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Abstract

In many applications, the available data come from a sampling scheme that causes
loss of information in terms of left truncation. In some cases, in addition to left
truncation, the data are weakly dependent. In this paper we are interested in deriving
the asymptotic normality as well as a Berry-Esseen type bound for the kernel density
estimator of left truncated and weakly dependent data.
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1 Introduction

P is a population with large, deterministic and finite size N with elements {(Y;, T;);i =
1,...,N}. In sampling from this population we only observe those pairs for which Y; > T;.
Suppose that there is at least one pair with this condition. The sample is denoted by
{(Y;, T;);i = 1,...,n}. This model is called random left-truncated model (RLTM). We as-
sume that {Y;;i > 1} is a stationary «-mixing sequence of random variables and {7};i =
1,...,N} is an independent and identically distributed (i.i.d.) sequence of random vari-

ables. The definition of a strong mixing sequence is presented in Definition 1.

Definition 1 Let {Y};i > 1} be a sequence of random variables. The mixing coefficient of
this sequence is

a(m) = sup{|P(A N B) - P(A)P(B)

k>1

s Ae Ff,Be F2, ),

k+m

where 7} denotes the o -algebra generated by {Y}} for / < j < m. This sequence is said to
be strong mixing or «-mixing if the mixing coefficient converges to zero as m — 0.

Studying the various aspects of left-truncated data is of high interest due to their ap-
plicability in much research. One of these applications is in survival analysis. It is well
known that in medical research on some specific diseases such as AIDS and dementia, the
sampling scheme results in data samples that are left truncated. This model also arises in
astronomy [1].
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Strong mixing sequences of random variables are widely occurring in practice. One
application is in the analysis of time series and in renewal theory. A stationary ARMA-
sequence fulfils the strong mixing condition with an exponential rate of mixing coefficient.
The concept of strong mixing sequences was first introduced by Rosenblatt [2] where a
central limit theorem is presented for a sequence of random variables that satisfies the
mixing condition.

The Berry-Esseen inequality or theorem was stated independently by Berry [3] and Es-
seen [4]. This theorem specifies the rate at which the scaled mean of a random sample
converges to the normal distribution for all sample spaces. Parzen [5] derived a Berry-
Esseen inequality for the kernel density estimator of an i.i.d. sequence of random variables.
Several works were done for left-truncated observations. We can refer to [6] where the dis-
tribution of left-truncated data was estimated and asymptotic properties of the estimator
were derived. More work was done by Stute [7]. Prakasa Rao [8] presented a Berry-Esseen
theorem for the density estimator of a sample that forms a stationary Markov process.
Liang and Ufia-Alvarez [9] have derived a Berry-Esseen inequality for mixing data that
are right censored. Yang and Hu [10] presented Berry-Esseen type bounds for kernel den-
sity estimator based on a ¢-mixing sequence of random variables. Asghari et al. [11, 12]
presented a Berry-Esseen type inequality for the kernel density estimator, respectively, for
a left-truncated model and for length-biased data.

This paper is organized as follows. In Section 2, needed notations are introduced and
some preliminaries are listed. In Section 3, the Berry-Esseen type theorem for the esti-
mator of the density function of the data is presented. In Section 4, the theorems and

corollaries of Section 3 are proved.

2 Preliminaries and notation
Suppose that Y;’s and T;’s for i =1,..., N are positive random variables with distributions

F and G, respectively. Let the joint distribution function of (Y3, T1) be

H*(y,t) =P(Y1 <y, T1 <)

= l/y G(t A u)dF (u),

o 00

in which @ = P(Y; > T7).
If the marginal distribution function of Y; is denoted by F*, we have

y
Fo)- [ Guwarw),

o0

so the marginal density function of Y is

00 = 2 GOV 0,

A kernel estimator for f is given by

1 & Yi-y\ «
nhnZK< T )G(Y»'

i=1

) =
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In many applications, the distribution function of the truncation random variable G is
unknown. So f,(y) is not applicable in these cases and we need to use an estimator of G.
Before starting the estimation details, for any distribution function L on [0, o0], let a; :=
inf{oe > 0: L(x) >0} and by := sup{x > 0: L(x) < 1}.

Woodroof [6] pointed out that F and G can be estimated only if ag < ar, bg < br and
f;s %F < oo. This integrability condition can be replaced by the stronger condition ag < ar.
Using this assumption, here we use the non-parametric maximum likelihood estimator for
G that is presented by Lynden-Bell [13] and is denoted by G,,,

Gu(y) = H (1— g$)>, 0<y<oo, (2.1)

iY;>y

in which S(y) = X" Iy,-yy and Cyu(s) = 2 37 L7, <5=v,)-
Using the definition of C, that is mentioned in the estimation procedure of G and also
using the empirical estimators of F* and G*, which are denoted by F;} and G}, we have

Ci(0) = G,0) - F,(9), y€lar,+00).

It can be seen that C,(s) is actually the empirical estimator of C, = G*(y) — F*(y) =
a'G(y)[1 - F(»)], y € [ar, +00). This fact gives the following estimator of a:

L, _GOI-E0)
TG

For details as regards «,, see [14]. Using «,,, we present a more applicable estimator of f,
which is denoted f’,, and is defined as

n

a1 Yi-y\ au
= (5 ) @2

Note that in (2.2) the sum is taken over i’s for which G,(Y;) #0.

3 Results

Before presenting the main theorems, we need to state some assumptions. Suppose that
ag < ar and bg < br. Woodroof [6] stated that the uniform convergence rate of G, to G
is true for y € [a, bg] for a > ag. Thus, we have to assume that ag < ar. Let C = [a, b] be
a compact set such that C C {y;y € [aF, br[}. As mentioned in the Introduction, {Y;;i > 1}
is a stationary o-mixing sequence of random variables with mixing coefficient 8(#), and

{T;;i > 1} is an i.i.d. sequence of random variables.

Definition 2 The kernel function K is a second order kernel function if f_o; K(t)dt =1,
[ tK(t)dt =0 and [ 2K (¢)dt > 0.

Assumptions

Al B(n) = O(n™) for some A > 2 in which 0 <8 <1.
A2 For the conditional density of Y},; given Y7 = y; (denoted by f;(:|y1)), we have f;(y2]y1) <
M for y; and y, in a neighborhood of y € R in which M is a positive constant.
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A3 (i) K isa positive bounded kernel function such that K(¢) = 0 for |£| > 1 and
JLK(@E) =1,
(ii) K is a second order kernel function.
(iii) f is twice continuously differentiable.
A4 Letp=p, and q = g, be positive integers such that p + g < n, there exists a constant C
such that for # large enough g <C. Also ph, — 0, gh, — 0 as n — oo.
A5 {Tj;i>1}isasequence of i.i.d. random variable with common continuous distribution
function G, and independent of {Y;;i > 1}.
H1 The kernel function K(-) is differentiable and Holder continuous with exponent g > 0.
H2 B(n) = O(n™) for A > 228 in which B > 1.

B

H3 The joint density of (Y}, Y)), i;k, exists and we have sup,, , i]’-‘(u, V) —fHu)f*(v)| <C<oo

for some constant C.

(3-8
H4 There exists A > 5+ % and for the bandwidth /4, we have loil% — 0and Cn o025+ ¢

y e : : 1 (»-3)B 1
h, < C'nT== which 7 is such that 5o 251 < < BoaDepa t I

Discussion of the assumptions. Al, A2, and A4 are common in the literature. For exam-
ple Zhou and Liang [15] used A2 for deconvolution estimator of multivariate density of
a-mixing process. A3(i)-(ii) are commonly used in non-parametric estimation. A3(iii) is
specially needed for a Taylor expansion. H1-H4 are needed to use Theorem 4.1 of [16] in
Theorem 4 here.

Let 0,7(y) := nh,, Var[f,(y)], so by letting ﬁ]{( i;y)%m =: W,;, we can write

2y 1 Yi-y\ «
m,(Y)—Var(jXE _nhnK( 7 )G(K))

= \W(Z W) (3.1)
i=1

Letk = [ﬁ],km =m-1)p+q)+landl, =(m-1)(p+q)+p+1,inwhichm=1,2,...,k.

Now we have the following decomposition:

n
> Wu=T+ T+ T, (3.2)
i=1
in which
k km+p-1
/ y M
‘-7n = Z]nm’ ]nm = Z Wm"
m=1 i=km
k Im+q-1
7 7 7
Ty = Z]nm’ Jnm = Z Wi
m=1 i=ly

n
"o_ ! § :
jn = Jnk+1> Jnk+1 = Wm"
i=k(p+q)+1

From now on, we let o2(y) := 42 [, KX(t)dt, u(n) = Y, (@(f))52.
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Theorem 1 If Assumptions A1-A3(i) and A4 are satisfied and f and G are continuous in
a neighborhood of y for y > ar, then for large enough n we have

sup|P(v/nl, [f9) - Ef, )] < %0,(3)) — ()| = Oa,) @

xeR

in which
% p 1’ " 1/4 mnJ2 /2 —8/(2+8)
a,=h, s + (Malg) " + A+ A 4 by u(q), (3.3)
n
and
v ka o si0u
Ay = o +h, u(q) + qhy,

(3.4)
wy = Eph, + 1)

Theorem 2 If the assumptions of Theorem 1 and A5 are satisfied, then for y > ar and for

large enough n we have
sup|P(\/nh,,[f,,(y) —E(f,,(y))] < xa,,(y)) - CID(x)’ = O(a,, + (h, loglog n)1/4) a.s.
xeR

in which a,, is defined in (3.3).

Theorem 3 If the assumptions of Theorem 2 are satisfied, G has bounded first derivative
in a neighborhood of y and f has bounded derivative of order 2 in a neighborhood of y for
y > ar, then for large enough n we have

sup|P(vnha[fu0) - f ()] <0 () - D()| = O(a,) as.,

xeR

in which

w /- p \ 1Y ) V4
a,:=h,*? < 7 ) +ha(p +1) + 7 ulg) + (M) a(q))
nny

/2 7m/2 1/2 4 111/2
F A AR AT, (3.5)

and )" and )" are defined in (3.4).

Remark 1 In many applications, f and G are unknown and should be estimated, so o2(y)
is not applicable in these cases. Here we present an estimator for it that is denoted by 6%(y)
and is defined as follows:

a2 _O‘nfn()’) 12

Using this estimator instead of o%(y) in Theorem 3, costs a change in the rate of conver-
gence. This change is discussed in the following corollaries.

Page 5 of 19
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Corollary 1 Let Assumptions A3, A5 and H1-H4 be satisfied, then for y € C

sup |63(y) - 020/)| =0(c,) a.s.,

y=zar

in which

1 logl
6 im max< _"g”,hz) y [ oglogn (3.6)
nh, n

Theorem 4 Let Assumptions Al1-A5 and H1-H4 be satisfied. Fory € C and for large enough
n we have

suﬂlg|P(\/nh,,(}A’,,(y) —f(9) £%6,(9)) - ®(x)| = O(a), +c,) a.s.,
X€
in which a,, is defined in (3.5) and c, is defined in (3.6).

4 Proofs
In order to start the proofs of the main theorems, we shall state some lemmas that are used
in the proving procedure of the main theorems. For the sake of simplicity let C, C" and C”,

be positive appropriate constants which may take different values at different places.

Lemma 1 ([17]) Let X and Y be random variables such that E|X|" < 00 and E|Y|* < 00 in
which r and s are constants such that r,s >1 and r™ + s™' < 1. Then we have

-1/r-1/s
B0~ ECOEM| < XYL swp  [pans)-pap@]]
A€o (X),Bea (Y)

Lemma 2 Suppose that Assumptions A1-A3(i) and A4 are satisfied. If f and G are con-
tinuous in a neighborhood of y for y > ar then o2(y) — o*(y) as n — oo. Furthermore, if
and G have bounded first derivatives in a neighborhood of y for y > ar, for such y’s we have

|02() = 0> ()| = O(bn),
in which
by = ha(p + 1) + 1 Eulg) + A7 + M+ 212002,
Proof Using the decomposition that is defined in (3.2) we can write

o (y) = Vur(J,; + )+ .7,:”)
= Var(J,) + Var(J,) + Var(J,")
+2Cov(J,, J,) +2Cov(T,, T, + 2Cov(T,, T,"), (4.1)

Var(J,) = Var (Z j/nm)
1
km+p—1

k
=D ) Var(Wy)

m=1 " i=ky,
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k
+2 Z Cov(jrisfrg) +2 Z Z Cov(Wi, W)

1<i<j<k m=1 ky, <i<j<kpm+p-1

=1 + 1 +1IT. (4.2)

As assumed in the lemma, f and G are continuous in a neighborhood of y so they are
bounded in this neighborhood. Now under Assumption A3(i) we have

_ 1 2 Yl_y az 2 Yl_y «
Var(Wm)—n—hn{E[K( 7 )Gz(yl.)]_E |:K< h, )G(Y‘)“
_ 1 2 u—y Olf(

_nhn{/,(< - )G()d _[ ( )f(u)du“

1 af (y + thy,)
= ;{/I(z(t)mdt—hn[f[((ty(y+th,,) i| }, (4.3)

so it can be concluded that

ke ] [t ) O+ th) ' ’

- o(kp ) (4.4)
n

Lemma 1 for arbitrarily § > 0 and also the continuity of f in a neighborhood of y gives

ki+p-1 k,’+}7—1

<2 > 3 > |Cov(Ws, Wi

1<i<j<k s=k; t:k/'

i+p—1Kj+p—
Ys - Y, —
1<l<}<k s=k;  t=k; G(YS) 2+8 hn G(Yt) 248
> (a(t_s))1—2/(2+6)
ki+p— lkj*‘P 1 2

Ol(t _ S) 8/(2+8)
2+8( )

K Y1 o
( hy )G(Yl)

2 ki+p-1kj+p-1

Z Z 6/ (2+6)

248 1<icj<k s=k; t=k G

" i<icj<k s=k; t= kj
i-y\ «
K
( hy, ) G(1)
now using the notation u(n) := Z]ofn (a(j))ﬁ , which is defined before, and Al we get the

following result:
G+p-1
, C Y1—J’) o iy 5/2+5)
II' < —|IK
i (52 gl £

Ckp 208 Sy +thy) 3/(2+8) o0 8/(249)
- 8/ 2+8) |:/ |K( )| G1+5(y +th ) dti| Z (C\l(]))
J=q9

C
nh,

2

248 1<icj<k

— O( 5/2+5u(q)) (45)
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Under Assumption A2 we can write

k
| <2y > |Cov(Wi, Wiy)|

m=1 ky, <i<j<kpy+p-1

Yi-y\(Y=2\__ ¢
= whn RIS {E‘K( hn )K< y )G(mG(Y,-)

m=1 ky, <i<j<kp+p-1

2 Yi-y\ «
+E [K< I, )G(Y»]}

k

)
=1 ky, <i<j<km+p— 1{//‘ h”

£ £ u_y 2
X f*(ua|uy)f* (1) dugy duy + (/K( 7 )j(u)du) }

k
< Chy,

1 1
{ f |K(s)K(¢)| dsdt +

m=1 ky, <i<j<kpm+p-1 1J-1

1 2
+[ / K(t)f(y+th,,)dt} }
-1
2
< ’(Ph { / / |K(s)K(t)|dsdt+|: / 11((t)f(y+th,,)dt] }
-1

- O(phn). (4.6)

Now, using (4.4), (4.5), (4.6), and (4.2), we have

Var(J,) = O(k—p + 12 y(q) +phn>
n

=0(), (4.7)
Var Var(Z; )
k lm+g-1
=Z Z Var(W,;) + 2 Z Cov(]m,]m
m=1i=ly 1<i<j<k

k
+2 Z Z Cov(Wi, W)

m=1 by, <i<j<ly+q-1

=1+ 11 + 10T, (4.8)
By the same argument as is used for |I'| and |II'| and |III|, it can be concluded that
ki
|- o(—q),
n

|H//| _ O(]’l -8/(2+8) Lt(q)) (4‘9)

|III"| = O(ghy).



Asghari and Fakoor Journal of Inequalities and Applications (2017) 2017:1

Now, using (4.8) and (4.9), we have

K
Var(J)) = O<% + 15212y (q) + qhn)

= O(A).

n

Similarly

Var(J,") = Var( Z W,,,-)

i=k(p+q)+1
n

= Z Var(W,;) +2 Z Cov(W,,i, W)
i=k(p+q)+1 k(p+q)+1<i<j<n

= I/// + II///’

and
| = O(%(n —k(p + q))>,

2
11| =o<p h”).
n

So we can write

Var(J)") = o(% (n-k@p+q)) +p2hn)>

o(l’z (ph, + 1))
n

o(1).

n

Gathering all that is obtained above,

[0, 0) =00 =

Z Var(W,;) — 02()/)
i=1

k
+2 Z Cov(jrisfrg) +2 Z Z Cov(Wyi, Wiy)

1<i<j<k m=1 ki <i<j<kp+p-1
k
+2 Y Cov(imin) +2Y . D> Cou(Wi, Wy)
1<i<j<k m=1 Ly <i<j<lpy+p-1

£2 Y Cou(Wi, Wiy) +2Cov(T;, T
k(p+q)+1<i<j<n

+2Cov(J,,J,") +2Cov(T,), T,

Page 9 of 19

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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and by letting

K
S Cov(iuiy)+Y, Y, Cov(W, Wiy)

1<i<j<k m=1 ky, <i<j<kpm+p-1
k
C g1 C (W W )
+ ov ni’]nj + ov ni> Wnj
1<i<j<k m=1 by, <i<j<ly+p-1
+ E Cov(Woi, W) + Cov(T,, T,/
k(p+q)+1<i<j<n

+ Cov(J,, 7)) + Cov(T,), T"),

we have

> Var(W,) - o’(y)

i=1

(4.14) < + 2|4, (4.15)

On the other hand using (4.7), (4.10), and (4.13), we have

Cov(T, ) < [Var(T)) Var(T))]?
— O( //1/2)

Cov(7,, ") = O(A;””z), (16
Cov(J), T") = O(M22),
So for A, we can write
A, = O( 8244 + phy + qhy + PP 2 Y YL A//1/2A//’1/2>
= O(1,""** u(q) + phy + qhy + A;’”Z + AN 0, (4.17)

On the other hand from (4.3), it can easily be concluded that Y, Var(W,;) — o*(y) as
n — 00. Now under Assumptions Al and A4 |4,| — 0, so 02(y) — o2(y). If f and G have
bounded first derivatives in a neighborhood of y, we can write

> Var(W,) - 02()/)‘

i=1

: i{ﬁ[f@@;y)a'z;)]—E2[1<(Y;;y><;f‘m]}-sz\
il (2 o [ e] oo

/1 G(J’)[f(y”h) ~fON+fOIGY + th) - GO

2(
11( Gy + h,t)G(y)

1 2
-hy, |:/ K@)f(y + thy) dti|
-1

O(hy,). (4.18)
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From (4.14) we get the following result:

o2 ()~ ()]
_ O(hn + h;6/2+5u(q) +Phn + qhn + )‘21/2 + )‘Z/I/Z +)\/r:1/2)\/};/1/2)
— O(l’l,, + h;8/2+ﬁu(q) +phn + )‘Zlm + )\Z/I/Z + )LZI/Z)\Z/I/Z)
= O(Mu(p +1) + 1,2 u(g) + A2 + 2012 + A20002), (4.19)

and the proof is completed. g

Before starting the next lemma, we note that

Vil [fa(y) = EfL ()]
on(y)

on(y)mz{ < I )G?Y) E[I<(Ké;y)G(Olm)“

- 2": Z. (4.20)

Ifwelet Y " Z, =:S,, it can be observed that

$:=8,+S8,+S,, (4.21)
in which
k km+p-1
S;z = Z Y;tm’ Y;;m = Z Zm"
m=1 i=km
Im+q-1

$, = ZY;;W Yiw= D Zui
o

i=ly

n
" ua "
S _§ Yoo Yo=Y Zu.
m=1

i=k(p+q)+1

Lemma 3 Suppose that Assumptions Al1-A3(i) and A4 are satisfied and f and G are con-
tinuous in a neighborhood of y for y > ar. Then for such y’s we have

1

p(js;]> 2,%) = 0(%),
B(ls; > 1) = 00,

Proof With the aid of Lemma 2 we can write

E[7) -E(T)]

E(s) =

)
=0(»). (4.22)
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The same argument shows that E(S)? = O(A))), so we have

11\2
(|5 > 1) < 25
on
- o(1) (4.23)
and
(|SW{ ///g) E(Sn2)
e ?
- o(1)%). (4.24)
So the proof is completed. O

In the following let H, := anzl Xyum in which X,,,,,, m =1,...,k, are independent ran-
dom variables with the same distribution as Y,,, m =1,...,k. ¢ and ¢’ are, respec-
tively, the characteristic functions of S, and H,. Also let 5?2 := anzl Var(X,,) and % :=

k %

Y ey Var(y,, ).

Lemma 4 Under the assumptions of Lemma 3, for y > ar we have the following:
|S _ 1| ( //1/2 )\‘2/1/2 + h;al(2+5)u(q)).

Proof 1t can easily be seen that s> = E(S,)* -2 Pi<icjk Cov(Y, V), E(S%)=1and

[E(5,)" -1] = |E(5,)" - E(S;)]
= |E(s,)" ~E(S, + 5, +5,)|
= [E(S; +5,)" = 2E(S,(S, + 7)) (4.25)

Using (4.25) and Lemma 2, we can write

=11 = [E(5)" -2 Y convgo ;) -

1<icj<k
E COV nz’ n})

1<i<j<k

<|E (S’) -1|+2

= |E(SL+8)) = 2E(S, (S +S)))| +2

E Cov i n

1<i<j<k

Z Cov(]m’]n/)

1<i<j<k

_ O(AZUZ +)‘Zd/2) +9 (4.26)

On the other hand, from Lemma 2 we know that leiq’sk Cov(j;i,j;j) = O(h;a/(zﬂs)u(q)), )

substituting this in (4.26), gives the result,

’sf - 1‘ = O()\ZW + A2 h;‘S/(z"a)u(q)). O
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Lemma 5 ([18]) Let {X,j > 1} be a stationary sequence with mixing coefficient a(k) and
suppose that E(X,,) =0, r > 2, and there exist T >0 and ) > % such that a(n) = O(n™)
and also E|X;|"*" < co. In this case, for any € > 0, there exists a constant C, for which we

have

n r

>

i=1

E

n n r/2
< c[ns D EXI+ (Z ||X,-||3+,) }
i=1 i=1

Lemma 6 Under the assumptions of Lemma 3 for y > ar we have

H 2(1+8") 1+8'
p<_" §x)—<I>(x) =o(h,,w ( 4 ) )
Su nhn

Proof Using [19], Theorem 5.7, for r > 2 we can write

sup
xeR

k
H, C E\Xm|”
sup P(—” §x) -d)| < M (4.27)
xeR Sn S:,
On the other hand, using Lemma 5 there exists 7 > 0 such that for any € > 0
k k
Y EXunl” = Y EYouml”
m=1 m=1
k km+p-1 r
DILHIE?
m=1 i=k
k km+p-1 km+p-1 3
<> C[ps > ElZul + ( > ||Zm||3+f> } (4.28)
m=1 i=ky i=km

Lete=8’,r=2+26/for0<28/<8andt:8—28’andk>%,sowehave

k 1+ 2(1+8)
_ p u-y S(u)
(4.28) = C;{i(nh,,)“ﬁ’ / [1(( hn )} rErm du

2(1+8")

p1+8’ u-y 2+8 f(ll) T
Yol O] g

k 1+8' 1
p 28 O+ hyt)
- cZ{—nm, i / KO ey 0 dt

m=1 -1

2(1+58")

. e [/1 [[((t)]2+5 fy+h,t) dt] &9 }

8(1+8") 1+8
Il G (y + hyt)
n

/ / q / M
< Ck[lerB (nhn)—(l+5 )hn +p1+6 (nhn)—(1+5 )hn 248 ]

20 [ p 1+4'
=O(hn_2*5 <—) ) (4.29)
nh,

From Lemma 4, s2 — 1, so the proof is completed. 0
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Lemma 7 ([20]) Let {X;,j > 1} be a stationary sequence with mixing coefficient a(k). Sup-
pose that p and q are positive integers. Let T) = Z;:llz(ﬁzpngﬂ X;inwhich1 <l <k.Ifs,r>0

such that s + r~! = 1, there exists a constant C > 0 such that

k k
Eexp (itz Tl) — [ [EexplitT))

=1 =1

k
< Cltl"™(g) Y ITill-

=1

Lemma 8 Under the assumptions of Lemma 3 for y > ar we have

2(145') 148
Sup|P(S; Sx) - P(Hn < x)| — O(()\‘Z/a(q))l/‘} h 248 ( p ) )'

xeR I’ll’ln

Proof By letting b =1 in [19], Theorem 5.3, p.147, for any T > 0 we have

T ,
sup|P(S, < x) - P(H, < )| gf M‘dt
-T

xeR

+Tsup/ |P(H,,§u+x)—P(Hn§x)|du
xeR J|u|<$

=: Lnl +Ln2. (4'30)

Now by letting s = 7 = 2 in Lemma 7, there exists a constant C > 0 for which we have

lo(6) - ¢'(0)] =

k k
Eexp (z‘t Z Ynm) - HEexp(itYnm)

m=1 m=1

< Cltl(« Z 1Yol

1 km+p—1 2
= CHIel((@) B 3 Zu (4.31)
i=ki
st st (5 o< (5 V|
nl) = nhnoy% ) hn G(Yl) hn G(Yl)
fly+th,) 1 9
= o 2()’){[ 2(t)G(y th )d“hn[/_lK(t)f(yﬂhn)dt] }

) O(n_ )’ (4.32)

1 Yt (w2 u\] . .
E(Z”IZ”Z)EWM/_I f_l K( T )K( 7 >|/ Oabnlf*00 dy dy:

i} o(h_n), (4.33)
n

Now using (4.32) and (4.33) we have

km+p-1 2 kp+p-1

2
Y Zu| = Y E@w+2 )Y EZuZy
i=kyy, i=ky, ki <i<j<km+p-1

- o(gu + phn)>, (4.34)
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SO

o of r(r@ v
nl = 7 (1+phn)

= O(T(Wa(g))"). (4.35)
On the other hand applying Lemma 6 gives

sup|P(H,, <u+x)-P(H, 5x)|
x€R
H, u+x U+x
S Sy Sy
H, X x U+x X
Sn Sy Sn Sn Sn
2(1+8") 1+8'
- o(hnw ( P ) ) +O(M>, (4.36)
nh, Sy

2(1+8)) 146’ 1
p
Lo=0[h,* [ — — ). 4.37

? < (”hn> " T) ( )

< sup
xeR

+ sup
x€R

+ sup
xeR

SO

By choosing T = (a(g)1”)™V/* we get the following result:

sup|P(S), < x) - P(H, < x)|
xeR

2(1+8)) 1+8'
— O(hn 248 <%) + ()“Z,a(q))l/zl)

n

=0(b,), (4.38)
and the lemma is proved. O

Lemma 9 ([21]) Let X and Y be random variables. For any a > 0 we have

a

sup|P(X +Y <t) - ®(t)| < sup|P(X <t) - D(t)| + +P(1Y|>a).
R T

teR te

Proof of Theorem 1 Using (4.21) and Lemma 9, for any a; > 0 and a; > 0 we can write

sup|P[v/iha (f,9) — Ef,(9) < %0,(5)] — D ()|

xR

=sup|P(S), + S, + S, <x) — D)

xeR

<sup|P(S], <x) - (x)| + o e

+
x€R V2 W21

+P(|S)] > @) + P(|S)| > a1). (4.39)

By choosing a; = 1" and a, = 2"/ and using Lemma 3, we have

(4.39) = sup|P(S,, < x) - @()| + O(L +22%). (4.40)
xeR
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On the other hand using Lemmas 8, 4, and 6 we have

sup|P(S), < x) - D(x)|
xeR

<sup|P(S], <x) - P(H, <x)|+sup|PH,,<x) d(x)|

xeR -

x
<sup|P(S], <) - P(H, <x)| +sup (Hnsx)—CID(—)‘
xeR xeR Sn
+ sup (i) ®(x)

xeR N

2144)) 1+8' 2(1+5)) 146’
p 1/4 S P
— O hn 2+68 )L/// O hn 2+5
( <”1hn) +( na(q)) ) * < (”hn) )

+0(|s5-1])
2015') 1+5'
= O(hn 28 <%) + ()»’,;/oz(q))l/4 + A2 Q2 dl2e0) u(q)) (4.41)
nny
So the proof is completed. d

Proof of Theorem 2 According to Lemma 9 for any 4 > 0 we can write

su]IR3|P((nhn)1/2[ﬁq(y) - E(f,(»)] £x0u(y)) - P)|
< sup|P((nh Y2 [£:0) - E(f,)] < x04(7)) - (x)|

a S 0) = fu)
+m+P< o) a), (4.42)
and
nh, [f,, Tfuly ) l /nh, [f,, fuly
(V Un(y) ~a) =1 Gn(y) , (4.43)
Y lf )~ £,0)
Un(y)
1 - Yi-y\ a Yi-y\ «
S«/_nh,,a,,(y)i:ZIE‘K( et <5 )em
Yi -9\ | G(Y)) - 2 G (Yy)
= (W)ZE[K< n ) G (Y)G(Y)) }
Yi—-y\|G(M)lay — af + |G, (Y1) — G(Y1)]
«/_nh ) ZEH n )' G (Y)G(Y)) H (4:44)

From Lemma 5.2 of [16] we have

logl
an—aI:O( M) a.s., (4.45)
n
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and from [22] we have

sup |G, () - GO)| = o(,/@) a.s. (4.46)
yzar

So we can write

n

= O(y/ h, loglogn).

1
(4.44) < C\/nh,,( loglog”) / [K(@)|f(y + thy) dt
-1

)1/4

Now by choosing a = (4, loglog n)"’* and using Theorem 1 we get the result

sup|P((nh,) "2 [f,9) = E(f0))] < %0(»)) — ()|

xeR
= O(ay, + (h,loglog n)M). (4.47)
O
Proof of Theorem 3 By the triangular inequality and using Lemma 1 for
_ ARIERG) -1
) a(y) ’
we have
sup|P(v/nh, [1,0) - £0)] = 2 0) - O]
MO -0 _ o) ()
swrp (R[22 ) - o)
a(y) Vnha|Ef () —f O)
+ ilelﬂg ¢(Un(y)x) - @(x)‘ + 270 0) . (4.48)

Here we used the fact that the event G’Z’)” |Ef.(y) —f(»)| > a does not happen for the se-

lected a.
1
e/ 21

From the inequality sup, |D(ny) — P(y)| < (In =1] + |7t = 1)), it can be concluded

that

sup
xeR

o( o) o

=0(|o(y) - a*)]). (4.49)
Under Assumptions A3(ii) and A3(iii), use of the Taylor expansion yields

|Efu(y) —f ()| = O(i). (4.50)

So from (4.48), (4.49), (4.50), Theorem 2, and Lemma 2, we have

sup|P (v [fu(9) - f ()] < %0 (1)) = ()| = O(ay + by + 1)

x€R
= O(a/ ) d

n
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Proof of Corollary 1 Using the triangular inequality it can be seen that

sup|&3(y)—02(y)|
yeC
afuy)  af(y
"RG0 G@)’/ Ko

| GONanf,0) ~af0)] + af0)IG,0) - GO [
yeC G, (0)GW) /_lK(t)dt.

Under Assumptions A3, A5, H1-H4, Theorem 4.1 of [16] we obtain

iggtﬁ,(y) ~f)| :o{max<\/? hz)} a.s.

From (4.45) and (4.52) we have
sug|a,fn(y> ~af(y)] = sug|a,fn(y> — o f () + anf () — af ()]
S ye
< supa, [, () —f )] + supf(9)les — |
yeC yeC

:O{max( bﬂ,hi)}-{—O( loglogn) a.s.
\/ nh, n

Using (4.53) and (4.52) in (4.51) proves the corollary.

Proof of Theorem 4 Using the triangular inequality we can write

<W(fn(y) ) <) ot

(PG
<l (D < Be) o (S0
anfo (5 -+

By Assumptions A1-A3(i), A4 and A5, Theorem 3 results in the following:

(PG 50 () o

sup|P
xeR

in which a), is defined in Theorem 3.

Under Assumptions A3, A5, H1-H4, Corollary 1 results in the following:

sup
xeR

o 22x) - 000 -

o(y)
logn 5 loglogn
=O0ymax| ./ —,h, |+, ——— a.s.
nh, n

Substituting (4.55) and (4.56) in (4.54) proves the theorem.
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5 Conclusions

In this paper we obtained Berry-Esseen type bounds for the kernel density estimator based
on left-truncated and strongly mixing data. Here it is concluded that in RLTM, which is
also dealing with weak dependency, we can get asymptotic normality but comparing the
results with [11] we see that the rates get much more complicated and also slower.
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