (0,~/2/2) if and only if p > 1/2 and f(t) > 0 for all t € (0,~/2/2) if
and only if p < A.

Proof 1t follows from (2.1) that

f(0%) =0, (2.2)
NOANE V2
f<7> = 5(1—7>(k -p) (2.3)
o ()
f@®)= e (2.4)
where

A =V1-2[K(t) - £@8)] - %tz, £(0%) =0, 2.5)
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) 2(2) (D)
2 2 2 2 4
fl/(t) - w —mpt, (2_7)
1-#2
£(07) =0, (2.8)
() ()1 ().
2 2 2 2
3-2)E() - (2-HK
1”(t) = ( d )(l(t_) tz)(g/z S, —p, (2.10)
f(0%)=n (% —p), (211)
fl(ﬁ) :ﬁ[%(é) —3K<£)} —np, (2.12)
2 2 2
L+ 2)[K() - E@)] + £2K(2)
(t) = - (- 2)" <0 (2.13)
for all £ € (0,~/2/2).
It follows from (2.13) that f’(¢) is strictly decreasing on (0, ~/2/2).
We divide the proof into three cases.
Case 1 p >1/2. Then (2.11) leads to
f(0%) <o. (2.14)

From (2.14) and the monotonicity of f;"(¢) we clearly see that f{(¢) is strictly decreasing
on (0,+/2/2). Therefore, f(£) < 0 for all ¢ € (0,+/2/2) follows easily from (2.2), (2.4), (2.5),
(2.8), and the monotonicity of f/(z).

Case 2 0 < p < . Then from (2.11) and (2.12) together with 4&£(+v/2/2) — 3K(+/2/2) =
—0.159... we clearly see that

A(0%) >0, ﬁ(?) <0. (2.15)

It follows from (2.15) and the monotonicity of f”(¢) that there exists ¢, € (0, +/2/2) such
that f{ (¢) is strictly increasing on (0, £y] and strictly decreasing on [z, V2/2).

Let A* = Y2[26(¥2) - KC(¥2)] = 0381.... and A** = 22[K(L2) - £(*2)] = 0.453.... We
divide the proof into three subcases.

Subcase 2.1 0 < p < 1*. Then (2.9) leads to

ff(?) > 0. (2.16)

It follows from (2.8) and (2.16) together with the piecewise monotonicity of f/(¢) that
A@®)>0 (2.17)

for all £ € (0,~/2/2).

Page 5 of 10
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Therefore, f(t) > 0 for all £ € (0, +/2/2) follows easily from (2.2), (2.4), (2.5), and (2.17).
Subcase 2.2 1* < p < A**. Then (2.6) and (2.9) lead to

A (?) >0, (2.18)
ff(?) <0. (2.19)

It follows from (2.8) and (2.19) together with the piecewise monotonicity of f;(¢) that
there exists # € (0,+/2/2) such that fi(#) is strictly increasing on (0,¢] and strictly de-
creasing on [f;, V2/2).

Equation (2.5) and inequality (2.18) together with the piecewise monotonicity of f;(z)
lead to the conclusion that

L@ >0 (2.20)

for all ¢ € (0,~/2/2).
Therefore, f(¢£) > 0 for all ¢ € (0, V2/2) follows easily from (2.2) and (2.4) together

with (2.20).
Subcase 2.3 1** < p < A. Then (2.3), (2.6), and (2.9) lead to
f(?) >0, (2.21)
A (g) <0, (2.22)
() () 1(2) 2

2 2 2 2
<25(£) —IC<£> - @x* - 0. (2.23)

2 2 2

It follows from (2.8) and (2.23) together with the piecewise monotonicity of f/(¢) that
there exists t, € (0,+/2/2) such that fi(t) is strictly increasing on (0,£,] and strictly de-
creasing on [£y,v/2/2).

From (2.4), (2.5), and (2.22) together with the piecewise monotonicity of f;(¢) we clearly
see that there exists ¢3 € (0, v/2/2) such that f(t) is strictly increasing on (0, £3] and strictly
decreasing on [t3,/2/2).

Therefore, f(t) > 0 for all £ € (0,+/2/2) follows easily from (2.2) and (2.21) together with
the piecewise monotonicity of f(£).

Case 3 X < p <1/2. Then (2.3), (2.6), (2.9), (2.11), and (2.12) lead to

S (?) <0, (2.24)
ﬁ(%) < g[lc(g) - 5(?)] - ”f* -0, (2.25)

() a(2) ()
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fl//(0+) >0, (2.27)
{2) el ) (D)o
:—Ni[ic(g) 4(?)] <0, (2.28)

It follows from (2.27) and (2.28) together with the monotonicity of f;’(¢) that there ex-
ists ¢, € (0,+/2/2) such that J{(¢t) is strictly increasing on (0, 4] and strictly decreasing on
[ta, V/2/2).

Equation (2.8) and inequality (2.26) together with the piecewise monotonicity of f](¢)
lead to the conclusion that there exists ¢; € (0,+/2/2) such that f;(¢) is strictly increasing
on (0, 5] and strictly decreasing on [t, V2/2).

From (2.4), (2.5), (2.25), and the piecewise monotonicity of f;(t) we clearly see that there
exists ts € (0,+/2/2) such that f(¢) is strictly increasing on (0, 4] and strictly decreasing on
[t6,V/2/2).

Therefore, there exists t; € (0,4/2/2) such that f(¢) > 0 for t € (0,t;) and f(¢) < O for
t € (t7,+/2/2) follows from (2.2) and (2.24) together with the piecewise monotonicity of

f@). O

Lemma2.2 Letr€R,a,b>0withl <bla<~/2,co=2E(2/2)/m =0.859...,c1 = /2/2,
Mr) and U(r;a, b) be defined by
1-¢

M= =2 (70, ko

1-¢q

_logeo

= , (2.29)
logc;

and

1/r

U(r;a,b) = [A(na” + (L-A(M)b']"  (r#0),  U(0;a,b) =a™ b, (2.30)

respectively. Then the function r — U(r;a, b) is strictly decreasing on (—o0, 00).
Proof Letx =b/ac(1,4/2), r#0,and

V(r,x) = (1-A(r)) logx — (log A(r)) . (2.31)
Then from (2.29)-(2.31) one has

log U(r;a,b) =loga + % log(A(r) + (1= A(r))x"),

dlogU(r;a,b) AN (r)(1-«")+(1—A(r)x"logx log(A(r) + (1 —A(r))x")
or - r(a(r) + 01 = A(r))x") - r2

dlogU(r;a,b)
ar

’

=0, (2.32)

x=1
_ (c] =1)cplogey — (cg — 1)cf log ey
(] -1)? ’

() + (1= 2y = =0 (1_ 1-%)1 _%
1_Ci 1 r r r

A(r)
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M)A -x")+ 1= A(r)x"logx 1 o Co
O+ A=A s 7 fe
1 sa,
dlogU(r;a,b) _o, (2.33)
ar x=v/2
0%log U(r;a, b) Alr)art
_ Vir, %), 2.34
dx0r o)+ (i Y (2.34)
log L log +
V(1) = —% - - <0, (2.35)
G)-1 (5)-1
1 1
V(r,v/2) = cg( ga ?gc") >0, (2.36)
-1 ¢ -1

where inequalities (2.35) and (2.36) hold due to ¢ > ¢; and the function ¢ — log#/(t" — 1)
is strictly decreasing on (0, 00).

Note that A(r) € (0,1) and the function x — V(r,x) is strictly increasing on (1, v/2). Then
(2.34)-(2.36) lead to the conclusion that there exists xo € (1,+/2) such that the function
x> dlog U(r;a, b)/dr is strictly decreasing on (1,%,) and strictly increasing on (xg, v/2).

It follows from (2.32) and (2.33) together with the piecewise monotonicity of the func-
tion x > 8 log U(r;a, b)/dr on the interval (1, +/2) that

dlogU(r;a,b) .

0 2.37
oy (2.37)

forall a,b >0 with 1 < b/a < +/2.
Therefore, Lemma 2.2 follows from (2.37). O

3 Main result
Theorem 3.1 Let ¢y = 2E(v/2/2)/m = 0.859..., ¢1 = /2/2 and \(r) be defined by (2.29).
Then the double inequality

1/r

[a(r)A”(a,b) + (1 - a(r))Q (a,b)] " < TD[A(a, b), Q(a, b)]

<[B)A(@,b) + (1- B()Q (@ b)]”

holds for all r <1 and a,b > 0 with a # b if and only if a(r) > 1/2 and B(r) < A(r), where
r =0 is the limit value of r — 0.

Proof We first prove that Theorem 3.1 holds for r = 1.

Since A(a,b) < TD[A(a, b), Q(a,b)] < Q(a,b) for all a,b > 0 with a # b, and A(a,b),
TD(a, b) and Q(a, b) are symmetric and homogeneous of degree 1, without loss of gen-
erality, we assume that «(1), 8(1) € (0,1) and a > b. Let t = (a — b)/\/m €(0,4/2/2)
and p € (0,1). Then (1.1) and (1.2) lead to

Ala,b) = Q(a,b)V1 -¢2, TD[A(a, b), Q(a, b)] = %Q(a, b)E(t),
(3.1)
2
pA(a, b) + (1 —P)Q(ﬂ: b) - TD[A(ﬂr b)r Q(ﬂ! b)] = ;Q(ﬂr b)f(t),

where f(¢) is defined as in Lemma 2.1.
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Therefore, Theorem 3.1 for r = 1 follows easily from Lemma 2.1 and (3.1).
Next, let r <1 and a, b > 0 with a # b, then it follows from Theorem 3.1 for r = 1 that

A(a,b) + Q(a, b) .

5 TD[A(a, b), Q(a, b)] < A(1)A(a, b) + (1 - (1)) Q(a, b). (3.2)
Note that
Q(a, b)
1< R V2, (3.3)
TD[A(a,b), Q(a,b)] 21" E(t)
[A’(u,b);Q’(a,b)]l/r T Tr [+ -y (3.4)
TD[A(a, b), Q(a, b)] 2 E(¢) 35)
(A7 (a,b) + 1 - A(N)Q (@, b)]V" 7 M)A - £2)72 + 1 - A(r)]V" '
2L+lr &) 2 &)

(3.6)

I - lim = -
2o W -2y s w ) = )7 1 1= A

Therefore, Theorem 3.1 for r < 1 follows from (3.2)-(3.6) and Lemma 2.2 together with
the monotonicity of the function r +> [(a” + b")/2]"". O

Let r =1. Then Theorems 3.1 leads to Corollary 3.2 immediately.

Corollary 3.2 Let A = (2 + v/2)[1 - 2£(v/2/2)/7]. Then the double inequality
T+ e <Bavize+Za-n
4 4 2 2

holds for all t € (0,+/2/2).
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