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delays often restrain stability. Using the method of linearizing this system, we see that
the zero equilibrium is unstable. Moreover, by constructing upper-lower solutions, we
find that there exist traveling wavefronts which connect the zero equilibrium and
positive equilibrium when the wave speed is large enough and the prey intrinsic
growth rate and the death rate of the predator are relatively big.
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1 Introduction
The work on dynamics of predator-prey systems is one of the dominant topics in math-
ematical ecology. Among the relationships between the species living in the same envi-
ronment, the predator-prey theory plays important role. The spatial content of the en-
vironment has often been ignored in traditional predator-prey systems. These systems
have been formulated and investigated to reveal the time evolution of uniform population
distributions in their habitats. However, the spatial distribution of the species is usually in-
homogeneous, and ecologists and mathematical ecologists employ the reaction-diffusion
predator-prey systems to model the interaction and the tendency of movement between
predator and prey which imply that the species diffuse to areas of smaller population con-
centration during the process of evolution, mainly due to resource limitation. In the past
two decades, reaction-diffusion predator-prey systems have been extensively discussed
[1-9], but what these models reveal is that the future state of the models is determined
only by the present, that is, it is independent of the past. For these systems, the predators
must take time to digest their food (preys) before further responses and activities take
place. Therefore, the models of species without delays are approximate at best. A realistic
model must incorporate the past history of the system, that is, it must include the delay.
Recently, some work has studied a delayed diffusive predator-prey system [10—13].

The theory of traveling fronts for the reaction-diffusion equations is one of the fastest
developing areas of modern mathematics and has already attracted much attention due
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to its significance in physics, chemistry, biology and epidemiology. The traveling wave
problem for reaction-diffusion systems has been studied by many authors [14—16] in the
past ten years. The food chain is a common phenomenon in population ecology. It is also
central to understanding of the community structure in ecology. We will explore a basic
example of a food chain, namely, a three species food chain in which a resource species
is preyed upon by an intermediate predator which in turn is preyed upon by a dominant
predator, and this model includes nonlocal delays.

Motivated by the above work, we mainly take into account the following food chain
reaction-diffusion predator-prey system with nonlocal delays:

0
ﬂ —diAuy = uy(n — avuy — biny),
at
8u2 t
T dy Aty = us | 7y — baty — asuus + az Ki(x,y,t —s)us(s,y)dsdy |,
QJ -0
8u3 t
— —d3Auz = uz| —a — b3uz + ay Ky(x,y,t — s)us(s,y) dsdy
ot oo (L1)
in (0,00) x £,

ad a ad
ﬂzﬂzﬁzo OI‘l(0,00)XaQ,
av av av

up@,x) =¢;(6,x) >0 (i=1,2,3)in [-00,0] x ,

where Q is bounded domain in RN (N > 1 is an integer) with a smooth boundary 3%;
represents the densities of the prey; u, is for the density of the prey, and the same for the
predator; us represents the densities of predator; the positive constants d, d, and d3 are
the diffusion coefficients of the corresponding species; the positive constants ry, rp, and «
represent the prey intrinsic growth rates and the death rate of predator, respectively. a; and
ay represent interaction rates, respectively; by, by, and b3 represent self-limitation rates,
respectively; the initial functions u;o (¢, %) (i = 1,2, 3) are Holder continuous on [-00, 0] x .

The terms fQ ffool(i(x,y,t — S)u;(s,y)dsdy (i = 1,2) represent a time delay because of
gestation, that is, predator contributes to the reproduction of predator biomass. In system
(1.1), we suppose that the kernels K;(x,7,¢) depend on both the temporal and the spatial
variables. The delays in these formulations are nonlocal delays. These formulations reveal
that the species drift to their present position (at time ¢) from all possible positions at all
previous times (see [17]). Here, we suppose this drift cannot be viewed as being sufficiently
small so as to be purely a local phenomenon.

In this article, we assume that

I<i(x,y, t) = Gi(x;y; t)kl(t): X,y € Q,kl(t) = 0,
/ Gilo,y, ) dx = / Gilry,f)dy=1, >0, 12)
Q Q

/ k()dt=1, tkt) e L'((0,00);R),i=1,2,
0

where G;(x,y, t) are nonnegative functions which are continuous in (x,y) € Q x Q for each
t € [0,00) and measurable in ¢ € [0, 00) for each pair (x,y) € Q x Q.
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In this article, by employing the method of eigenvalue and Lyapunov function, we in-
vestigate the stability of the unique positive constant solutions and find the sufficient con-
ditions of stability which indicate that nonlocal delays often make impact on the stability
of positive constant solution, but they do not impact that of a trivial solution. This result
generalizes partially the one proved in [18]. By constructing upper-lower solutions, we es-
tablish the existence of the traveling wavefronts when the wave speed is large enough. The
novelty of this article is that the system (1.1) incorporates two nonlocal delay terms with
which are difficult to deal.

This paper is organized into four sections. In Section 2, the stability of the positive con-
stant solution and the instability of trivial solution of system (1.1) are studied. In Section 3,
the existence of traveling waves is established by constructing the upper and lower solu-
tion. In the final section, we give a short comment and conclusion.

2 Stability of positive equilibrium
Itis easy to check that (0,0, 0) and (M, M, M3) are a pair of coupled lower-upper solutions
of system (1.1), where

7

ot = 5 1610
r + asM

M, = max b—z,zl;%)”@(e’ ')||C(§,R)}’ 2D
6l4M2 -

M3 = max T,Zlig“%(a ')||C(§,R)}'

Hence, there exists a unique global solution (i (¢, x), us (£, %), us(t, x)) satisfying 0 < uy <
M, 0 <uy < M,, 0 <uz < Ms; to system (1.1) (see [12]).
Note that (1.1) admits the following six equilibria: (0,0,0), (r1/51,0,0), (0,r2/b,,0),

bzrl—azrg u3r1+b1r2 r2b3+aa2 r2a4—o¢b2 * * *
(a1a3+b1b2 ? araz+biby’ 0), (0, azag+byb3’ azas+bybs ), and (kl ’kz’ k3)’ where

_ (nas —aai)as + (rnbs — roa1)bs

e _ (r2bs + aaz)by + nasbs
=

*

> ayashy + (ayaz + bybs)bs’

’

asasby + (aras + bib3)bs

k= (nay — aai)az + (r.as — abs)b
3=

asasby + (avas + bib3)bs

For the existence of a positive constant solution (k, k3, k3), it is necessary to assume that
rdg > oday, rbs > ryay, rody > abs.

Let 0 = 1 < 2 < --- — +00 denote the eigenvalues of —A in Q under a homogeneous
Neuman boundary condition and ¢ be the set of eigenfunctions corresponding to p.

Notation 2.1
(i) Xj:={Cg;:Ce R?}, where ¢;; are orthonormal basis of S(u;) for
j =L..., dlm[S(/’Ll)]

(ii) X :={(u,v,w) € CH(Q) x C'(Q): 2% = 2« = 3 = 0 on 9Q}, s0 that

dim([S(u;)]

X:é @ Xj.

=0 j=1
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Lemma 2.1 ([19, 20]) Let a and b be positive constants. Suppose that £,1 € C'[a, +00),
n >0, and & is bounded from below. If £'(t) < —bn(t) and n'(t) is bounded from above in
[a, +00), then limt;_, ,on(£) = 0.

The following theorem is the global stability result of the positive constant solution
(ki k3, k%) of (1.1). This result extends partially the one proved in [18].

Theorem 2.1 Suppose that bybs > 2asa4, biby > 2a1as3. Then the positive constant solution
(ki) k3, k%) is globally stable for the system (1.1).

Proof We use the approach developed by [18] to find the proof. Let (u(¢,x), us(¢, %),
us(t, %)) be positive solution of (1.1) and define the following Lyapunov function:

Vl(t)—2ﬁ1/< ui— k*lnk_> dx,

where B3 =1, B; and B, are positive constant to be determined. By calculating the deriva-

tive of V;(t) along positive solutions of system (1.1), we obtain

AVi() < du; (. K dus (. ki
= 1--)d =(1-2)4a
dt FZI'B/ ot u; x+/Q ot U3 *

Vu;
__Z,Bzdk*/| i dx +/,31 uy — ki) (r = aruy — by dx

/ ,62 Uy — (rz —byuy — arusz + ﬂg/ / Ki(x,y,t — s)ui(s,y) dsdy) dx

+ /Q(ug —k;‘) <—a — b3us +a4/Q/Ong(x,y,t—s)ug(s,y)dsdy> dx. (2.2)

By using the inequality ab < J1a* + 5-b?, we obtain

3

d‘;l(t) Zﬂ,dk*/ Vil ﬂlbI/(ul—k]) dx

1 1
+,316[1/ |:—)\1(M1—kik)2 + —(uz—k;)z] dx—ﬂzbzf(uz —k;)zdx
ol 2 2 o
1 2 1 )2 )\ 2
+ Baras —kz(uz—kz) + —(Mg —k3) dx — bs (u3 —ks) dx
Q 2 2)\2 Q
1 ¢ )2
+ E}L36l3,32/ // Kl(x,y,t—s)(ul(s,y)—kl) dsdydx
QJIQJ-0
1 t 2
+ —agﬂgf f/ Kl(x,y,t—s)(uz(t,y)—k;‘) dsdydx
23 ool
1 t 512
+ 5)»4114/ // Ky (%, 3, ¢ = 8) (ua(s,9) — k3) " dsdy dx

+2_)»4d4/// Ky(x,y,¢— s)(ug(ty) k*) dsdydx. (2.3)
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Employing the property of K;(x,y,t) (i =1,2) as described in (1.2), we obtain

dvi(t > 27
dlt( ) S—;ﬁidikj /Q | p L By — aas2) /Q (1 - kt)” dx
_(ﬁ2b2—ﬂlal/ml—A2ﬂ2a2/2—a3ﬁ2/2)\3)/(uz—k;‘)de
Q
— (bs — Paan/2Ag — ag/2xs) f (ug—ké‘)zdx
Q
1 oo
+ —)\.3113,32/ // I(l(x,y,r)(ul(t—r,y)—kf)2drdydx
2 eJaJo

1 [o¢]
+ —A4a4/ / / Ky(x,y, r)(ug(t -1y - k;‘)2 drdydx. (2.4)
2 aJa o
Define a new Lyapunov function
1 © rt 2
V(t) = Vi(t) + E)»sﬂgﬁz/ // / Ky, r)(m(Ly) - k)" dldr dy dx
QJQJO t-r

1 [e’e] t
+ —Mm/ // / Kz(x,y,r)(uz(l,y)—k;‘)zdldrdydx. (2.5)
2 elado Jir

Then, combining (2.4) and (2.5), we get

dVi(t) & . [ 1Vuil i
dlt < _;lgidiki /;2 ulz dx — ﬂl(bl —ar/2) A(Ml - k1 )2 dx

= (Baby — Bra1 /201 — Ay Bran/2 — dsﬁz/zks)/ (u2 - k;)z dx
Q

2

— (b3 — Paaa/2Xy —d4/2)»4)/ (u3 — k)" dx
Q

1 o0
+—)L3a3,82//./ Kl(x,y,r)(ul(t,y)—k1*)2drdydx
2 aJalo
1 o 2
+—A4a4//f Ky (x,y,r)(ua(t,y) — k3 ) dr dy dx. (2.6)
2 eJalto
Since
/// Ki(x,y,r)(u,»(t,y)—k;k)2drdydx
eJaJo
. f (wity) K22 dy (i=1,2),
Q

it follows from (2.6) that

dVi(t) > / Vi)
< — id,'k?< d
dt - ; IB ! Q Mlz *

— (Bi(b1 — a111/2) —)»36!3/32/2)/(“1 —kik)zdx
Q
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—(Baby — Pra1/201 — Ay farar/2 — asfBa/2A3 — Xaaa/2) / (u2— kik)z dx
Q
— (b3 - /32&2/2)\2 - d4/2)\.4)/ (ug - k;:)z dx. (2.7)
Q
Integrating (2.7) over [0, T] (T > 0), we obtain

2

3
D Bdik;

i=1

u )

[Vu;
i

+Bibilimn =Kl + bl =il o+ bl -k

2
Lo

1 2 1
< V(0) + 5(,31611?»1 + A3 foaz)| ur — ki “L(?Q . 5(,31611/?»1 + Aafaay + azBa/rs
T

2 1 2
+ haag) | uz — K ”L2 + = (Baaiz/ s + aslhg) | us — K HL2 . (2.8)
@p 2 ©@r)
Taking
2B1b ar +a
e 2Pl sy, PR
a P+ a3 2b3

it is derived from (2.8) that

3

Bidik o "
Z . 1Vuilliz, |+ Baballua =52
< V(0) + (@11 + asBa)? 4By + (asPy + aa)*14b3) |us - K ni%g . (2.9)
T

Using the conditions by b3 > 2asa4, biby > 2ayas, one can choose B, B, > 0 such that

1
B2ba > Z[(ﬂlﬂl +azB2)*/Biby + (axfa + as)’/b3),

because the inequalities 2b1b,81 8, > alBi + 2a1a3f1 By + a3Bs and 2byb3fy > a3p3 +
2aya4B; + a2 hold for certain B; and Bs.
Therefore, we obtain

[1veill,e <G Jua-kil, <G (2.10)

where C; is constant independent of T'. In a similar way, by taking

a+a b
Alzxgzu and Ay = Ay = Pab2

Baby a2f + as’
it is derived from (2.8) that
3
Bidik; 5 ) i
2 g Vel bl =kl +bolls =51z,

< V(0) + ((Brar + asPa)*12B2bs) | - K ||§(29 )
T

)

+ ((Boaz + as)*12Babs) | us — k3 ||i?Q - (2.11)
T
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Using the conditions by b3 > 2asa4, b1by > 2a;4a,, one can choose f£1, B, > 0 again such that

(a1p1 + azB)? (a2B + as)?
B1by > 2aby and b3 > by

Therefore, we see that
||M1 - kik Hi(zQT) <(C, and ||Lt3 - k; ||i(29T) < C,, (212)

where C, is constant independent of T'.
Choosing

a,+a b
)»1=)»3=ﬂ11 3,32+8’ Sy = g = Baby ,
Baby aBr +ay
where ¢ is sufficiently small positive constant. Using the conditions of Theorem 2.1 and
(2.7), one can easily verify that there exists a positive constant § (§ > 0) such that

av
< _5/ [0 = K5) + (w2 = K5)” + (s — &) ] d,
Q

av
E <0, (Ml,Mz,Mg)#(kf,k;,k;().

(2.13)

Using integration by parts, the Holder inequality, (2.1), and (2.10), one can easily check that
% Jo [ = k§)* + (uz — k3)* + (u3 — k)] dx is bounded from above. Then, using Lemma 2.1,
(2.10), and (2.13), we see that

o)kl =0
|ua(, ) = k3 | 1, =0 (2.14)
||u3(t, ) —k; ”L(QQ) — 0.

Obviously,

Jute0)] . = ol 2o (2.15)
It follows from (2.10), (2.12), (2.14), (2.15), and (2.1) that

ftt) -l 0,

e~k 0.

|us(t,) - k3 ”Lf?z) — 0.
Namely, (i1, u,u3) converges uniformly to (kf,k3,k3). Using the fact that V(u, us, us)

is decreasing for ¢, one can derive that (k{,k3,k3) is globally stable. This completes the
proof. O
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Theorem 2.2 The trivial equilibrium (0,0, 0) is unstable for the system (1.1).
Proof The linearized problem of (1.1) at (0,0,0) can be expressed by
w; = (DA + F,,(0,0,0))w,
where w = (151 (¢, x), uz (£, %), u3 (£, %)) T, and F = (u1(r — a1y — biuy), us(ry — byuy — asusz +

ay [o ' Ki(xy,t—s)ui(s,y) dsdy), us(~ — byuz +as [, [* Ko(x,y,t —8)uz(s,y) ds dy)). By
direct calculations, we obtain

dl 0 0 r 0 0
D=|0 d, 0|, FEu0,00=|0 r o0
0 0 ds 0 0 «

Consider the following eigenvalue problem:

¢ ¢
(DA+Fw)) [ ¢ [=%] ¢ ]
v v

where w, is constant solution of (1.1). Using the eigenfunction expansions (2.6) in [3] for
#, ¢ and ¥, A is an eigenvalue of DA + F,,(w,) if and only if X is an eigenvalue of the matrix
—uxD + Fy(0,0,0) for each k > 1. Therefore, to study the local stability at (0,0, 0), it is
necessary to investigate the characteristic equation

det():l + D — Fy(0,0, 0)) = (& + prdy — 1)k + prds — 1) + prdy + @) = 0.

If i = 1, then i = 0. Therefore, there exist two positive characteristic roots, which, in view
of Theorem 5.13 in [21], yields the desired result. O

3 The existence of traveling waves

In this section, we assume that Q C R!. Denote fi(u1,uy, u3) = uy(ry — aiuy — biuy),
Solur, up, u3) = ux(ry — bouy — azus + as [, f_too Ki(x,y,t — s)ui(s,y)dsdy), f3(u1, uz,u3) =
us(—a — bsus + ay [ ffoo Ko(x, 9, t — s)ua(s,y) dsdy). Let (ui(t,x), us(t, %), uz(t, %)) = (p(x +
ct), p(x + ct), ¥ (x + ct)) be a traveling wave solution of (1.1), where ¢, ¢, ¥ € C%(R, R?) and
¢ > 0 is a constant accounting for the wave speed, and denote the traveling wave coordinate
x + ct still by £. Then the system (1.1) can be rewritten in the form

d¢" (t) — c¢'(t) + for (D, 1, Y1) = O,
dr¢" (t) — cg' () + feo (e, 1, ¥e) = O, (3.1)
ds " (8) — ey’ (8) + fe3 (P 01, Y) = 0,

where f; (i = 1,2, 3) are defined by

S @0, ) =fi(05, 05 9C),  ¢(s) =les),  @(s) = p(cs),
¥e(s) = ¥(cs), se(-00,0],i=1,2,3.
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If (3.1) has a solution satisfying the following asymptotic boundary conditions:

Jim o) = ¢, Jim () =¢-, Jim y(6) =y,

lim ¢(¢) = ¢, Jim () = ¢, Jim (@) =y,

t—+00

then system (1.1) has a traveling wave solution (see [15, 16]). Without loss of generality, we
assume that (¢_, ¢_, ¥_) = (0,0,0) and (¢, ¢, ¥,) = (K, &5, k3).

According to basic theory of the existence of traveling wave solutions (see [15, 16]), we
mainly need to check that the system (1.1) satisfies partial quasi-monotonicity conditions,
that is, there exist three positive constants p;, pa, p3 > 0 such that

Si(e1, 01, 91) = fi( B2, 01, ¥2) + 01 [¢1(0) — $2(0)] = 0,

Si@1, 01, 91) — fildn, 2, 91) <0,

Fo(b1,01,¥1) = fo( @2, 02, Y1) + 02 91(0) — 92(0)] = 0, (3.2)

S2(é1, 01, 91) = fa(r1, 01, ¥2) <0,

Fb1 01 91) = (62,02, ¥2) + p3[¥1(0) = ¥2(0)] = 0,
with 0 < ¢ (s) < di(s) = My, 0 < ¢a(s) < @us) = Ma, 0 < Ya(s) < Y(s) < M3, and we also
need to check that a pair of continuous functions (¢, %, ¥) and (¢, ¢, ¥) is a pair of upper-
lower solution of system (3.1), that is,

&' (0) = @ () +fa B9, W) <O,

9" (1) - @' (t) + fo @1, @1y ¥ ) <0, (3.3)

A3y (8) = e () + fis(W B W) <O
and
di9"(t) - cd'(t) + fa(@, 01, ¥,) = 0,

drg"(t) = g/ () + fer@, 9, V) = 0, (3.4)
d3y" () = cy'(O) + fes (¥ 0,0 ¥ ) 2 0,
where (0,0,0) < (¢,¢,%) < ($,@, V) < (M1, Mz, M3), t € R.
Lemma 3.1 fa (s, 01, Vo), fer @1s 01 Vi), and fes(be, @1, Ye) of system (11) satisfy (3.2).
Proof Let ¢1(s), ¢2(s), ¢1(s), ¢2(s), ¥1(s), ¥2(s) satisfy 0 < ¢a(s) < ¢1(s) <My, 0 < ¢a(s) <

(,01(5) =< M2’ 0 =< Wz(s) < WI(S) < MS’ se (—OO, 0]~
For any ¢;, ¢;, ¥ € ((-00,0],R), i =1,2, we have

Ja (b, 016, Y1e) = fea (Do 12, Yrae)
= $1(0)(r1 — a1¢1(0) = b1$1(0)) — ¢2(0)(r1 — a1¢1(0) — b1h(0))
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> r1(¢1(0) — $2(0)) — a191(0)(1(0) — $2(0)) — 2b:M; (¢1(0) — $2(0))

> (—a1My — 2b,M;) (41(0) — ¢2(0)).
Let p1 = a1 My + 2b1M; > 0, then it is easy to see that

Ja(d1e 01 Y1) — far (Do 91 Wae) + p1(d1(0) — $2(0)) = 0,
Ja (@i, 016, V1e) = fea (Pur, 021, Y1)
= $1(0)(r1 — a1¢1(0) — b1¢h1(0)) — $1(0) (r1 — a192(0) — b11(0))

= —a1$1(0)(¢1(0) — 92(0)) < 0.
For foo(dr, @1, W), we have

Je2 (@10, o1, ¥10) = fea(B2e, P20, Y1)
= @1(0)(r2 = b21(0) — a2 91 (0) + as$1(0)) — ¢2(0)(r2 — b22(0)
- az91(0) + as(0))

> ry(@1(0) — ©2(0)) — 2, M5 (91(0) — 92(0)) — a2 M3 (¢1(0) — ¢2(0))

+az¢1(0)(¢1(0) — ¢2(0))

> (—ayMs — 2byM>)(91(0) — ¢2(0)).

Let py = apMs + 2b, M, > 0, then it is easy to see that

Sea (D1, 0165 ¥12) — fea (e 01, ¥r1e) + p2(1(0) — 92(0)) > 0,
S (b 016 Y1e) — fea (Pres 1o Yae)
= @1(0)(ra — b191(0) — @291 (0) + az1(0)) — @1(0)(r2 — b11 (0)
— a392(0) + az$1(0))
= —a2¢1(0)(¥1(0) — 12(0)).

For f.3(¢s, ¢, Yt), we have

Je3( @1, 015 V1e) — fea(Baes s Yae)
= ¥1(0)(—ar = b391(0) + a4 1 (0))
— ¥2(0)(~r = b312(0) + a492(0))
> —a(Y1(0) — ¥2(0)) — 2b3M3(11(0) — ¥2(0))
= (—a = 2b3M3)(¥1(0) — 1¥2(0)).

Let p3 = 2bsM3 + o > 0, then it is easy to see that

Se3(b1e, 010 ¥12) — fes(aes e, Wae) + p3(¥1(0) — ¥2(0)) > 0.

This completes the proof of Lemma 3.1.

Page 10 of 15
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We assume that ¢? > ¢2 £ max{4d;r, 4dy(ry + azM), 4ds(o + azMy)}, ¢, > 0. Using this
assumption, one can see that there exist ; > 0 (i = 1,2, 3) such that
diny —cm +1 =0,
dzf]% —Cly + 12+ 613M1 =0, (310)

dg?’]% —Cn3 +o + 6{4M2 =0.

by b3 k2

Assume that 1 > max{a;k;, a1k} and « > , then one can choose positive constants

&5 and &g such that

ai(e5 — k3) > bk}, a3 (g6 — k3) > bk, a > bs(e6 — k%),

(3.11)
nby > aya (g6 — k3), ry + by (5 — k3) > azky,
and
kik + 81)(7‘1 — 611(/(; - 85) - bl(kik + 81)) <0,
k;k + &) (1 — bz(k; + 82) - az(k; - 86) + (13M1) < 0,
—a —bs(ki + &3) +asMsy) <0
3 (K3 + €3) + asMy) 5.12)

—ay(k; + &) —bi(kf —€4)] >0,
7y — by (k;‘ — 85) as (k3 + 83)] >0,

~
[

—a—b3 (k’sk - 86)) >0,

for ¢; (i = 1,2, 3) being relatively big.

For the above constants and suitable constants % > 0 (i = 1,2,3,4,5,6) satisfying % <
min{#, £3}, £ > max{Zs, £}, we define the continuous functions ®(¢) = (¢ (£), @(2), ¥ (£)) and
D(2) = (@(), 9(2), ¥ (2)) as follows:

¢(t) _ { k*emt t< Zl: ?(t) = { kike'nt, £< 22,

k* + &€ nt’ t> 21, k; + 82€_nt, t> 22,

— k*e””, tfz, tfz)
vo=172" " T =1 St
ki +ese™™, t>ts, k—se'7 t>ty,
0, t<1ts, t <,
=1 . 2 ym=1 Lo
ki —ese™, t>ts, k—see , >t
where
- 1 -k
_ _1 g o Ly 2e—k)
ﬂlk M2 bz@
(3.13)
~ 611(85—/(;() 1 7'2+h2(85—k>2k)
t5 = max —lni*,—lni* .
m blkl n3 tlzkg
Lemma 3.2 Assume that r; > max{a,k;, a1k} and o > bzbzk;, then (¢, 9,V) is an upper

solution of system (3.1).
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Proof 1f t <15 < iy, then ¢(¢) = kje™’, and ¢(¢) = 0. Therefore, we have

i@’ (t) — ¢ (t) + @ (r1 — mp(t) - bip (D))
< (d17712 —cm +ry)kje™ = 0. (3.14)

If £ > %5 and t < #, then ¢(¢) = kje™" and ¢(¢) = kj — 5e™". Therefore, we obtain

i@’ (t) - ¢ (£) + () (11 — amg(t) - bid (D) = L(n), (3.15)

where (1) = ket [ay(ese™ — k) — bike™*], [(0) = kfe™[ay(e5 — k3 ) — brk;en!] < O when
t > t5. Therefore, there exists n; > 0 such that d@”(t) - c$(t) + () (1 - ap(t) - bio(t) <0
for all n € (0, ny).

If t > & > 5, then @(¢) = kf + e1¢7" and ¢(t) = k} — e5¢7"". Therefore, we have

dig (t) — cd (t) + o) (11 — arp(t) — b1d (1)) = L(n), (3.16)

where I,() = (die1n* +ce1n)e ™ + (k +e167") (11 — a1 (kK —e5e7™) — by (kf +e1¢7)). It follows
from (3.12) that [,(0) = (kf + &1)(r1 — a1 (ky — &5) — b1 (K} + €1)) < 0. Therefore, there exists
n% > 0 such that dig” (£) — c@'(£) + () (1 — arg(t) — bi1(2)) < 0 for all n € (0, 7).

If t <% < Iy, then @(t) = k3e™*, and ¥ (¢) = 0. It follows that

doyg"(t) — @' (t) + fea ($(2), B(2), ¥ (£))
< (dams — cma + 1) k3™ + k3e (—bykse™ + asMy)

< (danj —cmy + 13 + azMy ) kse™* = 0. (3.17)
If £ > 5 and ¢ < Iy, then @(t) = kje™! and Y =k;- gee . By calculating, we have

do@" (t) - @ (t) + fea (9 (2), 9 (2), ¥ (8)) < I3(), (3.18)

where I5(n) = kje™! (ay(ege™™ — k3) — bakse™"). Thus, I3(0) = kje™ (ay (g6 — k) — bokse™") <
0 when ¢ > #. Hence, there exists 13 > 0 such that dy@”(t) — cg'(¢) +f62($(t),¢(t),£(t)) <0
for all n € (0, n3).

If t > 1y, then @(¢) = k + £ and Y (t) = k5 — ege”". By calculating, we have

do@" (t) = <@ () + fia (D (2), 9 (2), ¥ (0)) < La(m), (3.19)

where I,(n) = (dagan® + cean)e™ + (K + e2e7M)(ry + asMy — by (K + e267™) —ay (ki — ese™™)).
It follows from (3.12) that 15(0) = (K} + £2)(ry + asMy — by (k; + &2) — as (ki — &6)) < 0. Hence,
there exists nj > 0 such that d,@" (t) — c@’'(¢) +f62($(t),¢(t),£(t)) <0 forall n €(0,n}).

If t <3, then ¥ (¢) = kje"’. By calculating, we have

dsy’ (t) - < () + fis (90, 5(0), ¥ (2))
< (dsn3 — cnz)kze™ + ki€ (—a — bskie™" + as,)

< (dgﬂg —cn3—a+ a4M2)k§‘e”3t =0. (3.20)
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If ¢ > 23, then ¥/ (¢) = k§ + e3e7"3". By calculating, we get
sy (8) — P (8) + fis (6 (0), 9(2), ¥ (1) < Is(n), (3.21)

where I5(1) = (d3e3n? + cesn)e™™ + (ki + e3¢ 1) (o — b3 (k3 + £2¢7") + agM). It follows from
(3.12) that I5(0) = (k3 + e3)(—or — b3(k3 + €3) + aaM>) < 0. Hence, there exists nZ > 0 such

that d3¥" (6) - ¢ () + fi3(@(), 9(2), Y (£)) < 0 for all n € (0, 7%).
Finally, for any n € (0, min{n{, n3,n3,n}, n:}), we see that (3.3) holds. This completes the
proof. d

babsky

Lemma 3.3 Assume that r; > max{a,k}, a1k} and o > =

, then (¢(1),0(2), ¥ (2)) is a

pair of lower solution of system (3.1).

Proof 1f t < t,, then ¢(t) = 0. We have d1¢"(t) — c¢’(¢) + ¢(£)(r1 — a19(t) — br1(2)) = 0.
If Z, < t <1, then ¢(¢) = kj — e4e™", @ = kje™*. We have
d1¢"(t) — ¢/ (t) + ¢(8) (r1 — m@(t) — b1(t))
= (=din — c)eane™ + (ki — e4e™") (r — arkze™" — by (ki — e4e7"))
2 Is(n). (3.22)
Using (3.13), we see that I5(0) = (k] — e4)(r1 — a;ke™! — by(kj — €4)) >0 when £y < £ < .
Therefore, there exists 1} such that di¢”(t) — c¢'(t) + ¢(£)(r1 — arp(t) - bi1g(t)) = 0 for
n € (0, ng).
If t > Iy, then ¢(t) = kf — e4e™, @ = kj + £2¢7"". We have
di(t) - g/ (8) + $(0) (1 - ar () — brp(0))
> (—din — c)eane™ + (ki — eae™) (r1 — ar (k3 + e2e7"") — by (k] — e4e7™"))
£ L(n). (3.23)
Using (3.12), we see that I7(0) = (ki — e4)(r —a1(k; + &2) — bi(k{ —€4)) > 0. Therefore, there
exists n; such that dy¢"(¢) — c¢'(t) + ¢(t)(r1 — a19(t) — b1§(¢)) > 0 for n € (0, n7).
If t <5, then ¢ = 0. Therefore we have dy” () — cg’ + fua ($(2), 0(2), ¥ (2)) = 0.
If s < t < f3, then () =k; - ese” M, Y = kiemt. We get
dog" () — c@' + for (D(2), 9(8), ¥ (2))
= (=dyn — c)esne™ + (k — e5e™") (ry — ba (K} — e5€7™) — arkie™)
£ I(n). (3.24)
Using (3.13), we see that I3(0) = (kj — &5)(ra — bo (K} — &5) — azkie™!) > 0 when ¢ > #5. Hence,
there exists ng such that dy¢” () - co'(t) +f62(9(t),£(t),w(t)) > 0 for all n € (0, n3).
If t > 73, then @(£) = kj — e5e™"*. We get
do@" (t) — @' + fur ($(2), (8), ¥/ (2))
> (—dzT] - C)S5T]€7nt + (k; - 8567'”) (I"2 - b2 (kik - 8567“) —a) (k;< + 8367“))

= I(n). (3.25)
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Using (3.12), we see that I5(0) = (kj — €5)(ry — ba(k; — €5) — ax (ki + €3)) > 0. Hence, there
exists ng such that dy¢" () — cg'(¢) +f52(9(t),g(t),W(t)) > 0 for all n € (0, 73).

If t <%, then Y = 0. Therefore, we have d3yr"(¢) — cyf' + fi3(¢(2), (2), ¥ (2)) = 0.

If £ > 6, then ¥ (¢) = k§ — e6e™"". Hence, we get

dsy"(8) = ¥’ + fus (9 (), 0 (2), ¥ (2))
> (~d3n — c)egne™™ + (ki — eee™™) (—a — b3 (k3 — e6e™™))
£ Lo(n). (3:26)

Using (3.12), we see that [19(0) = (ki — &6)(—a — b3 (k] —€6)) > 0. Hence, there exists 1}, such

that ds " (£) — e’ (2) + fe3(@(2), (), ¥ (£)) = 0 for all n € (0, njy).
Finally, for any n € (0, min{ng, n3,n3, 15, nj,}), we see that (3.4) holds. This completes the
proof. O

By using Lemmas 3.1-3.3, we have the following conclusion.

bybs

k*
2 *
o then, for any ¢ > ¢* > 0,

Theorem 3.1 Assume that r; > max{ak;,a1k{'} and o >
system (1.1) always has a traveling wave solution with speed c connecting the trivial steady
state (0,0) and the positive steady state (kf, k3, k3).

4 Results and discussion

In this article, we investigate a food chain reaction-diffusion predator-prey systems with
nonlocal delay in a bounded domain with no flux boundary condition incorporating delay
respecting gestation of the predators. By using the methods of the Lyapunov function, we
prove global stability of positive equilibrium of the system (1.1). If the nonlocal delay terms
are replaced by the general terms without delay, one can easily verify that the positive
constant solution of (1.1) is globally stable without any condition when a positive constant
equilibrium exists.

The above result shows that if the intra-specific competitions of the predators and preys
dominate their inter-specific interaction, then the unique positive equilibrium is globally
stable if it exists, which implies that predators and preys are permanent from biologic view.
If the nonlocal delay terms are replaced by a general term without delay, without any con-
dition the positive equilibrium is globally stable when it exists. This implies that nonlocal
delays often impact the global stability of a positive constant solution. By using the method
of the upper-lower solutions, we also see that there exists a traveling wavefront connecting
the zero solution to the positive equilibrium of the system when the wave speed is large
enough and the prey intrinsic growth rate and the death rate of predator are relatively big.

In modern mathematics, the theory and methods of traveling waves solutions develop
quickly and they have attracted much attention due to their significance in the real word.
We would like to extend this theory and these methods to the integral equation, and we
refer to [22-26], but this question is still an open problem.
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