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1 Introduction
Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be a nonempty
closed convex subset of H. Let N and R denote the sets of positive integers and real num-
bers. Suppose that f is a contraction on H with coefficient 0 < « < 1. A nonlinear operator
T :H — H is nonexpansive if | Tx — Ty|| < ||x —y|| for all x,y € H. We use Fix(T) to denote
the fixed point of T

Firstly, consider the constrained convex minimization problem:

ming(x), (11

where g : C — R is a real-valued convex function. Assume that the constrained con-
vex minimization problem (1.1) is solvable, let U/ denote its solution set. The gradient-
projection algorithm (GPA) is an effective method for solving the constrained convex min-
imization problem (1.1). A sequence {x,} generated by the following recursive formula:

Xn+l = PC(I - )\Vg)xm Vn >0, (12)

where the parameter X is real positive number. In general, if the gradient Vg is L-Lipschitz

continuous and 7-strongly monotone, 0 < A < i—g, the sequence {x,} generated by (1.2)
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converges strongly to a minimizer of (1.1). However, if the gradient Vg is only to be }-ism
withL >0,0 <X < %, the sequence {x,} generated by (1.2) converges weakly to a minimizer
of (1.1).

Recently, many authors combined the constrained convex minimization problem with a
fixed point problem [1-3] and proposed composited iterative algorithms to find a solution
of the constrained convex minimization problem [4-7].

In 2000, Moudafi [8] introduced the viscosity approximation method for nonexpansive
mappings.

KXpe1 = f () + (1 —0y) Txy, V> 0. (1.3)
In 2001, Yamada [9] introduced the so-called hybrid steepest-descent algorithm:
Xpi1 = Ixy, — ur,FTx,, Yn=>0, (1.4)

where F is Lipschitzian and strongly monotone operator. In 2006, Marino and Xu [10]
considered a generative algorithm:

X1 = Y f (xn) + ([ — 0, A)Tx,, Yn >0, (1.5)

where A is a strongly positive operator. In 2010, Tian [11] combined the iterative algorithm
of (1.4), (1.5), and proposed a new iterative algorithm:

Xni1 = Y f (%) + (I — pa,F)Tx,, Yn>0. (1.6)
In 2010, Tian [12] generalized (1.6), obtained the following iterative algorithm:
Xpe1 = oy Vo, + ([ — po, F)Tx,, VYn>0, 1.7)

where V is Lipschitzian operator. Based on these iterative algorithms, some authors com-
bined GPA with averaged operator to solve the constrained convex minimization problem
(13, 14].

In 2011, Ceng et al. [1] proposed a sequence {x,} generated by the following iterative
algorithm:

Xl = PC[enrh(xn) + (1 - QHMF)Tn(xn)]) Vn = O, (18)

where 4 : C — H is an [-Lipschitzian mapping with a constant / >0, and F: C — H is
2-AyL

4 )
Pc(I-21,Vg)=0,0+(1-6,)T,, Vn> 0. Then a sequence {x,} generated by (1.8) converges

a k-Lipschitzian and n-strongly monotone operator with constants k,n > 0. 6, =

strongly to a minimizer of (1.1).
On the other hand, Xu [15] proposed that regularization can be used to find the
minimum-norm solution of the minimization problem.

Consider the following regularized minimization problem:

B

+ Ellxllzy

mingp (%) := g(x)
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where the regularization parameter 8 > 0. g is a convex function and the gradient Vg is

%-ism with L > 0. Then the sequence {x,} generated by the following formula:

%ns1 = Pc(l = AV gp, )% = Pc(I = M(Vg + Bul)) %, VY1 >0, (1.9)

where the regularization parameters 0 < 8, <1, 0 < A < % converges weakly. But, if a se-
quence {x,} defined by

Kpe1 =Pl — Ay Vg, ), = PC(I — (Vg + ﬂnl))x,,, Vn=>0, (1.10)

where the initial guess xg € C, {A,,}, {B,} satisfy the following conditions:
() 0<hy < gl Vn 20,
(ii) B, — 0 (and A, — 0) as n — o0,
(iii) Zflozl Anfn =00,
: (An=Ap—11+AnBn=An-1Bn-11)
(i) Ounfin)?
Then the sequence {x,} generated by (1.10) converges strongly to x*, which is the

— 0 asn — o0.

minimum-norm solution of (1.1) [15].

Secondly, Yu et al. [16] proposed a strong convergence theorem with a regularized-like
method to find an element of the set of solutions for a monotone inclusion problem in a
Hilbert space.

Theorem 1.1 ([16]) Let H be a real Hilbert space and C be a nonempty closed and convex
subset of H. Let L >0, F is a %—ism mapping of C into H. Let B be a maximal monotone
mapping on H and let G be a maximal monotone mapping on H such that the domains of
Band G are included in C. Let ], = (I + pB)™ and T, = (I + rG)™ for each p >0 and r > 0.
Suppose that (F + B)™(0) N G™1(0) # 0. Let {x,} C H defined by

X1 =Jp (I - p(F + ﬁ,,l)) T,x,, VYn>0, (1.11)

where p € (0,00), B, € (0,1), r € (0,00). Assume that
(i) 0<a<pc< ﬁ,
(ii) limy—oo By =0, Y oy Bu = 00.

Then the sequence {x,} generated by (1.11) converges strongly to x, where X =

Pripy10)n6-1(0)(0)-

2
m1
which is used widely in our article. Motivated and inspired by Lin, when 0 < A < L%, {Bn}

From the article of Yu et al. [16], we obtain a new condition of parameter p, 0 < p <
satisfy certain conditions, a sequence {x,} generated by the iterative algorithm (1.9):
Xpi1 = Pc(I = MVg + Bul))xy, VY1 =0,
converges strongly to a point g € U, where g = Py(0) is the minimum-norm solution of
the constrained convex minimization problem.

Finally, we give concrete example and the numerical results to illustrate our algorithm
is with fast convergence.
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2 Preliminaries
In this part, we introduce some lemmas that will be used in the rest part. Let H be a real
Hilbert space and C be a nonempty closed convex subset of H. We use ‘—’ to denote
strong convergence of the sequence {x,} and use ‘—’ to denote weak convergence.

Recall P¢ is the metric projection from H into C, then to each point x € H, the unique
point P¢ € C satisfy the property:

llx — Pcx|l = inf ||x - y|| =: d(x, C).
yeC

P¢ has the following characteristics.

Lemma 2.1 ([17]) For a given x € H:
(1) z=Pcx < (x—2z,z—-y) >0,Vy € C;
(2) 2= Pex = |lx— 2|2 < |lx—yl2 - ly -zl Vy € G;
(3) (Pcx —Pcy,x —y) > ||[Pcx — Pcy||?, ¥x,y € H.
From (3), we can derive that P¢ is nonexpansive and monotone.

Lemma 2.2 (Demiclosed principle [18]) Let T : C — C be a nonexpansive mapping with
F(T) # 9. If {x,} is a sequence in C weakly converging to x and if {(I — T)x,} converges
strongly to y, then (I — T)x = y. In particular, if y = 0, then x € F(T).

Lemma 2.3 ([19]) Let {a,} is a sequence of nonnegative real numbers such that

Ape1 = (1 - an)ﬂn + Oln6n, n= 0;

where {0,}52 , and {8,}.°, are sequences of real numbers in (0,1) and such that

(i) 2520 on =005
(i) limsup,_, o8, <0 o0r Y oo auld,l < 0o.
Then lim,,—, o a,, = 0.

3 Main results

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. Assume
that g : C — R is real-valued convex function and the gradient Vg is ;-ism with L > 0.
Suppose that the minimization problem (1.1) is consistent and let U denote its solution
set. Let 0 < A < ﬁ, 0 < By, < 1. Consider the following mapping G, on C defined by

Gux=Pc(I - (Vg +Bud))x, VxeCnel
We have

1Gox = Guyl> = |Pc(I = A(Vg + Bul))x — Pc(I — (Vg + Bul))y|”
< (1= M(Vg + BaD))x— (I - 1(Vg + BD)y|
= (1= 2B %~ yI? + 22| Vgw) - Vg |®
=201 = AB,)(x -y, Vg(x) - Vg(»))
< (1= 2Bl —y1* + 32| Vgx) - Ve)|*
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2312 |Ve) - Ve’

<@-28)llx -yl - A(%(l -x)- A) | Ve(x) - Ve[
< (@=28)*Ix—-yI*.
That is,
1Gux = Guyll < (1= 1B)llx = y.

Since 0 <1-ApB, <1, it follows that G, is a contraction. Therefore, by the Banach contrac-

tion principle, G, has a unique fixed point x,,, such that
xp = Pc(I = M(Vg + Bul)) %y

Next, we prove that the sequence {x,} converges strongly to g € U, which also solves the

variational inequality
(-¢p—-q) <0, Vpel. (3.1)

Equivalently, g = Py;(0), that is, ¢ is the minimum-norm solution of the constrained convex

minimization problem.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
g: C — R is real-valued convex function and assume that the gradient Vg is %-ism with
L > 0. Assume that U # (. Let {x,} be a sequence generated by

xp=Pc(I—=AMVg+ Bul))xy, VneN. (32)

Let A, { By} satisfy the following conditions:

. 2
(i) 0<A<s57,

(if) {Bn} € (0,1), Timyso0 B = 0, 3272 B = 0.
Then {x,} converges strongly to a point q € U, where q = Py;(0), which is the minimum-
norm solution of the minimization problem (1.1) and also solves the variational inequality
(3.1).

Proof First, we claim that {x,} is bounded. Indeed, pick any p € U, then we have

I, = pll = | Pc(I = A(Vg + Bul))xn — Pcl = AV
< | (= M(Vg + BuD))xs — (I - 1(Vg + BuD))p|
+ | (1= 1(Vg + BuD))p - (I - 1Vg)p |

<@ -28)lx, — pll + AB.lIpll.
Then we derive that

% —pll < lpll,

and hence {x,} is bounded.
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Next, we claim that ||x,, — Pc(I — AVg)x,|| — 0. Indeed

|%n = P = AV @)% || = |Pc(I = A(Vg + Bul))xn — Pc(I — AV Q)
< [ (1= M(Vg + BuD))s = (I = 2V @)

= ABull®ull.
Since {x,,} is bounded, 8, — 0 (n — o), we obtain
% = Pc = AV g)x, | — O.

Vgis %—ism. Consequently, Pc(I — AVg) is a nonexpansive self-mapping on C. As a matter
of fact, we have for each x,y € C
| Pe( = 2Vg)x — Pe(l - 2¥g)y|
2
<[t -21Vgx—U-1Vgy|
=[x =y - 2(Ve®) - Vew)

= [l = ylI* = 2(x — 3, Vg(x) — Vg(»)) + A*|| Vg(x) - Vg()

I’
I
2 2 2
=l =yI” =2 7 =+ )| Ve@ - Veu)|
< llx—yl*.
{x,} is bounded, consider a subsequence {x,,} of {x,}. Since {x,,} is bounded, there exists

a subsequence {x,,l.]_} of {x,,} which converges weakly to z. Without loss of generality, we
can assume that x,;, — z. Then by Lemma 2.2, we obtain z € U.

On the other hand

I =2l = | Pe( = A(g + Bul)) 5 — Pell - AV )z
<((I = A(Vg+ BuD))xn — I - V)2, %, — 2)
= (I = M(Vg + Bul))xn — (I = M(Vg + Bul)) 2,56, — 2)
+ (=ABuz, Xn - 2)

< (L= 2Bl = 2II> + ABul~2,%, — 2).
Thus
%0 — 211 < (~2,20 — 2).
In particular
96, = 2% < (=2, %, — 2).

Since x,, = z. Then we derive that x,, — zas i — c0.
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Let g be the minimum-norm solution of U, that is, g = Py;(0). Since {x,,} is bounded,
there exists a subsequence {x,,} of {x,} such that x,, — z. As the above proof, we know
thatx,, — z,ze U.

Then we derive that

s = qlI? = | Pe(I - 1(Vg + BuD))n — g
<((1=1(Vg+ BuD)xn — (I = AVQ)q, %, — q)
= (I = M(Vg + BuD))xn — (I - M(Vg + Bul)) 4, %, — q)
+ (=ABug> %n — q)

< (U= 2B)l1%s = qlI* + ABu(~q, %0 — q)-
Thus
% = gl < (g, %0 — q).
In particular
1%, = 1% < (=g, %0, — q)-
Since x,, > z,z€ U,
lz-ql* < (-q.z2—¢q) <0.

So, we have z = g. From the arbitrariness of z € U, it follows that g € U is a solution of
the variational inequality (3.1). By the uniqueness of solution of the variational inequality

(3.1), we conclude that x,, — g as n — 0o, where g = Py;(0). O

Theorem 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H and
g: C — R is real-valued convex function and assume that the gradient Vg is %-ism with
L > 0. Assume that U # (. Let {x,} be a sequence generated by x; € C and

Kpsl = PC(I -A(Vg+ ﬂnl))x,,, VneN, (3.3)

where A and {B,} satisfy the following conditions:

(i) 0<A< L%;

(i) {Ba} C (0, 1) iy B = 0, 01 B = 00, 102 |Bnen — il < 0.
Then {x,} converges strongly to a point q € U, where q = Py(0), which is the minimum-
norm solution of the minimization problem (1.1) and also solves the variational inequality

(3.1).

Proof First, we claim that {x,} is bounded. Indeed, pick any p € U, then we know that, for
anyn €N,

%541 = pll < | Pc(I = 2(Vg + BuD)xn — Pc(I = 2(Vg + B,D)p|

+ | Pc(I-2(Vg + BD))p - Pc(l - 2V e)p |
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< (L=2Bu)l1xn = pll + 2Balp

< max{|lx, - pl, Ipl}.
By the introduction
s = pll < max{llx: = pll, 211},

and hence {«,} is bounded.
Next, we show that ||x,,1 — x| — 0.
Ine1 =2 ll = |Pc(I = 2(Vg + BuD)n = Pe(I = M(VG + Ba )1 |
< (I = A(Vg + BuD))sn — (I = M(Vg + BucrD) )1 |
= [ (1= 2(Vg + BuD))xn = (I = M(Vg + Bul))2sa
= MBuknt + Mu1%n-1||
< @=2Bllxn = xpall + A Bu = Bua| - 11

=< (1 - )»,3,,)”36,, _xn—IH + Mﬂn - ﬂn—1| -M,
where M = sup{||x,| : n € N}. Hence, by Lemma 2.3, we have

”xn+l _xn” — 0.
Then we claim that ||x, — Pc(I - AVg)x,|| — 0.

%0 = Pell = AV @) || = |20 = %s1 + %1 = Pell = AV @)
< %n = Xl + “PC([_}\(Vg + ﬁnl))xn —Pc(I - 2AVg)xy, ”
< % = %1l + ABy - M|l

= ”xn - xn+l|| + )‘lsn . M:
since B8, — 0 and ||x,;1 — x,|| = 0, we have
% = PcI = AV g)x, || — O.

Next, we show that

limsup(-¢,x, —q) <O. (3.4)
n—00

Let g be the minimum-norm solution of U, that is, g = Py;(0). Since {x,} is bounded,

without loss of generality, we assume that x,, — z. By the same argument as in the proof

of Theorem 3.1, we have z € U.

limsup(-¢,x, — q) = l,lirgo (~q,%y, —q) =(-q,2—¢) 0.

n—0o0
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Then

%1 = qll> = |Pe(I = M(Vg + BuI))x, - Pell - AV )|
= (Pc(I = M(Vg + Bul))tn — Pc(I = (Vg + Bul) )G, Xns1 — q)
+(Pc(I = M(Vg + Bul))q — Pc(I = AV )G, X1 — q)

= @A=2B)lxn =gl - 1%ni1 = qll + ABu{~q> %n1 — q)

< 1_)":3n
-2

1
ll, — qll* + 5 I = gl + ABu(~q, Xns1 — q).

It follows that

%01 = gql* < (= AB) 1% = qII* + 22, (~q, %1 — )
= (L= AB)I% — qlI* + 22,48,

where 8, = (-q, %11 — q).

It is easy to see that lim,_,oc AB, = 0, Y_no) AB, = 00 and limsup,,_, 8, < 0. Hence, by
Lemma 2.3, the sequence {x,} converges strongly to g, where g = P;;(0). This completes
the proof. O

4 Application

In this part, we will illustrate the practical value of our algorithm in the split feasibility
problem. In 1994, Censor and Elfving [20] came up with the split feasibility problem. The
SFP is formulated as finding a point x with the property:

xeC and AxeQ, (4.1)

where C and Q are nonempty closed and convex subset of real Hilbert spaces H; and H,,
A : Hy — H, is bounded linear operator.

Next, we consider the constrained convex minimization problem:
ing(x) = min ~ | Ax — Podx (42)
ming(x) = min = ||Ax — x||°. .
xECg xeC 2 Q

If x* is a solution of SFP, then Ax* € Q and Ax* — PoAx* = 0, x* is the solution of the
minimization problem (4.2). The gradient of g is Vg, where Vg = A*(I — Pq)A. Applying
Theorem 3.2, we obtain the following theorem.

Theorem 4.1 Assume that the SFP (4.1) is consistent. Let C be a nonempty closed convex
subset of a real Hilbert space H. Assume that A : Hy — H, is bounded linear operator,
W # 0, where W denotes the solution set of SFP (4.1). Let {x,} be a sequence generated by
x1 € Cand

%ns1 = Pc(I = M(A*(I = PQ)A + Bul))xn, VneN. (4.3)

Let ) and {B,} satisfy the following conditions:

. 2 .
(l) O<)\.<W,
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(i) {B.} C(0,1),lim, B, =0, 221 Bn =00, Z;; |Brs1 — Bul < 00.
Then {x,} converges strongly to a point g € W, where q = Py/(0).

Proof We only need to show that Vg is ——-ism, then Theorem 4.1 can be obtained by

A2
Theorem 3.2.
Vg =A*(I-Pg)A.

Since P is firmly nonexpansive, so P is %—averaged mapping, then I — P is 1-ism, for
any x,y € C, we derive that
(Vg(x) - Vg(y),x - y) = (A*(I - Po)Ax — A*(I - Po)Ay,x - y)
= ((I = Po)Ax — (I - Pg)Ay, Ax — Ay)
> |1 - Po)x — (1 - P}y |

1
= 147 (- Pz - (1= Po)y) [
" AR | Ve - Ve,
So, Vg is W—ism. |

5 Numerical result
In this part, we use the algorithm in Theorem 4.1 to solve a system of linear equations.

Then we calculate the 4 x 4 system of linear equations.

Example 1 Let H; = H, = R*. Take

1 -1 2 -1
2 -2 3 -3
A= , (5.1)
1 1 1 O
1 -1 4 3
-2
-10
b= . 52
p (5.2)
18

Then the SFP can be formulated as the problem of finding a point x* with the property
x*eC and Ax*€Q,

where C = R*, Q = {b}. That is, x* is the solution of the system of linear equations Ax = b,

and

(5.3)

[ NS R O R
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Table 1 Numerical results as regards Example 1

n x) x2 x3 x3 E,

n
0 1.0000 1.0000 1.0000 1.0000  5.74E+00
100 12292 28506 1.8424 40887  3.28E-01
1,000 1.2208 29107 1.8691 4.0722  2.81E-01
5,000 11128 29543 1.9331 4.0369 142E-01
10,000 1.0298  2.9880 19824 40097  3.79E-02

Table 2 Numerical results as regards Example 1

1 2 3 4
n X, X; X, X, Ep

0 1.0000 1.0000 1.0000 1.0000  3.74E+00

100 06070  2.0706 17816 3.9672 1.03E+00
1,000 1.0094  2.8884 1.9496  4.0123 1.23E-01
5,000 1.0353 29643 1.9702  4.0133 5.99E-02
10,000 1.0307 29769 19774 40109  4.59E-02

Take P¢ = I, where I denotes the 4 x 4 identity matrix. Given the parameters g, = m

forn>0,x1= %. Then by Theorem 4.1, the sequence {x,} is generated by

3 3 3
Kyl =Xy — —A*Ax, + —AD — ——x,,.
200 200 200(n + 2)2

As n — oo, we have {x,} — x* = (1,3,2,4)7.

From Table 1, we can easily see that with iterative number increasing x,, approaches to
the exact solution x* and the errors gradually approach zero.

In Tian and Jiao [21], they use another iterative algorithm to calculate the same example.

Compare Table 1 with Table 2, we find that if the parameters 8, are the same, when

A — %, our algorithm is with fast convergence.

6 Conclusion

In a real Hilbert space, there are many methods to solve the constrained convex mini-
mization problem. However, most of them cannot find the minimum-norm solution. In
this article, we use the regularized gradient-projection algorithm to find the minimum-
norm solution of the constrained convex minimization problem, where 0 < A < ﬁ Then
under some suitable conditions, new strong convergence theorems are obtained. Finally,
we apply this algorithm to the split feasibility problem and use a concrete example and

numerical results to illustrate that our algorithm has fast convergence.
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