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Abstract

In this paper, the idea of lacunary [, -statistical convergent sequence spaces is
discussed which is defined by a Musielak-Orlicz function. We study relations between
lacunary [, -statistical convergence with lacunary /,-summable sequences. Moreover,
we study the /,-lacunary statistical convergence in probabilistic normed space and
discuss some topological properties.
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1 Introduction

The concept of statistical convergence [1] which is the extended idea of convergence of real
sequences has become an important tool in many branches of mathematics. For references
one may see [2—8] and many more.

Similarly, I-convergence is also an extended notion of statistical convergence ([9]) of
real sequences. A family of sets I C 24 (power sets of A) is an ideal if  is additive, i.e.
S$,Tel= SUT €I, and hereditary i.e. S€ I, T €S = T €I, where A is any non-empty
set.

A lacunary sequence is an increasing integer sequence 6 = (i;) such that i, = 0 and /; =
ij— i1 — oo asj — oo. As regards ideal convergence and lacunary ideal convergence, one
may refer to [10-19] etc.

Note: Throughout this paper, # will be determined by the interval Kj = (kj_1, k;] and the
ratio k:(—il will be defined by ¢;.

2 Preliminary concepts
A sequence (x;) of real numbers is statistically convergent to M if, for arbitrary & > 0, the
set K(§) = {i € N: |x; — M| > &} has natural density zero, i.e.,

1 i
1. - ) = Oy
im - ZIXK(&)(/)
1:

where xx() denotes the characteristic function of K(§).
A sequence (x;) of elements of R is /-convergent to M € R if, for each £ > 0,

lieN:|-M| =€} el
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For any lacunary sequence 6 = (i;), the space Ny is defined as (Freedman et al. [5])

_ AR H 1 L _
N@—{(xl).jl_lglozj Z{:m M| =0, forsomeM}.
e j

The concept of a Musielak-Orlicz function is defined as M = (M). The sequence N =
(N;) is defined by

Nj(a) = sup{lalb - M;(b): b>0}, i=12,...,

which is named the complementary function of a Musielak-Orlicz function M (see [20])
(throughout the paper M is a Musielak-Orlicz function).

If A = (4;) is a non-decreasing sequence of positive integers such that A denotes the set
of all non-decreasing sequences of positive integers. We call a sequence {x;};cn lacunary

I, -statistically convergent of order o to M, if, for each y >0 and & > 0,

| | — M|
g

Eel;
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A
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We denote the class of all lacunary I -statistically convergent sequences of order o de-
fined by a Musielak-Orlicz function by St (M, 0).
Some particular cases:
1. If Mj(x) = M(x), for all j € N, then SZ(M,G) is reduced to 7 (M, 0).
Also, if M;(x) = x, for all j € N, then S})‘/\(eM, 0) will be changed as St 6).
2. IfA; =i forallieN,then S}"A(QM,@) will be reduced to S7(M, 0).
If @ =1, then «-density of any set is reduced to the natural density of the set. So, the
set Sg(M,@) reduces to Sy, (M, 0) for a = 1.
4. If6 =(2") and & = 1, then (x;) is said to be I, -statistically convergent defined by a
Musielak-Orlicz function, i.e. (x;) € Sy, (M).
5. if Mj(x) =x, 0 =(27), A; = j, @ = 1, then I, -lacunary statistically convergence of order
o defined by Musielak-Orlicz function reduces to I-statistical convergence.
In this article, we define the concept of lacunary I, -statistically convergence of order
a defined by M and investigate some results on these sequences. Later on, we investi-
gate some results of lacunary I, -statistically convergence of real sequences in probabilistic

normed space too.
3 Main results

Theorem 3.1 Let A = (A;) and p = (u;) be two sequences in A such that A; < ; foralli € N
and 0 <a < B <1 for fixed reals o and B. If liminf,_, », % > 0, then Sfﬂ(zM,Q) C SK(M,O).
ey

Proof Suppose that A; < u; for all i € N and liminf;_, o % > 0. Since I; C J;, where J; =
]

[i — w; +1,i], so for y > 0, we can write

elilg-Ml=y}D{jel:|lx-M =y}
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which implies

1. AL
i€l -M =y} = =52 |{j el - M| = v}
M Wi i

forallieN.
_ Ay i , Ay .
Assume that liminf; ., =% = a, so from the definition we see that {i € B: = < 7} is

i i

finite. Now for & > 0,

) 1, , 1. 4
{zeN:EH]e]i:lx,—MlZV}’ZE} C {zeN:M—?\{JEL:Ixz-MlZVHZg?}

o

A a
U{ieN:—lﬂ<—}.
M 2

Since I is admissible and (x;) is a lacunary I, -statistically convergent sequence of order
B defined by M, by using the continuity of M, we see with the lacunary sequence 6 = (%),
the right hand side belongs to I, which completes the proof. O

Theorem 3.2 If lim;_, % =1, for » = (A;) and u = (u;) two sequences of A such that
ri<p,VieNand 0 <a < B <1 forfixed o, B reals, then S?A(M,O) C Sg(a%,@).

Proof Let (x;) be lacunary I, -statistically convergent to M of order « defined by M. Also

assume that lim;_, o % =1. Choose m € N such that |% -1] < %, Vi>m.

i

Since I; C J;, for y > 0, we may write

1., 1. .
—5{{]e]i:|xj—M|2y}| —ﬂ|{l—,ui+1§]§l—)»i:|xj—M|Z)/H
w

i i
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Hence,

N |y

1 1
{ieN:—ﬁ|{j§i:|x,-—M|zy}|2&} C {ieN:A—q|{jeIi:|x,—M|zy}|z

1

|

Since (x;) is lacunary I -statistically convergent sequence of order o defined by M and

ui{1,2,3,...,m}.

since [ is admissible, by using the continuity of M, it follows that the set on the right hand
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side with the lacunary sequence 0 = (%;) belongs to I and

S5 (M,0) S S}) (M, 0). O

We define the lacunary I, -summable sequence of order « defined by M as

wﬁ(M,@):{ieN:%q(js M ('x’ )zy)}el.

161

Theorem 3.3 Given A = (A;), u = (u;) € A.Supposethatr; < u;forallie N,0<a <p <1.
Then:
1. Ifhrnmf,_,oo ﬁ >O then wﬁ(M 0) C w5 (M, 0).

2. Iflim; o L ﬁ —1 then Lo N WY (M,@)Cwﬁ(M,@).

Theorem 3.4 Let A; < p; for all i € N, where A, € A. Then, thmmeoo o >0, and if

(%)) is lacunary I,,-summable of order B defined by M, then it is lacunary Ix-smtzstzcally
convergent of order o defined by M. Here 0 < o < 8 <1, for fixed reals a and B.

Proof For any y >0, we have

Yo -Mi= DY =M+ Y |y-M|

Jj€li j€lilxj-M|>¢ j€lilxj—M|<e
> Y =M+ Y lg-M|
j€15,|x/'7M\2£ ]’EIMJC}*}VHES
> Y lg-M|
JElplxj-M|>¢
>|{jeli:lx-M =y}|y.
Therefore,
1 1
— D =Mz |{jel:lg-M=y}y
i jej i
291
z—H—H/eH -M|zy}|y.
l

If liminf;_, o AB =a,then {ie N: ﬂ < “} is finite. So, for § > 0, we get

{zeN —

l

{1<l le;—Mlzszs}

j€li
|

N

, 1.
C leN:—ﬁ{]eIizlxj—M|zy}z

i

A a
{ZGN —ﬂ<—}
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Since I is admissible and (;) is lacunary J,,-summable sequence of order § defined by
M, using its continuity and using the lacunary sequence 6 = (%;), we can conclude that
Wi, (M,0) C Sp(M,6). m

Theorem 3.5 Let lim;_, o % =1, where 0 <@ < B <1 for fixed reals a and  and r; < w;,
Sfor all i e N, where A, ju € A. Also let 6! be a refinement of 0. Let (x;) to be a bounded
sequence. If (x;) is lacunary I, -statistically convergent sequence of order o defined by M,
then it is also a lacunary 1,,-summable sequence of order B defined by M. i.e. Si (M,0) S
Wy, (M,0)).

Proof Suppose that (x;) is lacunary I -statistically convergent sequence of order o defined
by M.

Given that lim;_, o “—ﬁ 1, we can choose s € N such that Ii“' -1<3 S Vi>s.

Assume that there atre a finite number of points 6! = (i) in the 1nterval I; = (ji_1,ji]- Let
there exists exactly one point j; of ! in the interval J;, that is, j;_; = ;p_l < ]p < /p+1 = j;, for
pelN.

Let I = (ji_1,jpls 12 = (pjils B} = jip — ji-15 B? = ji = jp. Since I} C I; and I? C I;, both h} and

h? tend to 0o as i — 0o. We have

e

M‘ Jj€li

1 §
5—ﬂ< (D) - M+ (h 1h§)(h§)12|xj—M|)

1 el
J€I; J€I;

“f;*")w:h})(hz)‘i (2 0) " v )

i E12

i jer?

=

(
- <ﬂ)(h;lh})(hl) L+ —((h;lh?)(h?)‘1 2l —M')
(

Hi - -1 1 - -
I (U ST
; i jeI? lx-M|=e

(GG M)

Hi jeI? |x-M|<e

< (L) e L e s 9202 -2 o)

+e(h 1) (K2, VieN

D) ) L ol e () ) - M= )+ ) ()

Since x € w,ﬁu(M,Q!), we have 0 < ;i <1land 0 < i7th? <1.
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Hence, for & > 0,

)

. 1/1 ) L
{leNiﬂ—;?(EZPC/—MlZV)ZE}C{leN:E

. 1
{}61,-:?|xj—M| 27/}
b jeli i

U{L,2,3,...,s}.

Since (x;) is lacunary I -statistically convergent sequence of order « defined by M and

since [ is admissible, by using the continuity of M, we can say that
S5 (M,0) S W], (M,01). O

Corollary 3.1 Let A < p; foralli e Nand 0 <a < 8 <1. Let liminf;_, o % >0, 0! be the
uf

refinement of 0. Also let M = (M;) be a Musielak-Orlicz function where (Mi) is pointwise
convergent. Then wfu(eM,@!) - S}"A(M,Q) iﬁ"limiMi(ﬁ) >0, for some y >0, p > 0.

Corollary 3.2 Let M = (M;) be a Musielak-Orlicz function and lim;_, o % =1, for fixed
numbers a and B such that 0 <a < 8 <1. Then SZ(M,@) - wa(M,O) iff sup, supi(ﬁ).

4 Lacunary /) -statistical convergence in probabilistic normed spaces
Let X be a real linear space and v : X — D, where D is the set of all distribution func-
tions g : R — R§ such that it is non-decreasing and left-continuous with inf,cg g(£) = 0
and sup, g g(¢) = 1. The probabilistic norm or v-norm is a t-norm [21] satisfying the fol-
lowing conditions:

1 ,(0)=0,

2. vp(t)=1foralt>0iffp=0,

3. gplt) = vp(th) for all « € R\{0} and for all £ > 0,

4. Vpig(s+2) = T(v(s),v4(2)) for all p,q € X and s, ¢ € R{;

(X, v, 7) is named a probabilistic normed space, in short PNS.

A sequence x = (x;) is [-convergent to M € X in (X, v,t) foreaché >0and >0, {i e N:
Vy,-m(t) <1-£&} el (here [ is a non-trivial ideal of N) [19].

We define a sequence x = (x;) to be lacunary I, -statistical convergent to M in (X, v, )
defined by M, if, for each v >0, M >0, #>0,& >0and £ > 0,

2-m(2)
e pm () o]

e

{ieN:

1
Ai

We write it as I;(6) limx = .
Example: Let (R, v, 7) be a PNS with the probabilistic norm v,(t) = #m (for all p e R
and every ¢ > 0) and t(a,b) = ab. Also, let I be a non-trivial admissible ideal such that

I={B C N:§(B) =0}. Define a sequence x as follows:

~=

ifi=k?,ieN;
X =
otherwise.

(=)
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Then we have, for each v >0, M >0, u>0,& >0and ¢ >0, §(K) =0, where

-m(2)
el

K= {lEN:—
A i
JEI;

which implies K € I and I} (6) — lim = 0.

Theorem 4.1 Let (X,v,t) bea PNS. If x = (x;) is lacunary I} -statistical convergent, then it

has a unique limit.

Proof Suppose x = (x;) to be lacunary I -statistical convergent in X which has two limits,
Ml and Mg.
For B >0and ¢ > 0, let us choose & > 0 such that t((1-&),(1-&))>1-8.

Take the following sets:
<Vx/ M1(t)> - I—MH <1_§}

1 1
xi{ h_Z

K N: 1 Vx,Mz(t) <1
e e pu() 1o

Since x = (x;) is lacunary I} -statistical convergent to M;, we have K (&,t) € I. Similarly,
Ky(&,¢0) el

Now, let K(&,t) = Ki(§,8) U Ky (&,t) € I. We see that K(,t) belongs to I, from which it
is clear that K€(£,¢) is non-empty set in F(I), where F(I) is the filter associated with the
ideal I [9].

If i € K¢(£,¢), then we have i € KE(£,£) N K (£,t) and so

vtyoaty () = T (vx,,_Ml (g) Veitty (g)) >T((1-£),(1-£).

Since t((1-£),(1-&)) > 1- B, it follows that vas,_ar, (£) >1 - B.
For arbitrary B > 0, we get vy, _u, (£) = 1 for all £ > 0, which proves M; = M,. O

Ki(§,1) = {

<1-¢)

Theorem 4.2 Let (X,v,t) be a PNS. If x is lacunary I'-statistical convergent, then it is

lacunary I -statistical convergent if lim; % > 0.

Proof For given 1t >0,£& >0,and ¢ >0,

1 - (t) 1 - (2)
erh pm(5) el e o) 1)
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b jel;
Uxi,M(t)
{lEN —{]<l hlZM/( 0 <l-pp=<1-§
JELi
Ai 1 1 Vi m(2)
Jel;
Since lim,-%>0andtakingthelimiti—> 00, we get I;'(0) — limx = M. O

We define x = (x;) to be lacunary A-statistically convergent to M with respect to v as
, (. .1 Vi-m(t)
8({16N.)\—i {jfz.EZMj(T <l-p¢| =

b jel;
Theorem 4.3 Let (X,v,1) be a PNS.
1. Ifxislacunary A-statistically convergent to M, then it is also lacunary

I)-statistically convergent to M.
. IfL0) - limx = My, I (0) - limy = My, then I} (0) — im(xy + yx) = (M + My).
3. IfL)(0) - limx = M,then I, (9) — limax = aM.

Theorem 4.4 Let (X,v,7) be a PNS. If x is lacunary \-statistical convergent to M, then
() - limx = M.

Proof Let x = (x;) be lacunary A-statistically convergent to M, then, for every t >0, £ >0
and u > 0, there exists iy € N such that

, [, .1 Vyy—y ()
3({leN)\_l{]§lE;M/(W)Sl_ﬂ}il_é})zo’

for all i > iy. Therefore the set

1 - ()
B= {ieN:{jfi:EZMj(Ulp‘g) )51—/},} 51—§}§{1,2,3,...i0—1}.

b jel;

Since I is admissible, we have B € I. Hence I;(9) — limx = . O

Theorem 4.5 Let (X,v,t) be a PNS. If x is lacunary \-statistical convergent, then it has a

unique limit.

Theorem 4.6 Let (X,v,7) be a PNS. If x is lacunary \-statistically convergent, then there

exists a subsequence (x,,, ) of x such that it is also lacunary A-statistically convergent to M.
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