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1 Introduction

It is well known that the error function

_2 [Tyl Ly D
erf(x)—ﬁ/oe dt_ﬁzn!(n+%)x

n=0

2n+1

has numerous applications in probability, statistics, and partial differential equations the-
ory. Recently, the bounds for the error function have attracted the attention of many re-
searchers. In particular, many remarkable inequalities for the error function can be found
in the literature [1-13].

Pélya [14] proved that the inequality

erf(x) < V1 — e/

holds for all x > 0.
In [15], Chu proved that the double inequality

V1-e?? <erf(x) < V1- e 1.1)

holds for all x > 0 if and only if p € (0,1] and g € [4/7, 00).
Alzer [16] presented the double inequality

(1- e"ﬂ(p)xp)l/p < 1 ) /x e dt < (1- e_“(p)xp)l/p
0

ra+i
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for x > 0 and p > 0 with p #1, where I'(x) = fooo t*Le7t dt is the classical gamma function,
and «(p) and B(p) are, respectively, given by

1
a(p)=m >1), ap)=1 (0<p<l),
and
ﬁ(p):71"1’(1+}7) (0<p<1), Bp)=1 (p>1).

Let n> 2, and «,, B4, o, B); be, respectively, defined by

0, =0.90686..., a,=1 (®>3), Pu=n-1,

ar=n+l (n=2k), af=n-1 (n=2k-1), Bi=1

n n

In [17, 18], Alzer proved that the double inequalities

An erf(i xi> < i erf(x;) — ﬁ erf(x;) < un erf(i x,') , (1.2)
i=1 i=1 i=1 i=1

A erf(y + erf(x)) < erf(x + erf(y)) < erf(y + erf(x)),

A*erf(yerf(x)) < erf(xerf(y)) < u*erf(yerf(x)),

hold for all x; > 0 and y > x > 0 if and only if A, < )y, 1ty > By, A <erf(l) = 0.8427...,
u>2/ym=11283..., A* <0 and u* > 1, and inequality (1.2) holds for all x; < 0 if and
onlyif A, > o and p,, < B;;.

Recently, Neuman [19] proved that the double inequality

2

2% _a2 2x e +2
—e 3 fl — 1.3
\/ﬁe?’fer(x)iw7 3 (1.3)

holds for all x > 0.
Let x € (0,00), p € (7/5,00), A(p), 1(p), and B,(x) be, respectively, defined by
16(5p - 7) 4(5p-7)

AMp) = , =—, 1.4

2 (15p% — 40p + 28)(45p% — 60p — 4) ) 5(3p —4) 14
By(x) = /1= A(p)e#? — [1- A(p) e, (15)

The main purpose of this paper is to present the best possible parameters p and ¢ on
the interval (7/5, co) such that the double inequality

B, (x) < erf(x) < By(x)

holds for all x > 0.
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2 Lemmas

In order to prove our main results, we need to introduce an auxiliary function at first.
Let —oo <a < b < oo, f and g be differentiable on (a,b), and g’ # 0 on (a, b). Then the

function Hy,, [20, 21] is defined by

!

Hpy = {g;g —f. (2.1)

It is not difficult to verify that the auxiliary function Hy, has the following properties:

£y

ifg #0 on (a,b), and

(Y 2.3
o= (%) e 23)

if both f and g are twice differentiable on (a, b).

Lemma 2.1 ([20], Theorem 8) Let —00 < a < b < oo, f and g be differentiable on (a,b)
with f(a*) = ga®) = 0, g'(x) # 0 and g'(x)Hy4(b™) < (>) 0 for all x € (a,b). If there exists
Ao € (a,b) such that f'1g’ is strictly increasing (decreasing) on (a, ho) and strictly decreas-
ing (increasing) on (Lo, b), then there exists o € (a,b) such that f|g is strictly increasing

(decreasing) on (a, jvo) and strictly decreasing (increasing) on (i, b).

Lemma 2.2 Let p € (7/5,00), p§ = (50 + 24/30)/35 =1.74155 ..., A(p) and w(p) be defined
by (1.4), and u, be defined by

u, =(5p—-6)5p—8)n-— (15172 —40p + 28). (2.4)

Then the following statements are true:
Q) p>up), 0<r(p) < (8++/14)/16 = 0.73385... and 0 < u(p) < 4/3 for p € (7/5,00),
0<u(p) <1forpe(7/58/5] and1< u(p) <4/3 for p € (8/5,0);
(2) u,<0foralin=>2ifpe(7/5,8/5];
(3) up>0andu, >0 foralln>3ifp e [p*,00);
(4) there exists ng > 2 such that . > 0, u, <0 for 2 <n < ny and u, > 0 for

n=>ng+2andu, >0 forn>ng if p € (8/5,p).

Proof For part (1), from (1.4) we clearly see that

p > 1(p),

A(%) = A(00) =0, A(M +é*/ﬂ> _8 +1;/ﬁ = 0.73385..., (2.5)
M<§) =0, u(oo) = ; M(;) =1, (2.6)
(o) = 80(3p —4)?

T 9(15p2 — 40p + 28)2(45p2 — 60p — 4)?
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X(p_l4—2¢ﬁ)<p_14+2m> @7
15 15 ’ ’

) 4

M(P)=w>0 (2.8)

for p>7/5.

Equation (2.7) implies that A(p) is strictly increasing on (7/5, (14 + 2+/14)/15] and strictly
decreasing on [(14 + 2+/14)/15, 00). Therefore, 0 < A(p) < (8 + +/14)/16 for p € (7/5,00) as
follows from (2.5) and the piecewise monotonicity of A(p) on the interval (7/5, 00), and the
remaining desired results for u(p) follow easily from (2.6) and (2.8).

For parts (2) and (3), let x > 2, p;(x) and p,(x) be defined by

35x — 20 — +/54/5x2 + 4x — 4 ) - 35x — 20 + /5542 + 4x — 4

)= 5(5%— 3) P 5(5% - 3)
Then simple computations lead to
50 - 24/30 6
p@)= = =11558...,  pi(o)= (2.9)
85 +4/265 8
p2(2) = p§, p203) = 0 =1.68798..., p2(00) = = (2.10)
uy =551 =3)[p - p1()][p - p2(m)], (211)
25x — 14 — A/54/5x% + 4x — 4
%) = =2 V55 + 4 >0, (2.12)
V/5(5% — 3)24/5x2 + 4x — 4
25x — 14 54/5x% + 4x — 4
pyx) = -2 +V5VEE HAx -4 (2.13)
V5(65x — 3)2/5x2% + 4x — 4
for x > 2.
It follows from (2.9)-(2.13) that
. 50 — 24/30
s = 35[p - pj) [p - T] (2.14)
50 —24/30 6 8 N
3 <pin)< = = <p2(n) < p; (2.15)
for n > 2 and
8 85 +4/265
- <— 2.16
z <p2(n) < 0 (2.16)
forn>3

Therefore, parts (2) and (3) follow easily from (2.11) and (2.14)-(2.16).
For part (4), if p € (8/5,p}), then from (2.4) and (2.14) we clearly see that the sequence
{14}, is strictly increasing and

Uy <0, Uoo = 00. (2.17)

Therefore, part (4) follows from (2.17) and the monotonicity of the sequence {u,}52,. O
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Lemma 2.3 Letx € (0,00), p € (7/5,00), A(p), u(p) and B,(x) be defined by (1.4) and (1.5),
and C,(x) and o(p) be defined by

prp)e?” + u(p)(1 - A(p))e O

Cp(x) = SR E)
and
- 4 _ [45p% - 60p -4
- \/”[Pk(p) + )1 -1(@)] \/ B7pGp—7) (2.18)

Then the following statements are true:
(1) the function p — B,(x) is strictly increasing on (7/5,00);
(2) the function p — Cy(x) is strictly decreasing on (7/5,00);
(3) the function p — a(p)B,(x) is strictly decreasing on (7/5,00).

Proof For part (1), it suffices to show that SBZ(x)/Bp >0 for x € (0,00) and p € (7/5,0).
Let £ = (p — u(p))x? and

Fi(t) = ~(p - n@)X' () + Ap)t + (p ~ 1) X (P)e" + 1/ () (1 - A(p))te". (2.19)

Then it follows from (1.4), (1.5), (2.19), and Lemma 2.2(1) that

OB2(x) e

ap = mf‘l(t), (2.20)
p—-up)>0, t>0, (2.21)
Fi(0)=0, (2.22)

F[(t) = 1(p) + (p - u@) X () + 11/ (p)(1 = 1(p)) " + 1/ (p) (1 - 1(p)) e,
12(15p2 — 40p + 28)

F/(0) = 0, 2.23
1(0) (45p% — 60p — 4)2 > ( )
40(3p-2)3p -4 20p(3p — 4
El(p) = 208P=D0Bp=1) | pGp 1) te > 0 (2.24)
(45p* — 60p — 4)? (15p% — 40p + 28)(45p% — 60p — 4)
for p € (7/5,00) and t > 0.
From (2.22)-(2.24) we clearly see that
Fi()>0 (2.25)

for p € (7/5,00) and ¢ > 0.

Therefore, part (1) follows from (2.20), (2.21), and (2.25).

For part (2), it is enough to prove that dC,(x)/dp < 0 for x € (0,00) and p € (7/5,00). Let
t=(p - u(p)x* and

15p% — 40p + 28
p—up)

15p% — 40p + 28

== = 1p)

t—10(3p —4) +[ t+10(3p—4):|et.
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Then elaborated computations lead to

e 5(3p — 4)%e 0
+ ,
15p%2 —40p +28  15p% —40p + 28
_ 1 4x> N 40(3p —4) 2
ap 3| 15p% —40p +28 (15p* —40p + 28)?

N i 452 N 40(3p - 4) )
3| 15p2-40p+28 (15p2 —40p + 28)2

Gl = %[

9C,(x) 1

4e P
- b(t),
3(15p2% — 40p + 28)2 2(t)

(2.26)

Fy(t) = -5(3p—4)t—103p — 4) + [-5(3p — 4)t + 10(3p — 4) ¢’
=-5@p - 4)[(t+2) + (t - 2)¢']

=-5(3p-4) ) ("n;,z)t" <0 (2.27)
n=2 :

for p € (7/5,00) and £ > 0.
Therefore, part (2) follows from (2.21), (2.26), and (2.27).
For part (3), let G,(x) be defined by

T o 1= A(p)e?” — (1 A(p))e HP
) = DB = T A2 (2:28)

Then elaborated computations lead to

0G,(x) _ 2x[pr(p)e?™ + n(p)(1 - 2(p))e 7]

O pi(p) + np)(1-1(p) = 2xCp(x). (2.29)
It follows from Lemma 2.3(2) and (2.29) that
i(@) _9 (aGpm) 0 0G0 )
ax\ op ) op\ ox ) T op .

for x >0 and p € (7/5, 00).
Inequality (2.30) implies that the function x — 9G,(x)/0p is strictly decreasing on (0, 00)
and

G, (%) . 3G, (x)

ap 3p x=0
_ [_1 =~ Mp)e ™ — (1= 2p)e P d(pi(p) + n(p)(1 - x<p)>>]
(P2(p) + ()1 = A(p)))? dp s<0

" [—Nwe-mz + 1) + 2 (p)e P 1 1 (p)(1L - A(p))e P ]
Pi(p) + u(p)(L - 2(p)) £c0
=0 (2.31)

for x >0 and p € (7/5, 00).
Therefore, part (3) follows from (2.28) and (2.31). O
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Lemma 2.4 Let p € (7/5,00), x € (0,00), M(p), 1(p), B,(x) and Hy4(x) be, respectively, de-
fined by (1.4), (1.5) and (2.1), and fi(x), g1(x), f2(x) and g,(x) be, respectively, defined by

fi@) =B®) =1-ap)e? - (1-1p)e P, ) =erf(), (2.32)

fx) = [p)u(p)e(l_p)x2 + 1(p) (1 _ A(p))e(l—u@))xz]x, &(x) = % erf(x). (2.33)

Then
Hyyy(00) = lim (ﬁ(’“)gz(x) —fz(x)) _foo pEGED (2.34)
2,82 x—>00\ g (%) —00, pe€ (%, 0),
Hia0) = lim (5800 -fiw) - 1% 2 G5 (2.35)
1.81 X—>00 g{(x) -1, pe (%,OO)
Proof Let t = (p — u(p))x* and
m(t) = pr(p)(p - @) - 201 () - 1t
+u@)(p - n@)1-1p)e - 2u@) (1) - 1) (1 - Ap))te". (2.36)
Then (2.1) and (2.33) lead to
) =~ (prp)er T + () (1 - 1)), (2:37)
p - iup)
S _ T et
4w 1p-up)”
Hpy g (%) = gé(x)gZ(x) Jalx)
= % erf(x)elﬁfﬂ)thl(t)
Vt 1p Loulp)
— A 1) 1-X 1)), 2.38
m(ﬁ (ple +u(@)(1-A(p))e ) (2.38)
If p € (8/5,00), then Lemma 2.2(1), (2.36), and (2.37) lead to
p > up), 0<Alp) <1, 1<ulp) < g, (2.39)
fa(o0) =0, (2.40)
h
Jim ;:f) = —2u(p) (1(p) - 1) (1 - A(p)) <O,
lim e;%thl(t) = lim te% tt]il‘?o htle(f) = —00. (2.41)

Therefore, Hy, 4, (00) = —00 for p € (8/5, 00) follows from (2.38), (2.39), and (2.41).
If p € (7/5,8/5], then it follows from Lemma 2.2(1) and (2.36) together with (2.37) that

p>up), 0<Ap) <1, 0<up) <1, (2.42)



Yang and Chu Journal of Inequalities and Applications (2016) 2016:311 Page 8 of 17

Salx) i pr(ple + u(p)1 - Ap)) _

lim —— im (2.43)
t—00 tell’ ,f(f;) t—00 (v - ulp))t
fim —/1®)
t—00 tell’ Z(&
A (-1
_ t]i [MW Mk —2pM(p)(p - 1)6,‘!,@%}
—00

Him[u(p A - A@)p - 1)

: T 4 )1~ 1) (1 - )|

t—>00

= 00. (2.44)

Therefore,

1-u(p, |:\/—61’ V'(P hl(t) ﬁ(x) :| —

Hp, 4, (00) = hm tepr- W) ) erf(x) -
2p - nlp ter-n)’  tepnp)’

for p € (7/5,8/5] as follows from (2.38) and (2.42)-(2.44).
Similarly, from (2.1) and (2.32) we have

Hia ) = e[ 0)e P + )1 - 1(0)) 0]
—[1= 2@ = (1-rp))e ], (2.45)
If p € (7/5,8/5], then Lemma 2.2(1) gives
0<Alp) <1, 0<ulp) <l. (2.46)

Therefore, Hy, ¢, (00) = 0o for p € (7/5,8/5] as follows from (2.45) and (2.46).
If p € (8/5,00), then Lemma 2.2(1) leads to

4
0<Ap) <1, 1<ulp) < 3 (2.47)
Therefore, Hy, o, (00) = -1 for p € (8/5,00) as follows from (2.45) and (2.47). O

Lemma 2.5 Let p € (7/5,00), p§ = (50 + 24/30)/35 = 1.74155 ..., x € (0,00), A(p), n(p),
B, (x), Hy (%), f1(x), &1(%), fo(x) and g,(x) be, respectively, defined by (1.4), (1.5), (2.1), (2.32)
and (2.33). Then the following statements are true:
1) iffi(x)/g(x) is strictly increasing on (0, 00), then p € (7/5,8/5];
) iffi(x)/gi(x) is strictly decreasing on (0,00), then p € [p§, 00).

Proof (1) It follows from (2.1) and (2.32) that

N ag® i
e (Jgﬁl(fc)) - lim &7 e @)= 7 Jim Hia ) 248

If fi(x)/g1 (%) is strictly increasing on (0, 00), then (2.4.8) leads to

xlirrgo Hfq(x) >0 (2.49)



Yang and Chu Journal of Inequalities and Applications (2016) 2016:311 Page 9 of 17

and we assert that p € (7/5,8/5]. Otherwise, p > 8/5 and (2.35) lead to the conclusion
Hp, 4,(00) = —1, which contradicts with (2.49).

(2) Let t = (p — n(p))x?, u, and hy(t) be, respectively, defined by (2.4) and (2.36), and
hy(t) and v, be, respectively, defined by

ha(t) = 20 (p) (1= 2(p) (1(p) - 1) (1(p) - 2)te" — u(p) (1 - A(p)) (31e(p) - 4)
x (P~ n@))e' +2pr(p)p - 1(p - 2)t

-pMp)Bp-4)(p - 1), (2.50)
Vy = —%un. (2.51)

Then from (2.1)-(2.3), (2.32), (2.33), (2.36), and (2.50) we have

(fZ/(x)> il d [epzu(zf hl(t)] dt

() 4(p - u(p)) dt dx
- 2(p_—z(m)emth2(t), (2.52)
ha(t) = 2(p) (1 = 1(p) (11(p) = 1) (1) - 2) Z (n t_nl)l
n=1 :
- 1) (1= 20)) Br1(p) - 4) (o~ 1) Y

+2pA(p)(p - 1)(p - 2)t — pA(p)Bp — 4) (p — 11(p))
=—(p-1®)[(p- n@)(Bp +3up) - 4)r(p) + np)(Bulp) - 4)]
+(p - 1) (20" +51° (p) + 2pu(p) — 6p — 101u(p) + 4) A (p)

Vut"

+ 14(p) (4p — 3pu(p) + 51 () — 10 (p) +4) + Z
n=2

ad v,,t”
Z o (2.53)
(1) - S -
) flx §w)
M(x)-(gll(x))gl(x)—(;z( )) @) =5 S he®aw,
Hj (%) = (fz ((23) ) = 5o T s e (),
gw) 4 e =z &)

G0 Vrare " gt o)

v E-nE)

2 4x
&%) = NG erfl) ~ —,  ha(t) ~ S (x> 07),

(5) ~sthate (e
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H}l &1 (%) ~ Hp g, (%),
Hjy (0 ~ (p— 1)) vox®  (x— 0%).

Note that Hy, ,, (0%) = Hy, 5,(0%) = 0. Making use of the L'Hospital rule we get

lim x°° (fl(x) )
x—0* gl(x)
:z lim le lim ]_Ifz,gz—(x)(x)
2 x—>0* xg 16 x—0* x7
ENLET Hf/z:gz(x)(x) _n(p-pp)
= —— 1m = vy
112 x—o* x6 112
- 1-A
LT (10 g, g -

If p € (7/5,00) and fi(x)/gi(x) is strictly decreasing on (0,00), then it follows from
Lemma 2.2(1) and (2.54) that

35p? —100p + 68 > 0,
which leads to p > (50 + 2+/30)/35 = p§. O
3 Main results

Theorem 3.1 Let p € (7/5,00), x > 0, p§ = (50 + 2+/30)/35, A(p), u(p), B,(x) and a(p) be,
respectively, defined by (1.4), (1.5), and (2.18), x¢ be the unique solution of the equation

HEOR
dx \erf2(x) )

on the interval (0,00) and B(p) = erf(xo)/B,(xo). Then the following statements are true:

(1) the function x — Q,(x) = erf(x)/B,(x) is strictly decreasing on (0, 00) if and only if
p € (7/5,8/5], and the double inequality

. erf(x)
By(x)

<a(p) (3.1)

holds for all x > O with the best possible parameters 1 and a(p) if p € (7/5,8/5];
(2) the function x — Q,(x) = erf(x)/B,(x) is strictly increasing on (0, 00) if and only if
p € [p§, 00), and the double inequality

erf(x)

a(p) < B,(x) <

(3.2)

holds for all x > 0 with the best possible parameters 1 and a(p) if p € [p}, 00);
(3) if p € (8/5,p5), then Q,(x) is strictly decreasing on (0,x0] and strictly increasing on
[x0,00), and the double inequality

- erf(x)

PO =S

< max{l, a(p)} (3.3)

forallx > 0.
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Proof Lett = (p— u(p)x® fi(x), @1(x), fo(x), g2(%), ty, Vi, and h(2) be defined by (2.32) and
(2.33), (2.4), (2.51), and (2.53). Then

o, Silx)
Q,"(x) @’
£(01)=@(07)=0, g >0, (3.4)
£(0%)=&(01) =0,  g®)>0, (3.5)

fi®) _ AE)
g oK)

(3.6)

(1) If Qpy(x) = erf(x)/B,(x) is strictly decreasing on (0, 00), then f;(x)/gi(x) is strictly in-
creasing on (0,00) and p € (7/5,8/5] by Lemma 2.5(1).

If p € (7/5,8/5], then it follows from Lemma 2.2(1) and (2) together with (2.51)-(2.53)
that the function f;(x)/gj(x) is strictly increasing on (0,00). Then from the monotone
form of L'Hépital’s rule [22], Theorem 1.25, and (3.5) together with (3.6) we know that the
function f{(x)/g; (%) is strictly increasing on (0, 00). Therefore, Q,(x) is strictly decreas-
ing or fi(x)/g1(x) is strictly increasing on (0,00) as follows from the monotone form of
L'Hépital’s rule [22], Theorem 1.25, and (3.4) together with the monotonicity of the func-
tion f; (x)/g; (x) on the interval (0, c0).

Note that

im A®) _ 7

z lim 2
x—>0* gl(x) 4

- 012—([)), X—>00 gl(x)

[pA(p) + n(p)(1 - A(p))]

L (3.7)

Therefore, the double inequality (3.1) holds for all x > 0 and p € (7/5,8/5] with the best
possible parameters 1 and «(p) as follows from (3.7) and the monotonicity of f;(x)/g1 (x)
on the interval (0, 00).

(2) If Qu(x) = erf(x)/B,(x) is strictly increasing on (0, 00), then fi(x)/gi(x) is strictly de-
creasing on (0, 00) and p € [pf, 00) by Lemma 2.5(2).

If p € [p§, 00), then it follows from Lemma 2.2(1) and (3) together with (2.51)-(2.53) that
the function f; (x)/g; (%) is strictly decreasing on (0, 00). Therefore, Q,(x) is strictly increas-
ing or fi(x)/gi(x) is strictly decreasing on (0, 00) as follows from the monotone form of
L'Hopital’s rule and (3.4)-(3.6) together with the monotonicity of the function f;(x)/g5(x)
on the interval (0, 00), and the double inequality (3.2) holds for all x > 0 and p € [p}, 00)
with the best possible parameters 1 and «(p) as follows from (3.7) and the monotonicity
of fi(x)/g1(x) on the interval (0, 00).

(3) If p € (8/5, pfy), then it follows from [23], Lemma 6.4, or [24], Lemma 7, Lemma 2.2(1)
and (4), (2.34), (2.35), and (2.51)-(2.53) that there exists x; € (0, 00) such that f; (x)/g, (x) is
strictly increasing on (0,x;) and strictly decreasing on (x;, 00), and

Hj g1 (00) = -1, (3.8)
Hp, ¢, (00) = —00. (3.9)
From Lemma 2.1, (3.5), (3.6), (3.9) and the piecewise monotonicity of f; (x)/gj(x) on the

interval (0, 00) we known that there exists x; € (0,00) such that f](x)/g{ (x) is strictly in-
creasing on (0,x;) and strictly decreasing on (x3,00). Then (3.4), (3.8) and Lemma 2.1
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lead to the conclusion that there exists xy € (0,00) such that the function f;(x)/gi(x) =
BZ(x)/ erf?(x) is strictly increasing on (0,,) and strictly decreasing on (xo, 00). We clearly

see that xy is the unique solution of the equation

d <Bf,(x) ) o

dx\erf(x) )
on the interval (0, 00). Therefore, Q,(x) = erf(x)/B,(x) = (fi(x)/g1(x))/* is strictly decreas-
ing on (0,%0] and strictly increasing on [x¢, 00), and inequality (3.3) holds for all x > 0 as

follows easily from (3.7). O

Let p € (7/5,00) and a(p) = \/(45p2 - 60p—4)/[3pr(5p—7)] =1, then p = pg = (21w —
60 + /314772 — 9207 + 144.0)/[30(7 —3)] = 1.71318..... € (7/5, p};). Numerical computa-
tions show that x =1.68913... is the unique solution of the equation

d (B, ®)\
dx <erf2(x)) =0 (310)

on the interval (0,00), B(po) = erf(xo)/By,(x0) = 0.9998.... Therefore, Theorem 3.1(3)
leads to Corollary 3.1 immediately.

Corollary 3.1 Let py = (2177 — 60 + /314772 — 9207 +1440)/[30(7r - 3)], B, (x) be de-
fined by (1.5) and xy = 1.68913... be the unique solution of equation (3.10) on the interval
(0,00). Then the double inequality

erf(xg) - erf(x)

0.9998 < <
Bpo (.?C()) Bpo (x)

<1 (3.11)

holds for all x > 0.

Theorem 3.2 Let py = (21 — 60 + v/3+/14772 — 9207 + 1440)/[30(xr — 3)], p € (7/5,00),
x>0, A(p), u(p) and B,(x) be, respectively, defined by (1.4) and (1.5). Then the inequality

erf(x) > B,(x) (3.12)

holds for all x > 0 if and only if p € (7/5,8/5], and inequality (3.12) is reversed if and only
if p € [po, 00).

Proof Making use of the L'Hospital rule and Lemma 2.2(1) we have

erf2(x) — B2 (%)

am e
2 erf (L@)-Dx* s
= lim [_ \/;M((QZ) : x pu((lf)) a1 A(p)]’ (313)
8 + V14
po>ul),  O0<ip) < +1g/— -0.73385..., (3.14)

0<ulp) <1 (7/5<p<8/5), (3.15)
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1<up) < % (8/5 < p < ). (3.16)

It follows from (3.13)-(3.16) that

2
. erf®(x) — B2 (x) _J1-2@)>0, pe (£,8], 3.17)
xoo g hpl? —o0, pe$,00).
If inequality (3.12) holds for all x > 0, then
f2(x) — B2
M >0, (3.18)

x—00 e~ Hp)x?

and p € (7/5,8/5] as follows easily from (3.17) and (3.18).

If p € (7/5,8/5], then inequality (3.12) holds for all x > 0 as follows directly from Theo-
rem 3.1(1).

If erf(x) < B, (x) for all x > 0, then p > p; as follows easily from

rf 45p? — 60p — 4
fim ST®) _ )= [P 604
0" By(x) 3rp(5p-7)

If p € [po, 00), then we divide the proof into two cases.
Case 1. p € [p§, 00). Then erf(x) < B,(x) for all x > 0 as follows from Theorem 3.1(2).
Case 2. p € [po, pj). Then

45p% — 60p — 4
= [ 3.19
a(p) 37pGp—7) <a(po) = (3.19)
and erf(x) < B,(x) for all x > 0 as follows from Theorem 3.1(3) and (3.19). O

Remark 3.1 Let p§ = (50 + 24/30)/35, and f,(x) and g, (x) be defined by (2.33). Then from
(3.6) and the proof of Theorem 3.1 we know that the function f;(x)/g, (x) is strictly increas-
ing on (0, 00) if p € (7/5,8/5] and strictly decreasing on (0,00) if p € [pf, 00). Therefore,
we have

10 R 1CO R 1C)

[pk(p)+u(p)(1 Ap)] = ngz(x) o <A

for all x € (0, 00) and p € (7/5,8/5], and

LW AW Sax)
lim
xinolog2( ) @) R Sx )

0= [k(zﬂ) n(p)(1-1(p)]

for all x € (0,00) and p € [p§, 00).
Remark 3.1 can be restated as Theorem 3.3.
Theorem 3.3 Let pj; = (50 + 2+/30)/35 and C,(x) be defined by Lemma 2.3. Then the in-

equality

erf(x) < —— C (%) (3.20)

\/_
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holds for all x > 0 if p € (7/5,8/5], and inequality (3.20) is reversed for all x >0 if p €
(pg, 00)-

Remark 3.2 Let pg = (217 — 60 + +/3+/14772 — 9207 + 1440)/[30(7r - 3)], p.q € (7/5,0),
x>0, AM(p), u(p) and B, (x) be, respectively, defined by (1.4) and (1.5). Then it follows from
Lemma 2.3(1) and Theorem 3.2 that the double inequality

L= M) — [1-a(p)]entow

= B, (x) < erf(x) < By(x) = \/1 — Ag)e® — [1- )»(q)]e‘ﬂ(‘f)"2

holds for all x > 0 with the best possible parameters p = 8/5 and g = py.

Corollary 3.2 Let py = (21 — 60 + /3414772 — 9207 + 1440)/[30(1 — 3)], and A(p) and
w(p) be defined by (1.4). Then the inequalities

25 32
m < \/1 2285 _ 22 0 orf()
57 57
< 1= Moo —[1- A(po) oo < V1 iin

hold for all x > 0.

Proof From (1.4) one has

AE)-2 8) -1 (3.21)
5 ) -

Note that py satisfies the identity

45p5 — 60pg — 4

po(5p0 —7) (3.22)

It follows from Remark 3.2 and (3.21) that

25 32
\/1 - 56’8’“2/5 - Ee*"z <erf(x) < \/1 — (po)ePox* — [1 - )L(po)]e*l‘(l’o)’f2

for all x > 0. Therefore, it suffices to prove that

25 32
228205 L 22 i (3.23)
57 57

M(po)e % + [1— A(p)|e @01 5 ¢4/ (3.24)

for all x > 0.
Inequality (3.23) follows easily from

—e +—e —e =—_—e
57 57 57

25 g2 32 _o 2 25 8x2/5(1—e

3x2/5)'
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Making use of (1.4) and (3.22) together with the arithmetic-geometric mean inequality

one has
A(po)e_poxz + [1 _ )L(po)]e_”(pwxz > e—[Ifo)t(l?o)+M(Z70)(1—)»(!90))]x2

12, -7
_L2p0Gpo-7) 2

45p3-60pg—4  _ 6—4962/71

=€

forall x > 0. O

Remark 3.3 We clearly see that the results given in Theorem 3.2, Remark 3.2, and Corol-

lary 3.2 are improvements and refinements of inequality (1.1).

Let p§ = (50 + 24/30)/35 and «(p) be defined by (2.18). Then

8 19 3 29
al =) =,/—=100398..., al =) =,/===1.01275..., (3.25)
5 6 2 o
/3 [28
a(00) =,/ = =0.97720..., a(2) = o = 0.99513...,
T s
/160
a(py) = S 0.99930.... (3.26)

Corollary 3.3 Letp =3/2,8/5 in Theorem 3.1(1) and p = pj§,2, 00 in Theorem 3.1(2). Then
Lemma 2.3(1) and (3) together with (3.25) and (3.26) leads to

\/ 1- Ee—sxm - Eemﬂ/s
203 203

25 32
< \/1 - e85 - e ¢ erf(x)
57 57

< E\/I - ée—sz/S _ 2642

6 57 57
< g\/l - %e—saﬂ/z _ Ee—4x2/5, (3.27)
o 203 203

\/gy/ 1 — 4213

T
ﬁ\/l — ie—2x2 — §6—6x2/5

I 28 28
< @ 1- 480 - 4330 e~(50+2+/30)x2/35 _ 480 +43+/30 e—(50-24/30)x2/35
51w 960 960
<erf(x) < \/1 - 480 — 43v30 e~(50+24/30)x2/35 _ 480 +43+/30 e~(50-24/30)x2/35
960 960

< \/1 — ie—sz _ §6—6x2/5
28 28

<V1-e %3, (3.28)
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Remark 3.4 From inequality (3.27) we clearly see that the double inequalities

. o) — Bsn(®) <JE 1-00275...,
erf(x) o

f(x) — B 1
< erf(x) - Bya(x) < /19 —1=0.00398...,
erf(x) 6w

hold for all x > 0.

Remark 3.5 Let pp = (217 — 60 + +/3+/14772 — 9207 +1440)/[30(7 - 3)], pj = (50 +
2+/30)/35, B, (x) be defined by (1.5) and xy = 1.68913.... be the unique solution of equation
(3.10) on the interval (0, 00), B(po) = erf(xo)/By,,(x0) = 0.9998.... Then Corollary 3.1 and

(3.28) lead to
1 f(x) - B
~0.00013...=1— o)~ Bp @) _
B(po) erf(x)
517 erf(x) — By (x)
—-0.00069...=1—,/— « —— 0"~ _,

160 erf(x)

19 erf(x) — Ba(x)
-0.00488...=1-,/| — < —— <0,
28 erf(x)

\/? erf(x) — V1 — e %3
-0.02332...=1- /=<
3 erf(x)

<

forall x > 0.

Corollary 3.4 Let p = (7/5)*,3/2,8/5 and p = 2,00 in Theorem 3.3. Then it follows from
Lemma 2.3(2) that the inequalities

2 2 2
2x 2x e +5e¥ /5 2x 5e73%/5 4+ 4
LB S T ) < 2277
JT JT 6 JT 9

2% 1662 £ 5¢°5  2x 2067205 4 &

NV 21 “UT 2
hold for all x > 0.

Remark 3.6 From the identities

2 2
e® +5e ¥/
6
1 _» 2 2 2 2 2 2
— ge—x (e2x /15 _1) (58896 /15 + 4e2x /5 + 3e4x /15 + 26296 /15 + 1)

—x2/3

and

= _T(exZ/s _ 1)2(263x2/5 n 4ezx2/5 + 6ex2/5 . 3)
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we know that the results given in Theorem 3.3 or Corollary 3.4 are better than that
in (1.3).
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