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Abstract

We study partial regularity of very weak solutions to some nonhomogeneous
A-harmonic systems. To obtain the reverse Holder inequality of the gradient of a very
weak solution, we construct a suitable test function by Hodge decomposition. With
the aid of Gehring's lemma, we prove that these very weak solutions are weak
solutions. Further, we show that these solutions are in fact optimal Holder continuity
based on A-harmonic approximation technique.
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1 Introduction
We consider optimal partial regularity of very weak solutions to nonhomogeneous
A-harmonic systems of the following type:

—divA(x, u, Du) = f(x), 1.1)

where u: Q@ — RY is a vector-valued function on a bounded domain Q C R” (n > 2), and

Du = {Dyu'} (1 < @ < n,1 <i< N) stands for the gradient matrix of u, A(x,u,£) : Q x

RN x R"™N — R™ is a measurable function, and A%(x,%,&) (1 <« <n,1 <i < N) are of

class C! in £. To define the very weak solutions to systems (1.1) and obtain the optimal

partial regularity results, we need to impose certain structural and regularity conditions

on A and to restrict # and f to a particular class of functions as follows: for some p > 2,
(H1) A is a bounded operator, that is, there exists a constant 8 > 0 such that

p-1

|AGx,u,8)| < B(L+1€1%) = forall (x,u,8) € 2 x RN x R™;

(H2) A is differentiable with respect to £ € R"N, that is, there exists a constant a > 0
such that

p2
2

DeAx,u,€)¢ - ¢ > a(1+€1%) 7 [¢I?

forallx € Q,u e RN, and £, € RV,
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(H3) there exist a constant y € (0,1) and a nondecreasing function K : [0, 00) — [0, 00)
such that

s

|AGe,1,&) — A%, 11, €)| < K(|ul) (lx — %I + |u - £¢|P)zzf (1+€])

for all x,% € Q,u, iz € RN and & € R"™N; without loss of generality, we take K > 1;
ng

(H4) f is a given vector field in RN of class L' (Q), ¢ > p.

loc

Under these assumptions, we can now define very weak solutions to (1.1).

Definition 1 A mapping u € W,”/(Q),p —1 < r < p, is called a very weak solution to (1.1)
if

/ A(x,u,Du) - D¢ dx = /f(x)qS dx (1.2)
Q Q

for all ¢ € W, ™7 ().

In order to improve the integrability of a very weak solution to (1.1), we need to prove
a suitable reverse Holder inequality. In 1973, Gehring [1] discovered the crucial self-
improving property of the reverse Holder inequality and applied it to establish higher
integrability of #n-dimensional k-quasiconformal mapping. Subsequently, Meyers and El-
crat [2] generalized this inequality based on Caccioppoli’s inequality. They improved the
integrability of weak solutions to nonlinear elliptic systems with the help of Gehring’s
lemma. Especially, they pointed out that regularity properties remained valid in a some-
what slightly larger Sobolev space to linear elliptic systems depending on the duality. In
fact, this regularity result about very weak solutions was first showed by Meyers [3] in
1963. Unfortunately, neither the method used in [2] for proving the reverse Holder in-
equality nor the duality employed in [2, 3] can be applied to deal with very weak solutions
to nonlinear elliptic systems. To overcome these difficulties, Lewis [4] used the technique
of harmonic analysis and successfully proved that very weak solutions to nonlinear ellip-
tic systems are indeed weak solutions. Later Iwaniec and Sbordone [5] achieved a similar
result via the methods of Hodge decomposition and prior estimation.

Since then, studies on properties of very weak solutions to partial differential equa-
tions, especially for regularity of very weak solutions to A-harmonic systems, have at-
tracted considerable attention. Following the method of Iwaniec and Sbordone [5], Gia-
chetti, Leonetti, and Schiachi [6] obtained the partial regularity result of A-harmonic sys-
tems div A(x, u, Du) = 0. Tong, Gu, and Xu [7] extended their result to nonhomogeneous
A-harmonic systems div A(x, Du) = f(x) and improved the integrability of very weak so-
lutions. Greco, Iwaniec, and Sbordone [8] even applied this method to the p-harmonic
equation div |Du|P~2Du = divf.

Motivated by these works, we mainly consider the optimal partial regularity to nonho-
mogeneous A-harmonic systems in the form of (1.1) under assumptions (H1)-(H4).

For the sake of desired results, we first need to improve the exponent of integrability for
the gradient of a very weak solution to an even slightly better one than the natural expo-
nent p. The crucial difficulty is to construct an appropriate test function below the natural
exponent. In this article, we follow the spirit of Iwaniec and Sbordone [5] using the Hodge



Zhao and Chen Journal of Inequalities and Applications (2017) 2017:23 Page 3 of 12

decomposition to construct it. Combining the Sobolev imbedding theorem, Young’s in-
equality, Poincaré’s inequality, and so on, we improve the exponents of integrability of very
weak solutions to (1.1). In other words, we successfully prove that very weak solutions to
(1.1) are in fact weak solutions. More precisely, we obtain the following result.

Theorem 1 Let u be a very weak solution to systems (1.1). Assume that the structure con-
ditions (H1), (H2), and (H4) hold. Then there exist exponents p —1<r =ri(n,N,p,a, ) <
p<ry=ry(nN,p,a,B) < oo such that u € W, (Q) belongs to W (R).

loc loc

A direct consequence of this result follows immediately.

Corollary1 Under the assumptions of Theorem 1, there exists r = ri(n, N, p,«, B) < p such
that every very weak solution u € VVILZ(Q) with ry < r < p belongs to W2().

o loc

Further, we establish the optimal partial regularity result of very weak solutions to (1.1).
Generally speaking, we cannot expect that weak solutions to (1.1) will be C?-solutions
even under reasonable assumptions on operator A and f. This is initially pointed out by
De Giorgi [9, 10] and Giusti and Miranda [11]. Thus, our aim is to obtain the optimal
Holder continuity of very weak solutions to (1.1). Fortunately, we achieve it by means of
A-harmonic approximation technique and obtain the optimal Hélder continuity C” in
the regular set of the following:

Theorem 2 Let u € VV&)Z(Q), rn < r<p, be a very weak solution to (1.1). Consider r, as
in Corollary 1. Suppose that assumptions (H1)-(H4) hold. Then there exists an open set
Qo C Q such that u € C* (Q) for y is defined in (H3). We have

Q-Qp=3U,,

where

¥ = {xo eQ: 1iminf][ |Du — (Dt)x R |p dx > 0}
R=>0""JBr(xo)

and
)= {xo eQ: lilgnsz)lip(|uxoyk| + |(DW)xo,r|) = oo}.

Moreover, we have |Q2 — Q| = 0.

To close this section, we briefly summarize the notation used in this paper. As noted be-
fore, we consider a bounded domain  C R"(# > 2) and mappings from 2 to RN. We write
B(x0) = {x € Q:|x—x¢| < r}, %0 € Q. For a given set X, we denote by |X]| its #n-dimensional
Lebesgue measure. If |X| > 0, then the average of a given g € L}(X) over X is denoted by
fy gdx, thatis, f, gdx = l)l(—‘ Jx&dx. In particular, we write gy, = f5 (. & 4%. Let o, denote
the volume of the unit ball in R”, that is, «,, = |B1(0)|, then |B,(x0)| = ct,,#".

The rest of this paper is arranged as follows. In Section 2, we provide some necessary
preliminary lemmas. In Section 3, we prove the main results.
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2 Preliminary lemmas
Before proving the results, we state a few useful lemmas.

The first one is a stability result of the Hodge decomposition, from which we could con-
struct a suitable test-function concerning estimates below the natural exponent for (1.1).

Lemma 1 ([5]) Let 2 C R" be a regular domain, and w € Wé"(Q,RN),r > 1, and let

-1 <€ <r—1. Then there exist ¢ € W;'W(Q,RN) and a divergence-free matrix field
H € Lt (Q,R™) such that

|Dw|*Dw = D¢ + H. (2.1)
Moreover,
IHI - < C{Q,N)el[IDwl|*. (2:2)

The most useful case for us in Lemma 1 is where € is negative. For u € Wﬁ)‘z(ﬂ) with
p —1<r<pthatis a very weak solution to (1.1), we can set € =r — p (-1 < € < 0). Then

there exists ¢ € W;’ﬁ (2); thus, ¢ can be illustrated as a test-function in (1.2). In view
of (2.1) and (2.2), we also can get an estimate of D¢, which is similar to (2.2).

Applying Lemma 2, we can decompose the left term of the Hodge decomposition into
two terms that could be controlled more easily in the proof of Theorem 1.

Lemma 2 ([12]) Forevery X,Y e R", X #0,Y #0, and 0 < € <1, we have the inequality
_ —e l+e -
[IXIX-]Y|["Y| <2 — X - Y|".
l1-¢
In the end of this section, we shall introduce a form of Gehring’s lemma, which plays
an important role in the proof of Theorem 1. It implies in particular that from it higher

integrability of g(x) follows.

Lemma 3 ([2, 13]) Let 0 < R < Ry < dist(xp, 3S2),x0 € Q. Suppose that g(x) € L?(Br(xo)),
f(x) € LY(Br(x0)), £ > p,1 < p < 00, satisfy the reverse Hilder inequality

pls
][ lg@x)[f dx <0 ][ lg@)|” dx + C* [][ lg@)[’ dx] + ][ If )" dx
Brja(x0) Br(xo) Bg(x0) Bg(xo)

forsomel<s<p,0<6<1. ThengeLﬁ;C

, 1/p 1/p , 1/p
|:][ |g(x) |p dx] <C, [][ |g(x) |p dxi| +C, [][ [f(x) |p dx:| ,
Bprya(x0) Bg(xo) Bg(xo)

where C, = C,(n,C*,p,0,Ry).

(2) for some p' = p'(0,p,n,C*) (t = p' > p), and

3 Proof of the main theorems
In this section, we give a proof of partial regularity results. Consider u solving (1.1) on
Br(xo) € 2, where we restrict 0 < R < Ry < min{1, dist(xo, 9$2)}.
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3.1 Proof of Theorem 1

Proof Fix a cut-off function 1 € C3°(Br(xo)) satistfying 0 <5 <1, [Dn| < C/R,and n =1
on Bgy(xo). Let u € VVILZ(BR (%0)) with p —1 < r < p be a very weak solution to (1.1). Denote
U — Uyy R — Polx — %o) by v, where pg € R"™ . We find that v has calculus mean-value 0 on

BR(xo) that is, vx,,z = 0. Notice that nv € W "(Br(xo)) and —1 < r — p < 0. Then there exist

¢ € W T (Br(xo)) and & € LT (Br(x0)) such that |[D(nv)|"?D(nv) = D¢ + h according
to the Hodge decomposition. Thus, ¢ is admissible as a test-function in the definition of

very weak solutions. Set —¢ =r — p (-1 < —¢ < 0) for convenience. Then r = p — ¢, and we
have

|D(v)| " D(nv) = D¢ + h, (3.1)
where / satisfies

Al = < Ci(@ N)e | D), (32)
Further, applying Poincaré’s inequality with constant Cp and noting that v,, z = 0, we get

[P, =5 < (WDllp-e + InDvlpe)™
C 1-¢
< (Envnp_s ' ||Dv||p_s)

1
p—¢ 1-
< (CCEIDV]p-e + 1DVIlp—e)
1
<(1+CCh)IDvIE. (3.3)
In view of (3.2) and (3.3), we have

IAllp=e < Crel| DI, (3.4)

PE’

1
where C; = C,(2,N)(1 + CC5™).
In particular, combining (3.1) and (3.2), we find

1Dl g=c = || |DGw)| D) = | e

< [ || D) [ s + 1Al e

1-¢

<[, + Ci@Ne[ Do),

< (1+ GUR,N)e) [ D) |, .
Substituting (3.3) into this estimate, we have

ID$llp= < C2l| DV, (3.5)

PE’

1
where C; = (1+ C,(Q,N)e)(1+ CCF™).
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Since it is hard to estimate |D(nv)|~*D(nv) directly, we set
E(n,v) = |D(yv)| “D(nv) — [nDv|*nDv,
which by Lemma 2 yields
1
|E(n,v)| < 22— jvDy |
1-¢
Joining E(n, v) with (3.1), we arrive at
D¢ = E(n,v) + |[nDv|™*nDv - h.

Inserting D¢ into equality (1.2), we get

/ A(x, u,Du) - |nDv|~*nDvdx
Bp(xo)

=/ Alx, u,Du)-hdx—/ A(x,u,Du) - E(n,v) dx + (%) dx.
Bg(xo)

Bp(xo) Br(x0)

In order to use (H2), we need to transform the left-hand side of (3.6) as follows:

/ A(x,u,Du) - [nDv|"*nDvdx
Bg(x0)
- [ (A0, Du) - 4G 0.p0) + Al o) - oDV nDv
Bg(xo)
- [ (A, D) - Al o) - DY D
Bg(x0)
+ / A(x, u, po) - InDv|™*nDv dx.
Bp(xo)
Combining this equality with (3.6), we find
/ (Ao, Du) — A, 1, o) - [1DV“nDvdlx
Bp(xo)
= —/ Alx,u,po) - InDv|°nDvdx + / A(x,u,Du) - hdx
Brxo)

Br(xo)

- / A(x,u,Du) - E(n,v)dx + fx)pdx
Bp(xo)

Bg(xo)

EII +12 +13 +I4,
where

’

L= ‘—/ A(x,u, po) - [nDv|~*nDvdx
Br(xo)

I, =

’

/ A(x,u,Du) - hdx
Br(xo)

Page 6 of 12

3.7)
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I3 = ’—/ A(x,u,Du) - E(n,v)dx|;
Bpr(xo)

I - f()¢p dx|.

Br(xo)

Consequently, we shall derive estimate for each term of (3.7) so as to establish a reverse
Holder inequality for |Du — po |P~°.
In the case of the term on the left-hand side of (3.7), we want to derive an estimate from

below in terms of |, Bria(g) DU = PolP™* dx. For this purpose, we need the inequality

(Ao ,0) Ao ) - (€ &) > a1+ 12+ 16P) T g &P,

which can be deduced from (H2) immediately.
Then we infer that

/ (A(x, 1, Du) = A(x, 1, o)) - InDv|™*nDvdx
Bg(xo)
= / |an|’8n(A(x, u,Du) — A(x, u,po)) - (Du - po) dx
Bg(xo)

p-2
> a/ [nDv|™*n(1+|Dul® + |pol*) = |Du - pol* dx
Br(x0)

p2
Du 2\ T
O[/ |Du—p0|2_8<1 |7p0|> dx
Bpyz(%0) 2

2-p

272« / |Du — po|P~¢ dx. (3.8)
Bgya(xo)

v

v

Using (H1) and Young’s inequality with exponents 2= and 2= 1> we find that, for &, > 0,

L < / |A(x, 1, po)|[DV|'* dx
Bp(xo)

p-1
5/3(1+|po|2)2/ \Dut - ol dx
Br(x0)

I

o

p-1

5,3(1+|PO|Z)T/ (e11Du — polP~ £+81p 1117T)dx
Bg(xo)
p-1
<B(1+Ipol) ? / |Du — po|P~¢ dx
Bgr(xo)
p-1 1-¢
+B1+1pol?) T e 1/ dx. (3.9)
Bp(xo)

By (H1) we have

Izs/ |A(x, u, Du) || dx
Br(xo)

p-1
<pB (1+|Dul?)?
Br(xo)

|h| dx
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2 -1
<B (2+ [Du—po +pol®) * |hldx

Br(xo)

<p (2(1 + |pol?) +2|Du - po?)
Bpr(xo)

p1
<27 \Du —pol? " hl dx + 2" B (1 + |pol?) 2 /( )Ihldx.
Br(xo

Bg(xo)

r7L
2

|| dx

Applying both Hélder’s inequality and Young’s inequality with exponents ‘;—i and =, by
(3.4) we further have that, for &, > 0,

-1 1-¢

P p-¢ p—¢€
L<27p ( / |Du— pol?* dx) ( / = dx)
BR(xo) BR(xo)
p1 =
+2P71 (1 + |P0|2)T</ 11"de> (/ |h| = dx)
Bg(xo) Br(xo)
= 1
p-¢ —&
<2"BCe </ |Du — po "™ dx> </ |Du —po|P™* dx>
Br(xo) Bpixo)

+278(1+ o) 7 C ) .
pol®) T Cie |Du — polP™ dx dx
Br(xo) Br(xo)

<2P1B8Ce / |Du — po|P~¢ dx
Bg(x0)

e
Cle (82 / |Du — po|P~* dx + ezp / dx)
Br(x0) Br(xo)

—&
—€

S

_

“c
|

+ 27781+ |pol?) ?

p1 e
521’*1/8(?18/ |Dut = pol"™* dx + 277 B(L+ pof?) * Cree,” dx
Bgr(xo) Br(xo)
17_
+ 277 B(1 + |pol?) 2 C1882/ |Du — po|P~* dx. (3.10)
Bgr(xo)

Combining (H1) and the estimate of E(1, v), we find that

I < / |A(x, u,Du)| |E(n,v)| dx
BRr(xo)

5/ B(1+|Dul )
Br(xo)
1 C\* Pl
< g2 +8( > / (1+1Du?) ™ v~ dx.
e\ R Br(xo)

1 C 1-¢
< B2° +€<R> / (2(1+|p0|2)+2|Du—p0|2)
Bg(xo)

rL
2

l+e¢
26— |vDy|V dx
1-¢

-l
2

V|8 dx

1 C 1-¢
§ﬂ28i<—> 21’—1/ (1+12oP)Z +1Du—pol? ™) v dx.
1-e\R Br(xo)

Denoting B2° £ (£)!1-27~1 by C3, we have

p-l
2

I; < C3(1+1pol’) 2 Ky + C3Ks, (3.11)
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v['**dxand K; = [, o) 1P =Po [P~1v|'~¢ dx. Let us estimate Kj and K.

where Ki = [ .
Using Young’s inequality with exponents £~ and i%i and Poincaré’s inequality with con-

stant Cp, we find that, for &3 > 0,

le pe

K 5/ (e3lv|P~ + £5" 1771 dx
Bg(xo)

_le
583/ VP~ dx + 37" / dx
BRr(xo) Bgr(xo)

583Cp/ |Du — po|P~* dx+83’ﬁ/ dx. (3.12)
Br(xo) Br(%o)

Letting p’ = #@1 andq = %,weseethatl <p <00,1<q <0o0,and & o l, =1
With the aid of Holder’s inequality, we can estimate

1
Kzi(/ |Du_p0|(101)p/dx>p (/ |V|lsq dx)
Bg(xo) Bg(xo)
(n—p+1)(1-¢)

(nt+l-¢)(p-1)
—& (p—¢) ) n(p—¢)

n(p—¢) n(p—e) nip=e)
< ( / |Du - po| #T2 dx) ( / v dx
Bp(xo) Br(%0)

Now we set p” = Z(fl__ Eg). Then ;’_L;/, = "gH Using the Sobolev-Poincaré inequality with

constant Cs, we get

_ =

(n+l-¢)(p-1) (n+l-¢)(1-¢)

n(p—¢) n(p-¢) n(p-¢) n(p
Ky <Cr ( / |Du — po| m+Te dx) ( / |Du — po| s dx)
Br(xo) BRr(xo)

n+l—g
n(p—e) n
<C-* (/ |Du — po| n1=¢ dx) . (3.13)
Bp(xo)

Combining (3.11) with (3.12) and (3.13), we obtain the estimate for I5:

p-1
I3 <C3(1+ |pol ) 2 83Cp/ |Du — po|P~* dx
Bp(xo)

n+l—g

n (3.14)

+C3(1+pol?) 2 30 / dx
Bgxo)
n(p—e)

1-¢ nlp=e)
+ GG |Du — po| T dx
Bg(xo)
n(p—e)
and n(l-g)-p+e’

Finally, we estimate /4. Using Holder’s inequality with exponents v

we have

Iy < Lf(x)||¢)|dx
Bg(xo)
n(p-1)+p-¢ n(l-e)-p+e

_nlp—e) n(p-¢) n(p-¢) n(p
S lf| np-tp—e dx |¢| n(l-g)-p+e dx
Bp(x0) Br(xo)
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" p=¢
Setting p” = ==, we have 1‘; = #{_‘Zﬂ. Notice that ¢ € W/é’ = (Br(x0)). Therefore, we
can apply the Sobolev Poincaré inequality to get

-

—&

n(p-1)+
n(p—e n(p p—¢ p-¢
uscs( |f|"w+wdx) (/ |D¢|ﬁdx)
Bp(xo) Bp(x0)

Combining this with (3.5), with the aid of Young’s inequality, we obtain, for &4 > 0

)tp-¢ 1-¢
p—¢

n(p-¢) (qu(p £)
1, < CCy |f| "e-D+p¢ dx / |Du — po|P~* dx
Bgr(x9) Br(xo)
n(p-1)+p-¢

_l-e n(p—¢) n(p-1)
< C,C, (84 / |Du—polP = dx +e," ( |f| "D dx) ) (3.15)
Bp(x0) Bpr(xo)

Substituting (3.8), (3.9), (3.10), (3.14), and (3.15) into (3.7), we finally have

2—
2Tpa/ |Du — po|P~¢ dx
Bz (x0)

|Du—polP~¢ dx + 2P BCye / |Du - po|P~¢ dx
Bpr(xo)

p-1
<B(1L+1pol?) /
Br(xo)
=
+ 277 B(1+ |pol?) 2 Clesz/ |Du — po|P~¢ dx
Br(xo)

1
+Cs(1+ |pol?) 2 83CP/ [Du — polP™* dx + CsC284/
BR(xo) Bgr(xo)

n+l-ge
n

|Du — pol"™* dx

n(p-1)+p-¢

n(p—¢)
+ CgCSH (/ |Du — po| e dx)
Bgr(xo)

% _nlp-g) n(p-1
+ CCrg,” |f| "o-D+r=¢ dx
(x

Bg(xo)

pl _l=¢ P 1-¢

+B(L+ |pol® )T P / dx+ 27 B(1+ |pol® )Tclsaz”l/ dx
Bg(xo) Bg(xo)

g 5
+C3(1+|p0| ) 2 P dx.
Bg(x0)

Rearranging this inequality, we have

/ |Du — po|P~* dx
Bpya(xo)
p=e
—& L p2 1-¢e T ’
<60 |Du—polP~*dx+ —2"7 C3C; |Du — po|* dx
Bp(xg) o Br(xo)
n(p-1)+p—¢
1 p2 *I_Ti n(p—¢) n(p-1
+ =27 CCre,” |f| "o-D+r=¢ dx + C4/ dx,
o Br(xo) Br(xo)

where 0 = 1257 (B(1+ po[2) "2 &1+ 2771 BCre + 27 B(1+ pol>) T Crses + Co(1+|po)'T x
_l-eg
£3Cp + C,Caea), r—zzqsg,and Co= L2577 B+ |pol) T 6, + 2271 B(1+ |po)'T Cie x
1-¢

g7 + C(1+ |pol? )" o g7 ).
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: n(p-e)
By (H4) we get n(:_(’f)+2_€ < and Sty 1707077 dix < M.
n(p-1)+p—¢

n(p—¢) p=¢ _nlp=g)
Moreover, we have (|, Batag) U 1"®D7 dx) 0D <MD f (o) 17707 d.

-2 _I*TE p-¢
Setting Cs = max{éZpT C;Cye,” M7#1,Cy}, we have

| ipu-porcas
Bgya(xo)
—& 1 =2 1—-¢ T
<6 |Du —polP~* dx+ =22 C3C; |Du — po|* dx
Br(xo) o Bpr(xo)
+ Cs( If1 e P74 / dx>
Br(xo) Br(xo)

1 _
59/ \Dut = poP=° dox + —2pTZC3CS“(/ |Du—p0|fdx)
Br(xo) . Br(xo)

+ C5/ (VIW +1)°" dx.
BR(xo)

p-¢
T

o

T

Dividing both sides by |Br(xo)| = o, R" yields

][ |Du — polP~* dx
B2 (x0)

52”9—/ |Du—p0|”_8dx+C6<][ |Du — pol* dx>
Bgr(xo) Bpr(xo)

+ 2”c5][ (|f 1707 + 1) dx, (3.16)
Br(xo)

=

T

p-T-¢

-2
where Cg = %ZPT C3C*(a,R") =
Taking ¢, €1, €3, €3, €4 sufficiently small such that 2”6 <1 and t > 1, we obtain the reverse

Holder inequality for |Du — po|P~¢. Accordingly, by Lemma 2 we can derive that # belongs
ngq

to W&;?(Q) with 7 > r. Since f € Ll:’)(f*l)*q (), g > p, reasoning as before, we get a new

estimate analogous to (3.16) with exponents 7 and t’ in place of r, that is, p — ¢ and 7,

respectively:

][ |Du — po|” dx
B2 (x0)

< 2”9/][ \Du - po|” dx + C, (f \Du— po|” dx)
Br(x0) Br(x0)

+ 2”Cg]l (IfF 170+ +1)" dx.
Bp(xo)

U

Therefore, we get u € Wl'r”(Q) with " > r’. Repeating this process, we can improve the

loc
degree of integrability of Du again and again. Thus, it is clear that u € W"(2) with any

loc
t e (n,r).

This completes the proof of Theorem 1. O



Zhao and Chen Journal of Inequalities and Applications (2017) 2017:23 Page 12 of 12

3.2 Proof of Theorem 2

Proof The aim of Theorem 2 is to prove that very weak solutions to systems (1.1) are not

only weak solutions to (1.1) but also the optimal Holder continuity. In fact, under the

assumptions of Theorem 1, we get that u € W’

Lr

1ee(2) with 1 < 7 < p are weak solutions

ue \/Vli)f () to systems (1.1) by Corollary 1. Then we can safely infer u € C*¥(€2) based

on A-harmonic approximation technique. The proving method is standard, so we omit the

process of derivation in this paper. For more details, we refer the reader to Theorem 1.1 of

[14] and the related literature. So the proof of Theorem 2 is complete. g
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