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Abstract

In this paper, we obtain an extended Halanay inequality with unbounded coefficient
functions on time scales, which extends an earlier result in Wen et al. (J. Math. Anal.
Appl. 347:169-178, 2008). Two illustrative examples are also given.
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1 Introduction and preliminaries

As is well known, Halanay-type differential inequalities have been very useful in the sta-
bility analysis of time-delay systems and these have led to some interesting new stability
conditions (see [1-4] and the references therein).

In [3], Halanay proved the following inequality.

Lemma 1.1 (Halanay’s inequality) If

X' (t) < —ax(t) + B sup «x(s), fort>ty,T>0, (1.1)

se(t-1,t]

and a > 8 > 0, then there exist y > 0 and K > 0 such that
x(t) < Ke 70 fort > t. (1.2)

In [5], Baker and Tang obtained the following Halanay-type inequality with unbounded

coefficient functions.

Lemma 1.2 (see [5]) Let x(t) > 0,t € (—00, +00), and

PO _ o)+ be) sup x(s) >t (1.3)
dt t—1(t)<s<t
x(0) = lo@®)], t=<t, (1.4)
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where ¢(t) is bounded and continuous for t < ty, and a(t) > 0,b(t) > 0 fort € [ty,00),T(t) >
0 andt—t(t) > oo ast— oo. If there exists o > 0 such that

—a(t)+b(t) <-0<0 fort=>1, 1.5)
then

() x) <o, t>t and (i) x(t)—0 ast— oo, (1.6)
where ||||=°>%) = sup, . 01 10(2)] < 00.

In [1], Wen et al. obtained an extension of Lemma 1.2.
In this paper, we extend the main results of [5] to time scale. As an application, we con-
sider the stability of the following delay dynamic equation:

x2(t) = —a(®)x° () + b(E)x(t — T (1)) + c(t), t € [to, +00)T,
1.7)
x(s) = lp(s)]  for s € (-00, o],
where ¢(s) is bounded rd-continuous for s € (—00, tp]r and 7(¢), a(t), b(t), c(¢) are nonneg-
ative, rd-continuous functions for ¢ € [£y, 00)T and ¢(£) is bounded. We prove that the zero
solution of the delay difference equation

1’12

Ax(n) = =2(n+ Dx(n+1) + el

x(n-2), n=>0, (1.8)

is stable.
For completeness, we introduce the following concepts related to the notions of time
scales. We refer to [6] for additional details concerning the calculus on time scales.

Definition 1.1 (see [6]) A function 4 : T — R is said to be regressive provided 1 +
w(@®)h(t) #0 for all £ € T*, where u(£) = o(£) — t. The set of all regressive rd-continuous
functions ¢ : T — R is denoted by 9R while the set R* is given by R* = {p R : 1 +
n(®)e(t) >0 for all t € T}. If € R, the exponential function is defined by

t
e,(t,s) = exp (/ &) ((p(r))Ar), forteT,s e T, (1.9)

where £, is the cylinder transformation given by
—=Log(L+ u(re(), () >0,

Eur (p(r)) := { 0
(/)(7'), /L(V) =0,

and some properties of the exponential function are given in the following lemma.

Lemma 1.3 (see [7]) Let ¢ € R, Then
(i) eols,t) =1,e,(t,t) =1and ey(o(t),s) = (1 + u(t)p(t))ey(t,s);

P 1 _ _ ® .
(ii) o = ecy(t,s), where Sp(t) = _1+;ﬂt)¢(t)’
I RV ()
(i) ()" = ~atewm
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(iv) [e,(c, )] = —p(t)e,(c,0(¢)), where c € T;

(V) ep(t,s) = ﬁ =egp(s,t).

Lemma 1.4 (see [8]) For a nonnegative ¢ with —¢ € R*, we have the inequalities

1- /tgo(u)Au <e_4(ts) < exp{—/tw(u)Au} forallt>s. (1.10)

If ¢ is rd-continuous and nonnegative, then

t t
1+ / ) Au <ey(t,s) < exp{/ w(u)Au} forallt>s. (1.11)
Remark 1.1 If ¢ € R* and ¢(r) > 0 for all r € [s, ], then

e,(t,r) <e,(t,s) and ey(a,b)<1l fors<a<b<t. (1.12)

Proof By ¢(r) >0, ¢ € R* and Lemma 1.3(iv) we have [e,(c, £)]* = —p(t)e,(c, o (£)) < 0, so

e,(t,r) <e,lt,s).
Since a < b, from the above result, we have
ey(a,b) < ey(a,a) =1. a

2 Main results
Throughout this paper, we assume that the following conditions hold:

(Hi1) Let x(¢) be a nonnegative right-dense function satisfying

x2(t) < —a(t)x(t) + b(t) sup,_, <<, %(s) + c(£)
+d(t) fooo K(t,s)x(t—s)As, t e [ty,00),
x(t) = |‘/’(t)|» te (—OO, tO]:

where ¢(t) is bounded rd-continuous for ¢ € (~00, t ]t and sup,,, |¢(¢)| = M.

(Hz2) a(?), b(¢), c(t), T(£) are nonnegative, rd-continuous functions for ¢ € [¢y, co)1 and ()
is bounded, such that sup,.., c(£) =¢, lim; o (£ — 7(£)) = +00.

(H3) There exists § > 0 such that a(t) — b(¢t) — d(¢) fooo K(t,s)As > 8 > 0, for t € [ty, 00)T,
where the delay kernel K(t,s) is a nonnegative, rd-continuous for (¢,s) € T x [0, 00)
and satisfies V¢ € T, fooo K(t,s)As < oo.

Theorem 2.1 Assume that (Hy)-(H3) and —a(t) € R* hold, then we have
(i) _
*E) < = +M, L [t +00). 21)
If we assume further that d(t) = 0 in (H;), (Hs) and there exists 0 < k <1 such that

ka(t)—b(t)>0 fort e [ty, +00)T, (2.2)

then we have
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(ii) for any given € > 0, there exists t = t(M, €) > to, such that

x(t) < g +e€, telt,o0). (2.3)

Proof We now consider the following two cases successively.
Casel.c>0.
Proof of Theorem 2.1(i).
For any ¢ > 1, we have from (H;)

Vi <ty, «x(t)= ‘(p(t)’ <sup ’(p(t)‘ =M< g + &M, (2.4)
t<to

from this we shall deduce that

V> to,  x(t) < g +eM. (2.5)

To prove (2.5), let #; = sup {£|x(s) < + sM s € [to, t]T} > to, we will show £ = oo

Suppose t; < 0o. Clearly we have x(tl) << 5 +eM.

In fact, suppose that x(¢;) < 5 + eM falls, then we have x(#;) > § +eM.

If ¢ is left-dense, there is {tn} satisfying: ¢, < t1,¢, = t; (n — 00), and x(¢,,) < g +eM, we
have x(f1) = lim, o0 %(£,) < £ + €M, which contradicts x(f) > & +eM.

If t; is left-scattered, p(t1) < t; and x(p(t1)) < § + eM; x(t1) > % + &M, then we have sup
{tlx(s) < g + &M, s € [ty, t]} = p(t1) < t1, which contradlcts the definition of #.

Therefore we can suppose # < 00,x(f1) < g + eM. We will discuss two cases:

Case 1.1. Suppose x(t;) = g +eM,t > &y,

+eM. (2.6)

°’>|GI

c
Vit e [t()r tl)'ﬂ’) x(t) = g + EM: x(tl) =

Clearly we have x*(¢;) > 0. In fact, suppose that x*(¢;) > 0 fails, then we have xA(tl) <0.

x(t1)—x(s)

If ¢; is right-dense, Vs > #1, from x2 () = lims_n1 P

< 0, we get x(s) <x(ty) = 5 + &M,
which contradicts the definition of #;.

+ eM,

CAY

If t; is right-scattered, from x*(f) = % < 0, we get x(o(f1)) < x(f1) =

which contradicts the definition of #;.
We have from (2.6), (H;), and (H3)

A (Hyp) o0
x°(t) < —a(t)x(t) +b(t)  sup  x(s) +c(tr) + d(ﬁ)/ K(t1,8)x(t1 — 5)As
0

t1-t(t1)<s<ty

@9) —a(tl)(f N sM) wb(t)  sup  x(s)+c(ty) + d(t) / K(t1, s)x(t — 5)As
8 1-7(t)<s<t 0

= —<a(t1) ~bity) + d(tr) / Oo[((ﬁ,s)As) (g . 8M> 7
0

0 _s (5 + sM) +T=—8eM <0, 2.7)

which contradicts x(¢;) > 0.
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Case 1.2. Suppose x(t;) < % +&M. In this case, f; must be right-scattered, for otherwise if
t; is right-dense, there exists €; sufficiently small so that x(¢) < g +eM, for t € [t1, 11 + €1]T.
Therefore, x(t) < g + &M, for t € [ty, t; + €1]1. This contradicts the definition of . Hence,

since 4 is right-scattered, we have

*(o(e) > +eM and x(O)< s +eM forallt <t <ot (2.8)

S| al

We have from (2.8) and (H;)

x(o () —x(tr)

oA
w(t) = (0)

D axt) + () sup () + cltr)

ti-t(t)<s<fi
+d(t) /OOK(tl,s)x(tl —s)As
0
(25) —a(t)x(t) + (b(tl) +d(t) /OOK(tl,s)As) (g + SM) +C (2.9)
0
By (2.8), (2.9), (H3), and 1 — u(t)a(t) > 0,t € T, we get

+eM< x(a(tl))

> al

2 (1= mate)ste) + o) (e + ) [ K05 ) (5 e

+u(h)c

(2.8)

7 (1 ~ palt) + p(@)b(t) + p(@)d (@) / 1<(t1,s>As> (g . aM)
0

+ u(t)c

(H

53) (1-6du(n) (g + 8M> +ut)c= = +eM—8esMp(ty), (2.10)

c
8
which leads to a contradiction.

Hence the inequality (2.5) must hold.

Since ¢ > 1 is arbitrary, we let ¢ — 1* and obtain

c
VE>ty, x(t) < B + M. (2.11)

Proof of Theorem 2.1(ii).

If M =0, it is evident from (2.1) that (2.3) holds. Now we assume M > 0. Let
limsup,_, . #(f) =, then 0 <« < g + M. Now we prove that o < g
Suppose this is not true, i.e. o > %, then we can choose &, > 0 such that o = % + &9.
Since 7(¢) > 0, and lim;_, oo (£ — 7(£)) = +00, we have limsup,_, ., SUp,_,;)<;<, *(s) = .

Clearly, there exists a sufficiently large 7' > 0 and T is fixed, such that

A=k +(1—x)exp(-8T) < 1. (2.12)
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using the properties of the superior limits we see that there

Taking 60 : 0 <6 < %82,

exists a sufficiently large t* > £y, such that
x(t)>a -0,
x(t) <a +0, (2.13)
SUDP; (<5<t X(8) S +6,

te[t - T,t*]
tetr—T,¢].

On the other hand, it follows from (H;) and (H3) that

A, (HD)
x2(8) < —a(t)x(t) + b(t) sup x(s) + c(t)
t-t(t)<s<t
a(t) - b(t)_
+——"C

(H3)
< —a(t)x(t) + b(t) sup x(s)
t—t(t)<s<t )
(2.14)

= —al(t) (x(t) - g) +b(t) ?l)lp (x(s) - g)

Denote y(¢) = x(t) — g, and (2.13) implies that

=&y — 9;
(2.15)

y(£*) = x(t*)
& +0, teltr-T,t%]

y(t) = x(t) - §
sup[_r(t)fsfty(s) = supt_r(t)SSSt(x(s) - g) <a+60- § =g +0,

telt - T,t.

By (2.2), (2.14), (2.15), and y(t) = x(¢) — %, we have

A, (214)
yo () < —a(t)y(t) +b(t) sup y(s)

t—t(t)<s<t

(2.15)
< —a(t)y(t) + (2 + 0)b(t)
(2.16)

C2 _a(eyy(®) + k(es + 0)al2),

which implies
(2.17)

((0) - k(&2 +0))° < —a(®)(y(t) - (&2 +0));

then we have
(2.18)

(y(t) — k(&2 + 9)>A () — (82 + 0)" + a(t)(y(t) — k(&2 +6)) @17 0
) e-a(0 (1), to) -

e,a(t, t())
where we used the property of the exponential function: if p € R* and ) € T, then

ey(t,to) >0 forallt e T.
Integrating both sides of (2.18) from ¢* — T to ¢* and by (1.11) we obtain

1—-k)(ea+0)—20 =69 -0 —kK(g9+6)
<y(t*) k(g2 +6)



Ou et al. Journal of Inequalities and Applications (2016) 2016:316 Page 7 of 11
(Lemma 1.3(v))
< e_, (t*, - T) [y(t* - T) — k(e + 9)]

(e2+6 —k(e2+0)) exp(—/

T

(L11), (215) &
<

a(u)Au)

<(1-«)(ex +0)exp(-8T), (2.19)

where we used a(t) > a(t) — b(t) > & > 0 in the last step.
By (2.19), we have

- 1-[k+(Q-k)exp(=8T)]  1-x
1+ [/c+(1—/c)exp(—5T)]82 1

This contradicts the choice of 8, so we get @ < % From the definition of the superior limits
we obtain (2.3).

Case2.c=0.

If only we replace ¢ in the proof of Case 1 by ¢ + €3 for any given €3 > 0, then let 3 — 07,
we find that (2.1) and (2.3) hold.

A combination of Cases 1 and 2 completes the proof of Theorem 2.1. d

Remark 2.1 When M = 0, from (2.7), (H3) must have the form that there exists § > 0 such
that

a(t) - b(t) — d(t)/ K(t,s)As>68>0, forte [ty,o0)T.
0
When M > 0, (H3) may have the form that there exists § > 0 such that
[o¢]
a(t) — b(t) — d(t)/ K(t,s)As >8>0, forte[ty,o0)T.
0
Similarly, in [1] when G = 0, (2.10) must have the form that
a(t)+ B(t)<—o <0 fort=> ty;
when G > 0, (2.10) may have the form that
at)+B(t) <-0<0 fort>t.

Theorem 2.1 can be regarded as the extension of the main theorem of [5], Theorem 2.3
of [1].

3 Applications and examples

Consider the delay dynamic equation

x2(t) = —a(t)x® (£) + b(O)x(t — T(8) + c(t) + d(t) [;° K(t,8)x(t - s)As,
t € [to, +00)T, (3.1)
x(2) = lp(8)|  fort € (~o0,to]T,
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where ¢(t) is bounded rd-continuous for s € (-0, fy]T and t(¢), a(t), b(t), c(t), d(t) are

nonnegative, rd-continuous functions for ¢ € [¢y, 00)T and c(¢) is bounded,
sup ’(p(t)‘ =M, supc(t) =, lim (t - r(t)) = 400.
t=<to t>tg t—00

Assume there exists § > 0 such that
a(t) — b(t) — d(t) / K(t,s)As>68 >0 fort € [tg,00)T, (3.2)
0

where the delay kernel K (¢, s) is a nonnegative, rd-continuous for (z, s) € [0, 00)1 x [0, 00)T.

From (3.1), we have

x(t) = x(to)eca(t: to)

L [oe]
+ / ecalt,s) [b(s)x(s - r(s)) +c(s) + d(s) / K(s,v)x(s — V)AV] As. (3.3)
to 0
Let the functions y(t) be defined as follows: y(£) = |x(£)| for ¢ € (—o00, tp]T, and

y(0) = |x(to) |ecalt, o)

+ /t eca(t,s) [b(s) |x(s - T(S))| +c(s) + d(s) /:O K(s, v)|x(s - v)|AV] As,

0

for t > ty. Then we have |x(¢)| < y(¢£), for all £ € (—o0, +00)T.
By [9], Theorem 5.37, we get

y2 () =© a(t){ |x(to)|eca(t: to) + / eca(t;s) [b(S)Ix(s —1(s))] +c(s)
+d(s) /OOK(S, v)|x(s — v)|Av] As}
0
+eca(o(t),t) {b(t)|x(t —1(8))] +c(e) +d(2) /OOK(t, v)|x(t - v)|Av}
0

{ O +b© sup y(6) + <)

< —
1+ pu(®)a(t) t-t(t)<6<t

+ d(t)/ K(t,v)y(t - V)Av}, t € [ty, 00)T. (3.4)
0
Example 1 Let T = R*, then system (H;) is expressed as
x' () < —a(t)x(t) + b(t) Sup,_ (1) <s<, %(s) + c(t)
+d(0) [ K(t,s)x(t —s)ds, t>0, (3.5)

x(t) =le@)l, t=<0,

where ¢(¢) is bounded continuous for ¢ € (-0, 0] and sup,, |¢(£)| = M.
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We choose some explicit nonnegative, continuous functions for a(t), b(t), c(¢), d(¢), T (¢),
K(t,s). Let

(t+1)? 2+t

t+2\° ¢
-y Mgy o=(h) a0 g S

K(t,s) = (2 —cos Zts)e’sz, (t,8) €[0,00) x [0,00), () <t and tl_i)rg}(t - r(t)) = +00.

Obviously, a(t), b(t), d(t) are unbounded for ¢ > 0 and sup,., c(¢) =c = e.

(1) V£ € [0,00),g(t) = [, K(t,8)ds = [;°(2 - cos 2ts)e*" ds, then since Y(¢,5) € [0, 00) x
[0, 00),

JdK (¢,
’K(t,s)‘f?w_sz and ‘ B(t )

2 . _g2
= ‘2se § s1n2ts| <2se™,

[e¢] [e¢]
/ e ds = g =g(0) and / 256 ds = 1,
0 0

we have g(¢) = fooo K(t,s)ds is convergent for ¢ € [0, 00) and fooo Ki(¢,5) ds is uniformly con-
vergent for ¢ € [0, 00).

So

g@) = / Ki(t,s)ds = / 256”5 sin 2s ds = —2tg(t) + 2/7L.
0 0

Rearrange terms and obtain

gt)-v7)
O —2t. (3.6)

Solving (3.6) for g(¢), we have

g(t) = /OOOK(L‘,S) ds = ?(2 - e’tz) <7

(2) There exists § = % > 0, such that

(t+1)? 2+t 1
t)—b(t) = — —=6>0, ¢t 0, .
) -b =y 2278 €[0,00)

By (i) of Theorem 2.1, we have |x(¢)| < % +M=2e+M,t>0.
Take « = % € (0,1), it is easy to see that

2
calt) - bit) =~ “:2) >

>0, te[0,00).

(1)
N

By (ii) of Theorem 2.1, for any given € > 0, there exists 7 = (M, €) > 0, such that |x(¢)| <

§+e=23+e,t27>0.

Taking c¢(¢) = 0, we have |x(¢)| <€, t >7> 0. So the zero solution of the system (3.1) is
stable.
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Example 2 Consider the delay dynamic equation

x2(8) = —a(t)x® (t) + b(E)x(t — T(£)) + c(t), t € [ty, +00)T,

(3.7)
x(t) = lo(t)| for t € (—o0, ],

where ¢(¢) is bounded, rd-continuous for ¢ < ¢y and sup,, |p(¢)| = M, a(t), b(¢),c(t), ()
are nonnegative, rd-continuous functions for ¢ € [£y, c0)T and SUP>4, c(t) =c.
If there exists § > 0 such that

a(t)—b(t)>6>0 fort>t. (3.8)
Similar to Example 1, we get

y2(t) {—a(t)y(t) +b(¢) sup  y(s)+ c(t)}, t € [t, +00)T.

E —_—
1+ p(t)a(t) t—t(t)<s<t
In particular, we take T = N, (3.7) reduces to

Ax(n) = —a(n)x(n + 1) + b(n)x(n —2) + c(n), n>2.

Let a(n) = 201 +1),b(n) = o7, c(n) = £, 7(n) = 2.
Obviously, a(n), b(n) are unbounded for n € N and sup,, . c(n) = lim,,%oo% =¢=5e.

2
alm-bn) _ 201+ D-507 _ 3nl+6med o 2 _
(1) Vn=>2, 1+a(t) — 2n+3wr ~ (2n+1)(2n+3) z 37 8.

(2) Take k =0.9 €(0,1), it is easy to see that

ka(n) — b(n)

0.
1+a(n) g

By (ii) of Theorem 2.1, for any given € > 0, there exists 7 = #(M, €) > 0, such that |x(¢)| <

§+e = % +e,t2?>0.
Taking c(n) = 0, we have |x(¢t)| <€, t >7> 0. So the zero solution of the system (3.7) is
stable.
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