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1 Introduction
Let =(a,b),0 <a<b <oo.Letvand u be almost everywhere positive functions, which
are locally integrable on the interval 1.

Let0 < p < ocoand i +§ =1.Denoteby L,, = L,(v,]) the set of all functions f measurable
on [ such that ||f]],,, := (fab If () |Pv(x) dx)ll’ < 00.

Let W be a non-negative, strictly increasing and locally absolutely continuous function
on I. Suppose that % =w(x),a.e.x€l.

We consider the Hardy type operator T, g defined by

[T uls)WE(s)f (s)w(s) ds
Topf (%) := fa W = W= xel (1.1)

When # =1 and B = 0 the operator Ty g is called the fractional integral operator of
a function f with respect to a function W ([1], p.248). When u =1 and W(x) = x the
operator (1.1) becomes the Riemann-Liouville operator I, defined by

x B
Lf @)= f %. (1.2)

When u#=1and W(x) =InZ%, a > 0, this operator is the Hadamard operator H, defined
by

x 5\B
Haf (@)= / nVTts)ds

a  S(InZ)t-
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Moreover, when # =1 and W(x) = x°, o > 0, we get the operator E, g of Erdelyi-Kober
type ([1], p.246) defined by

(S)Soﬁ+cr—l ds

Eqpf (%) ::G/ f(

There are a lot of works devoted to the mapping properties of the Riemann-Liouville
operator I,. Two-weighted estimates of the operator I, of the order o > 1 in weighted
Lebesgue spaces were first obtained in the papers [2] and [3]. The singular case 0 <« < 1
was studied with different restrictions in [4—9] and some others. The most general results
among them are given in [5] and [9] under the assumption that one of the weight functions
is increasing or decreasing.

In this work we investigate the problems of boundedness and compactness of the oper-
ator Ty g defined by (1.1) from L, to L,;, when 0 <@ < 1. When « > 1 the results follow
from the results in [10].

The operator T, g was studied in [11] and [12] when =1, 8=0and u=1, B > —i,
respectively.

Due to the non-negativity and monotone increase of the function W the limit
lim,_, .+ W(x) = W(a) > 0 exists.

We also consider the Hardy type operator T 5 defined by

o s [FUSWE S)f (s)wls)ds
Ty pf (%) = /a A A A

where Wy (x) = W(x) — W(a).
Since we also suppose that 8 > 0, for f > 0 we have T, gf (x) ~ Tg,ﬂf (%) + W(a)Tg,Of (%),
where the equivalence constants do not depend on x and f. Therefore, without loss of

generality, we can assume that W(a) = 0. For short writing we denote by || K|| the norm of
a linear operator K acting from one normalized space to another, since from the context
we shall in each case clearly see which spaces the operator is acting between.

The paper is organized as follows: In order not to disturb our discussions later on some
auxiliary statements are given in Section 2. The main results concerning the boundedness
of operator Ty g, including the corresponding Hardy type inequalities, can be found in
Section 3. The main results about the compactness are presented in Section 4. Moreover,
in Section 5 some similar results for the dual operator Tg’ﬂ are given. Finally, Section 6 is

reserved for some applications (both new and well-known results).

Conventions The indeterminate form O - oo is assumed to be zero. The relations A < B
and A > B, respectively, mean A < ¢B and A > ¢B, where a positive constant ¢ can be
dependent only on the parameters p, g, « and B. The relation A ~ B is interpreted as
A < B < A. The set of all integers is denoted by Z. Moreover, x4 (-) is the characteristic

function of the interval (c,a) C I.

2 Auxiliary statements
To prove the main results we shall need some auxiliary results from the standard literature
on Hardy type inequalities (see [13] and [14]).
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Together with the operator (1.1) we consider the Hardy type operator H, g defined by

He pf (x) = W%% /ﬂx u(s) WP (s)f (s)w(s) ds. (2.1)
It is easy to see that for f > 0 we have
Topf(x) > Hypf(x), Vxel (2.2)

The problem of boundedness of operators of the form (2.1) in weighted Lebesgue spaces
have been very well studied. The history and development of Hardy type inequalities with
relevant references can be found in [13].

In view of [15] the following statements are consequences of Theorem 5 of [13].

Lemma 2.1 Let 1< p < g < oo and let the operator Hy, p be defined by (2.1). Then the in-
equality

b : b i
( / (Ha,,gf(x))qv(x)dx> 5c< f (f(x))pw(x)dx) (2.3)

holds if and only if

1
7

Agp = Sup< / ) u” (s)W?'P (s)w(s) ds) g

zel

; :
( / Wq("‘_l)(x)v(x)dx> < 00.

Moreover, C~ Ay g.

Lemma 2.2 Let 0 < g < p <00, p >1and let the operator H, g be defined by (2.1). Then the
inequality (2.3) holds if and only if

L

b b pr—q
Bup = ( / < / Wq(“‘l)(x)v(x)dx>

plg-1) r—q

X (/z up/(s)Wp/’S(s)w(s) ds) o W (2) Wplﬁ(z)w(z) dz) E <00,

Moreover, C~ B, g.

Remark 2.3 In the case 1 < g < p < 00, p > 1 it is well known and easy to prove that the

value B, g is equivalent to the value

by b s
Ea,ﬁ = <f (/ WD (x)y(x) dx)

q(p-1) r=q

x ( / 7 WP (5 wls) ds) WD (2)(z) dz)ﬁ.

a
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3 Boundedness of the operator T, g
The main results in this section read as follows.

Theorem 3.1 LetO<a<1,1<p <g<ooand B > 0. Let u be a non-increasing function
on I. Then the operator Ty p defined by (1.1) is bounded from Ly, to Ly, if and only if
Aq,p < 00. Moreover, | Ty gl ~ Aqp.

Theorem 3.2 Let 0 <a<1,0<g<p<0o0o,p> i and B > 0. Let u be a non-increasing
Sfunction on 1. Then the operator T, g is bounded from L, to Ly, if and only if By, g < 00.
Moreover, || Ty gll =~ By g-

These two theorems can be reformulated as the following new information in the theory
of Hardy type inequalities.

Theorem 3.3 Let 0 <« <1, 8 > 0 and u be a non-increasing function on 1. Then the in-

equality

b : b 5
(/ (Ta,,gf(x))qv(x) dx) < C(/ (f(x))pw(x) dx) (3.1)

holds if and only if
(a) Agp <00 forthecasel <p <g< o0,
(b) By, <00 forthecase0<q<p<oo,p> é
Moreover, for the best constant C in (3.1) it yields C ~ Aq g in case (a) and C ~ B, g in

case (b).

Proof of Theorem 3.1 Necessity. Let the operator T, g be bounded from L, to L. Then,
in view of (2.2), the operator H, g is bounded from L,,,, to Ly, and || T, gll = ||[Hy,gll. Con-

sequently, by Lemma 2.1 we have A, g < 0o and
[ Tapll > Aa,p- (3.2)

Sufficiency. Since the function W is continuous and strictly increasing on / and W (a) =
0, for any k € Z we can define x; := sup{x : W(x) < 2X,x € I}. We obtain a sequence of
points {xg}x>—co such that 0 < xx < xp41, Vk € Z, and if x < b, then W(xy) = 2k 2k < W(x) <
2k for xp < x < Xpe1, f;:il w(s)ds = 2571, and if x¢,; = b, then fx’;"“ w(s) ds < 2K, These facts
will be used below without reminders. We assume that Iy = [xy,xx.1), Kk € Z, Zg = {k : k €
Z, Ik #0}. Then Zy C Zand I = | Jy o, Ik = Ukezo Ii.. Since Iy = 0, Vk € Z \ Zy, and integrals
over these intervals are equal to zero, in the sequel, without loss of generality, we can
suppose that Z = Z;.

Let Ay g < 00. We need to prove that the inequality

” Ta,ﬂf”q,v < Aa,ﬁ ”f”p,wr f € Lp,w’ (3-3)
holds, which means || T, g|| < Aq,p and, together with (3.2), this gives

[ Topll ~ Aa,p.-
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Let f > 0. Using the relation I = | J, Ix, we have

(S)WP(s)f (s)w(s) ds '\
|| Ta ,Bf”qV Z/ V( <L (W(x) W(s))l—a ) dx
Xl u(s)wh (S)f(S)W(S) ds
Sl (0 ) e ]
i1 et y(s) WP (s)f (s)w(s) ds
< Z/ v(x) </; (W (x) — W(s))-@ > dx

el *uls)WPs)f (s)w(s)ds\T
+Z/ i )(/xk_] (W) - W) ) de=hih B8

We now estimate /; and J, separately. Using the monotonicity of W we find that
e [l ey
=2 o)
_ p2all-a Z f o <2k+ 1) e ( fa W () (5)wls) ds)qu

<X [T awre( [Cuewr e s)ds) dx < |Hogf 12,
k Fk

Hence, by Lemma 2.1 we get

L < AL SIIF1S,,- (3.5)

Moreover, by using Holder’s inequality and the fact that the function u is increasing, we
obtain

_ et * u(s) WP (s)f (s)w(s) ds \ ¢
J = Z/xk V(x)</xk_1 (W(x)_ W(s))l—a ) dx

k

e " Bl u (WP (s)wis)ds\ 5
< Z/x‘k v(x) </x‘k1fp(S)W(S) dS) (kal (W) - W(S))p’(lot)) dx

<X ([romoas) i
k X,

Tl x Wp/ﬁ(s)w(s) ds
X /xk V(x)< ; (W(x) _ W(S))p,(l_o‘)) dx. (36)

S

A change of variables W(s) = W (x)¢ in the last integral, implies that

1
= P - @D gy, 3.7
« (Wx) - W(s)p't-o  wri-a(x) [, a-2 57)

/x W' (s)w(s) ds WP B+ ()



Abylayeva et al. Journal of Inequalities and Applications (2016) 2016:324 Page 6 of 18

Since 8 > 0, « > }g, the Euler beta function fol #'B(1—t)P @D gt converges. Consequently,
from (3.6) and (3.7) it follows that

sl 3 sl W;% @A)
]2 < Xk:<‘/x‘kl fP(S)W(S) dS) Mq(xk_l)/ V(x)m

Xk
a

X4l » ’ Khe+l
< Z( F7(s)wls) ds)”uq(xk_l)wﬁ” O () / V(@) WD (x) dix
k Xk-1 X,

k
Xk+1 g
/ fP(s)w(s) ds)

Xk-1

a
_ 22(qﬂ+p,) Z(

k
i,(p/ﬂJrl) Kk+1 (@-1)
x ul(xr_1) W? (k1) vx) W7 (x) dx
Xk

1

fP(s)w(s) ds) '

Xk+1

< Xk:<

Xk-1

- Z(/xkﬂf?’(s)w(s) ds)ﬁ
k Xk-1

X 4 b
X (/ ku"’(s)W"/ﬁ(s)w(s)ds>p / v(x) WD (x) dx

k

1 1
Xk+1 r Kk+1 P
= Ag,ﬁ Z( SE(s)w(s) dS) < AZ,ﬁ (Zf fP(s)w(s) ds)
k Fk-1 kY ¥K-1
AL IANL (3.8)
By combining (3.4), (3.5) and (3.8) we obtain (3.3). The proof is complete. (I

Proof of Theorem 3.2 Necessity. Similarly to the proof of Theorem 3.1 and the estimate
” Ta,ﬁ ” > Ba,ﬂ: (39)

it follows from (2.2) and Lemma 2.2.

Sufficiency. Let B, g < 0o. If we show that || T, gl < Bg,g, then this fact and (3.9) imply
that || Ty, gll & By, g. Next, we use relation (3.4). For the estimate J; we have obtained J; «
| Hogf |4, Hence, by Lemma 2.2 we obtain

N < BLSIfIIE - (3.10)

Moreover, from Theorem 3.1, obvious estimates and Holder’s inequality it follows that

h < Z( [ o ds>'7
k Xk-1

q.(, Xk+1
o )W PP () / () WD) )
Xk
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/-xk+1fp ($w(s) ds) i

Xk-1

_ 3B (2p/ﬁ+1 B 1)1% Z(

k

K+
x uq(xk,l)(Z(p/ﬂ“)(k‘l) _ 2(P/ﬂ+1)(k—2));% / o v(x) Wq(vt—l)(x) dx

Xk

<X(["romaa)
k Xk-1

k-2 k

< Z( [ romods)’
k Xk-1

X ( / e u? (s)W”/’S (9)w(s) ds)p, / o v(x) W@V (x) dx

k=2 Xk

(we apply Holder’s inequality with the conjugate exponents g, L)

r—-q
r—q Xk+1 g r—q
<l ([ romoas) <nl g, (.11
kY *k-1
where
Xj—1 % Xk+1 !%q
Jo1 = Z( / u? () W' (s)w(s) ds) ( / V() W€D (x) dx) .
k Xk—2 Xk
To estimate /5; we use the relation
-1 =
< / u” (s)W?'P (s)w(s) ds)
Kk-2
plg=1)
Fk-1 ¢ / 7 r=q / /
<<f </ u” () WP (s)w(s) ds) W OWPP()w(t) dt.
X2 X2
Then

plg-1)

Jor < ( " W) ()d)”
21 Zk:'/;k_z /xk_zu S S)W\S S

x u? (WP P ()w(t) dt( / - () WD (x) dx) e

Xk

plg-1)

Y1 (Lt P4
< Y (s\WPP(s) ()d)
Xk:/xm (/ﬂ u” (s s)w(s)ds

b = ,
X (/ V(x) W@ (x) dx) W (WP P (&)w(e) dt

qr

<Blj. (3.12)
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By substitution of (3.12) in (3.11) we obtain

Jo < BLglIf 112, (3.13)
Now, by combining (3.4), (3.10) and (3.13) we obtain

I To,pf llgw < Baglf 1l pw-

Consequently, || To,gll4y < Bq,p. The proof is complete. O

4 Compactness of the operator T, g
The main results in this section read as follows.

Theorem 4.1 LetO<wu <1, é <p<qg<ooandf >0.Let ubeanon-increasing function
on I. Then the operator Ty g is compact from Ly, to L, if and only if A, g < 00 and

lim Agp(z) = lim Agp(z) =0
z—at z—b~

where

L V([ q
Agp(2) = < / u? (S)Wpﬂ(s)w(s)ds> ( / Wq<“-1>(x)v(x)dx) .

Theorem 4.2 Let O <a <1, p> é and B > 0. Let u be a non-increasing function on 1. If
b<ooand0<qg<p<ooorb=00andl<q<p<oo,then the operator T, is compact
from Ly, to Ly, if and only if By g < 00.

Proof of Theorem 4.1 Necessity. Let the operator T, g be compact from L,,, to L,,. Then
it is bounded and consequently, by Theorem 3.1, we have A, g < 0. First we need to show
that lim,_, ,+ Ay g(z) = 0. Consider the family of functions {f;},c;, where

fr(x) = X(a,t)(x)upl’l(x) W(”/_l)ﬁ(x) </tupl (s) Wplﬂ(s)w(s) ds) p, xel. (4.1)

We note that

b
( / If ()" wix) dx)

/ [ft(x)| w(x) dx)

1
r

“
(L

x ( / tu’”/(s)Wp/ﬂ(s)w(s) ds>’7 -1 (4.2)

a

(WP (sw ()ds)

Next we show that the family of functions {f;};c; defined by (4.1) converges weakly to
zeroinLy,.Letgel, ., = (Lpw)*. Then, by Hélder’s inequality and (4.2), we find that

/ft )g(x) dx<</[ft Pw(x) dx) (f lg(s |p - )
</ |g(S)|p 4 (S)ds> . (4.3)

1
7

N
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Since g €L, i the last integral in (4.3) converges to zero as ¢ — a*, which means
weak convergence of the family of functions {f;} to zero as ¢t — a*. Therefore, from the
compactness of the operator Ty, g from L,,, to L, it follows that

lim || Ty gfill4v = 0.
t—a*

(4.4)
Moreover,

[ * uls) WA )i (s)wis) ds |
ITaaftfy = [ v [ HDEIOO LY

b L u(s) WP (s)fy(s)w(s) ds\?
Z/ V(x)(/a (W)~ Wis)e ) d"
v(x) dx

Wal=e) (x )(/ u” (s)W?'P (s)w(s) ds)

, ) q
X (f W () WP B (s)w(s) ds)

= A7 4(t).

1
p

(4.5)

From (4.4) and (4.5) it follows that lim;_, .+ A4 (£) =0
Now, we show that lim,_, ;- Ay g(£) =

From the compactness of the operator T, g from L, to L,, compactness of the conju-
gate operator follows:

d
T 5(6) = uls) WP (s)w(s) / g(’“) Vo

from Lq/’vl_q/ toL

For t € I we introduce the family {g;};c; of functions

1

g:(%) = X[ep) () </ wae-1) (x)v(x) dx) 7 wa- 1X"“”(x)v(x). (4.6)

The family {g;};c; of functions defined by (4.6) is correctly defined, since due to condition

Aqp < oo the involving integrals are finite. We show that for all ¢ € I the functions g,
L, 1-¢ converge weakly to zeroas t — b~
Indeed,

||gt||q 1 g = </ ]gt |q - q )
L

b —
= </ WD (x)y(x) dx) (/ |Wq_1)“ -( x)V(x)|q -4 (%) dx)
b
= < / WD (x)y(x) dx) ( / WD (x)y(x) dx> =1 (4.7)

=

=

\I'—
[~
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By using (4.7) withf e L, , = (L / 1-¢)" we obtain

b b g 7/ b i
/ Zw)f(x)dx < </ g @)|"v 7 () dx> (/ If )| Tv(x) dx)
b : b :
< llgell g 1o ( / lf(x)VV(x)dx) =( / V(x)qu(x)dx) .

Since f € L;,, the last integral tends to zero as £ — b~, which gives the weak convergence
to zero of {g;}cs in Lq,’vl_ql ast — b~. By compactness of T E Lq/,vl—q’ — Lp/,wl—p’ it follows
that

lim 1 | 75 g 1 = O- (4.8)

Furthermore, we note that

potr = </ ’u YW (s)w ()|/
b Y %
(%) dx 1y v
([ S o)
(x)d v
> </ u” (s)W'P (s)w(s) (/ %) ds)

> < / tup/(s)Wp/ﬂ(s)w(s)ds> ( / W= l(x)v(x)dx)

Wa-De=D () y(x) dx
(/ Wi () > = Awpt

Hence, according to (4.8) we have lim,_, ;- A, g(s) = 0. The proof of the necessity is com-

| 75 s

~ -

\I'~

plete.
Sufficiency. For a < ¢ < d < b we define

Pf:=Xaafs  Pedf = Xcalf> Qdf = Xnf-
Then
S =Pf +Peqf +Qqf
and since P Ty gPcy =0, P.T43Q4 =0, PeyTo,3Qq = 0, we have
Topf =PeaTapPeaf + PcToypPcf + PeaTopPeof + QuTopf. (4.9)
We show that the operator Py T, gPcq is compactfrom L, ,, to L,,. Since Py Ty g Peqf (x) =

0 for x € I\ (c,d), it is enough to show that the operator P,; Ty gP.s is compact from
L, w(c,d) to L,,(c,d). This, in turn, is equivalent to compactness of the operator

d
Tf (x) = / K(x,s)f(s)ds
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from L,(c,d) to Ly(c,d) with the kernel

u(s) W (s)v (%) X(e.a) (x — S)w'% (s)
(W(x) — W(s))l-«

K(x,s) =

Let {xx }xcz be the sequence of points defined in the proof of Theorem 3.1. There are points
Kiy Xnil, Xi < Xnp1 such that w; < ¢ < %141, X, < d < x,,1. We assume that the numbers ¢, d are
chosen so that x;,; < x,,. Similarly to obtaining estimates of /; and J; in Theorem 3.1, we
have

d

/( ’K(x, ) dx

) () WP (s)w(s)ds \
‘/“"’(/( W)= ())pla) >

Xie1 u? (s)W?r ' (s)yw(s)ds
= Z/ e [(f / )(W(x) W (s)ra-a) }

<um—i+ l)AZﬁ < 00,

X

g
i

where the constant ¢ does not depend on i, .

Therefore, on the basis of the Kantarovich condition ([16], p.420), the operator T is com-
pact from L,(c, d) to L,(c, d), which is equivalent to compactness of the operator Pey Ty g Pey
from L,,,, to Lg,.

From (4.9) it follows that

” Ta,ﬂ _Pcha,ﬁPCd” = ”PcTa,ﬂPc” + ”Pchoz,ﬁPc” + ”QdTa,ﬂ ” (410)

We will show that the right-hand side of (4.10) tends to zero at ¢ — a and d — b. Then
the operator T, g as the uniform limit of compact operators is compact from L, to L, .

7 \g
dx)

By using Theorem 3.1 we find that

([

< sup </Z w (s) Wplﬁ(s)w(s) ds) 7

/ * u(s)WE(s)f (s)w(s) ds

I1Pe T p Pef llgv (W(x) — W(s))~

a<z<c

( / y(x) W@ x)dx) 1l
sup Aa,ﬂ (Z) ”f”p,w-

a<z<c

IA

Consequently, ||P. Ty gPc|l < sup,,.. A« p(2). Hence,

hm 1P Ty pPcl < hm sup Ay p(z) = hm Ao,ﬂ(z) 0. (4.11)

c—>a* gezee

To estimate ||Pey Ty P, || we assume that v (x) = v(x) for x € (c,d] and v, (x) = e7v(x) for
x € (a,c], us(s) = u(s) for s € (a, c] and u.(s) = su(s) for s € (c,d], where 1 > ¢ > 0. Obviously,
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the function u, is non-increasing on I. Then, according to Theorem 3.1, we obtain

d N
< / v(x) dx)
¢ N\

dx)

/  u(s) WP(s)f (s)w(s) ds
o (Wx) - W(s)e

”Pcd Ta,ﬁpc ” qv

/ * u (s)WE(s)f (s)w(s) ds

d
§<L Wl T ww - wiy
KA gl Nl (4.12)
where
d : z / 1%
Agﬁ = as:ZlE)d( /Z WD (x)y, (x) dx) ( /ﬂ ul (s)W? B(s)w(s) ds) .

We estimate the expression A, ; from the above as follows:

d c
AL p < sup < / WD (x)p(x) dx + &7 / WD (x)y(x) dx)

a<z<c

X (/Z u"/(s) Wl’/ﬂ(s)w(s) (ils)[7

a ;
+ sup ( / WD (x)y(x) dx)

c<z<d

X </C up,(s)Wp/ﬂ(s)w(s) ds+¢&” /Z w? (s) Wp/ﬂ(s)w(s) ds)

Ry

[

d z ,
< sup ( / WD (x)y(x) dx) ( / u? () WP P (s)w(s) ds) +&Aap

a<z<c

Q

Q=
N

d c ,
+w%/WWMWW)UM@Wwwm>HMﬁ

c<z<d

< 2(Aap(c) + €Aap). (4.13)

Since the left side of (4.12) does not depend on ¢ > 0, substituting (4.13) in (4.12) and

letting ¢ — 0, we get
”Pchoz,ﬂPQf” < Aa,ﬁ(c)”f”p,w'

Therefore || Py Ty P || < Aq,p(c) and we conclude that

lim [[PegTo,pPell < lim Agp(c) = 0. (4.14)
c—a c—a

Next, arguing as above we find that

¢\
dx)

/ * u(s)WPE(s)f (s)w(s) ds
a  (W(x) - W(s)-

b
”QdTot,ﬁf”q,v = (L V(x)
< sup Aa.ﬂ(z)”f”p,w'

d<z<b
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Consequently,
lim [|QsTspll < lim sup Aqg(z) = lim A, g(z) = 0. (4.15)
d—b- d—b- z—>b~

d<z<b

From (4.11), (4.14) and (4.15) it follows that the right-hand side of (4.10) tends to zero as
¢— a* and d — b~. The proof is complete. d

Proof of Theorem 4.2 In the case b < 00 and 0 < g < p < oo the statement of Theorem 4.2
follows from the Ando theorem and its generalizations [17]. Therefore, we only need to
prove Theorem 4.2 in the casea=0,b=o00cand 1< g < p < c0.

Necessity. Let the operator T, be compact from L,, to L,,. Then the operator is
bounded. Hence, by Theorem 3.2, B, g < 0.

Sufficiency. Let B, g < 00. Here T, gf = PyTo pPyf + QaTy pf. Therefore

1Tap = PaTopPall < 1QaTasll- (4.16)

Since d < oo, the operator P; T, g Py is compact from L, ,,(0,d) to L,,,(0,d), which is equiv-
alent to its compactness from L, to L,,. We show that the right-hand side of (4.16) tends
to zero as d — oo. Then the operator T, g is compact from L,,, to L, as the uniform limit
of compact operators.

Let 1 > ¢ > 0. To estimate ||Q;T¢,4f |l we suppose that v.(x) = v(x) for x € [d,00) and
Vve(x) = eTv(x) for x € (0,d). Using the relations B, g ~ Ea,ﬁ (see Remark 2.3), in view of

7 N7
dx)

Theorem 3.2, we have

/ * u(s) WP (s)f (s)w(s) ds
a (W) - W)t~

1QuTusfll < ( / e

< B 4llf llpw
or
1QuTasll < B 4 (4.17)
where
00 1 (00 =
732,,3=< / ( f WD (x)v, (x) dx
« \Jz

q(p-1) r—q

X ( / ’ u? ()W (s)w(s) ds) p_q W1« (2)y,(z) dz) "

a

Passing to the limit ¢ — 0%, from (4.17) it follows that

1QuTupll K (f;o (/OO WD (x)y(x) dx)p_q

qp-1) r—q

x ( / 7 WP (s wls) ds> WD (2)(2) dz)ﬁ.

a
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Hence,
fim [|Qu Tl = 0. (418)
d—o0

Obviously, (4.18) implies that the right-hand side of (4.16) tends to zero as d — oco. The
proof is complete. g

5 Some dual results

Here we consider the dual operator Kj; ; defined by

b
K 4g(s) = / u(s) WP (s)g(x)v(x) dx (5.1)

(W(x) = W(s))-

and its mapping properties from L, to Ly,
We define

Az,ﬁ(z) = (/ uq(s)WQﬁ W(S ) </ Wp a— 1 )dx)

Al 5 =Sup A 4(2).
zel

N

Our first main result here reads as follows.

Theorem 5.1 LetO<a<1l,1<p<g< L and B > 0. Let u be a non-increasing function
on I. Then the operator K, , defined by (5 1)
(i) is bounded from Lp,v to Ly, if and only zfAZ,ﬂ < 00 and moreover, 1K g1l = A g5
(i) is compact from Ly, to Ly if and only if A 5 < 00 and

lim A} ;(z) = lim A} ,(z) =0
z~1>t/fr a,ﬁ( ) z—b~ a,ﬂ( )
Proof The operator K ; acting from Ly, to Ly, is conjugate to the operator

u(s)WP(s)f (s)ds

049 [ i

acting from L gi-d 0 Ly iy, which is equivalent to the action of the operator T, g
from Ly, to Lp Ve Consequently, the operator K ; is bounded and compact from L,
to Ly, if and only if the operator T, g is, respectively, bounded and compact from L, ,,

to Ly,,. Moreover, [|Kj 41l = || Tw,pll- Since, by the conditions of Theorem 5.1 we have
1

rem 3.1 and Theorem 4.1. The proof is complete. d

< g < p' < oo, the statements (i) and (ii) in Theorem 5.1 follow directly from Theo-

Similarly, in view of Theorem 3.2 we have the following.

Theorem 5.2 Let0 <o <1,1< g <min{p, 17},

Junction on I. Then the operator K ; defined by (5.1) is bounded and compact from Ly, t

p>land B>0.Letubea non—increusing
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Lyw if and only if B;, 4 < 0o, where

@ E
B ﬁ_( / < / WD)y (x)dx) " ( / uq<s>Wqﬁ(s)w(s)ds)

p-q

< 11(s) WP () w(s) ds) "

Theorems 5.1 and 5.2 imply especially the following new information in the theory of

Hardy type inequalities.

Theorem 5.3 Let 0 <« <1, B > 0 and u be a non-increasing function on I. Then

b : b i
(/ (K(;“'ﬁf(x))qw(x) dx) < C(/ (f(x))pv(x) dx) (5.2)

holds if and only if
(a) A ﬁ<ooforthecasel<p<q_ = a
(b) aﬂ<ooforthecasel<q<m1n(p 1), p>1
Moreover, for the best constant C in (5. 2) it yields C ~ A}, 4 in case (a) and C ~ B g in

case (b).

Theorem 5.3 supplements the results of [18].

6 Applications

By applying our results in special cases we obtain both new and well-known results. Here
we just consider the Riemann-Liouville, Erdelyi-Kober, and Hadamard operators men-
tioned in our introduction. We use the weight functions p and @ and consider these op-

erators on the forms 70,, Ew and 7—~la defined by

T/ () = o)L (f) | @),
Eupf (%) := p(x)[ Eay (f)] (),
Hof (x) 1= p(@)[Ha ()] (),
where p and w are almost everywhere positive functions locally summable on 7 with de-

grees g and p/, respectively.

The action of the operator T, g from L, , to L,,,, is equivalent to the action of the operator

u(s) W’3 (s)wP (8)f(s)ds
- Wi(s)-

Tosf () = vi (x >/

from L, to L,. Therefore, in the case W(x) = x we have p(x) = v% (%), w(x) = u(x)x? and

Tf ) = plx) / “’(S)f
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1 op -l
If W(x) =%, 0 >0, then u(s) WA (s)w? (s) = u(s)s =y - u(s)s°7*°~1, where y = g — ‘;—;1.

Consequently, p(x) = v% (%), w(s) = u(s) and

Ef ) = p() / T ols)sT T (s)ds.

(xa _ S(T)l—a

1 1
Now, we assume that 2 > 0 and W (x) = In 7. Then u(s) WA (s)w? (s) = u(s)(In 5)‘3(9)?’ =

S

1
a? u(s)sl_l’ (In £)P 1. In this case p(x) = v (), w(s) = u(s)sl% (In £)# and

Fof) = p / w(s)f (s)ds

lxla'

Below we present statements for boundedness and compactness of the operators T,
Ea,y and H, from L, to L,. These statements are consequences of Theorems 3.1, 3.2, 4.1,
and 4.2.

We define

b L
1) .o a1\ g a)” g , L= L),
A, (2) ( /Z ( (%) ) x) ( / ) A, szlg)Aa(z)

B = (/ab(/;b|'0(x)x“|qu) (f o (5)d )pi’qq”wp,(z)dz)‘j;f

Corollary 6.1 Let 0 <a <1, B > 0 and w(s) = u(s)s”. Let u be a non-increasing function
onlI. Then:
(i) for é <p < q < oo the operator I, is bounded from Ly, to Ly ifand only if A, < 0o and,
moreover, ||I,|| ~ AL; it is compact from L, to L, if and only if AL, < 0o and
lim,_, 4+ AL (2) = lim, - AL (2) = 0;
(ii) forO<g<p<ooandp> é the opemtor?a is bounded (compact if b < 0o or b = 0o
and1 < q<p <o) from Ly to L, if and only if B, < cc.

Remark 6.2 Corollary 6.1 generalizes the results of Theorems 1 and 2, 5 and 6 in [5],
where the case 8 = 0 was considered. Even in this case the results of Corollary 6.1 are
different (and in a sense simpler to use) than those in [5], because in [5] the statements are
given in terms of two expressions while here we only need one condition.

We define

b %
Aiyy(z) = </ |p(x)xo(a—l)|qu) (/ |a)(S)S(W+U 1|P dS) )

2 2
A, =sup4,  (2),
zel

by pb
Bi,y = (/ (/ |p(x)xa(“_1)|qu>
= 71
(/ |a)(s)s"y+” 1|P ds) |a)(z)z””“’ 1|p dz) .

S

_p_
—q
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Corollary 6.3 Let 0 <a<1,0>0,8>0and y =8 - "a—;. Let w be a non-increasing
function on 1. Then:
(i) for % < p < q < o0 the operator ’Ea’y is bounded from L, to L, if and only z'fAi,y <00
and, moreover, ||T-7a,y I %Ai,y; it is compact from Ly, to L, if and only ifAfW <00 and
lim, .+ A7 (2) =lim, - A% (2) =0
(i) forO<g<p<ooandp> é the operator Ea,y is bounded (compact if b < oo or b = 00
and1 < q < p < 00)from Ly to L, if and only ifBi'y <00

To formulate statements corresponding to the operator H, we define

b a-1 % z 1%
Al(2):= (/ p(x) <ln f) qu) </ P (s) ds) , A3 :=supA(2),
z a a zel
b b o plg-1) r=q
([ ([ ]peo(m3)

-liq p%q z P4 i
dx) ( / wp’(s)ds> w"(z)dz) )

Corollary 6.4 Let a >0, 0<a <1, B >0 and w(s) = u(s)sP (In ¥ )’3 Let u be a non-

increasing function on I. Then:

(i) for % < p < g < 00 the operator Hy is bounded from L, to L, if and only if A3 < co
and, moreover, || Hy || = A3; it is compact from Ly, to Ly if and only if A < 0o and
lim,, .+ A3(2) = lim,_, ,- A3(2) = 0;

(i) forO<g<p<ooandp> é the operator Hy is bounded (compact if b< oo or b =00
and1 < q<p <o) from Ly to L, if and only if B, < cc.

Finally, we consider the operator I g(s) = p(s)[I}(gw)](s), s € 1, acting from L, to L,
where I} is the Weyl operator

/ gx)dx
(x—s)l-o
The action of the operator K ; from L, to L, is equivalent to the action of the operator

a
R )= wh i) [ %

from L, to L,. Therefore, when W(x) = x we have

P =ue)s!, o) = (),
Vd.
Tgts) = p()/ .
We define
* = Zq d a all’d>/’ AF o= * ,
Al (2) (/ﬂ p(s) s) (/Z lw@)x ! |” dax x Szl;?A"‘(z)

q(p-1) r=q

B ( / ( / (@) dx) ™ ( / ,oq(s)ds)iq,oq(z)dz>ﬁ.
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From Theorems 5.1 and 5.2 we have the following result.

Corollary 6.5 Let 0 <a <1, 8 > 0 and p(s) = u(s)s?. Let u be a non-increasing function
onl. Then:

(i) forl<p<gc< ﬁ the opemtorﬁlfxk is bounded from L, to L, if and only if A}, < 00
and, moreover, |[1,|| A A%; it is compact from Ly to Ly if and only if A}, < 00 and
lim,_, ,+ A% (z) = lim,_, - A%(z) = 0;

(ii) for1<gq < {min(p, ﬁ)} < oo and p >1 the opemtor?;" is bounded (compact) from L,

to Ly if and only if B}, < oo.

Remark 6.6 From the results in Corollary 6.1-6.4 follow some corresponding Hardy type
inequalities, which seem to be new even as they are special cases of our Theorems 3.3
and 5.3.
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