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Abstract

In this paper, we define a geometric circulant matrix whose entries are the
generalized Fibonacci numbers and hyperharmonic Fibonacci numbers. Then we
give upper and lower bounds for the spectral norms of these matrices.
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1 Introduction

The circulant and r-circulant matrices have important applications in numerical analysis,
probability, coding theory, and so on. An # x n matrix C, is called an r-circulant matrix if
it is defined as follows:

Co C1 Cy cos (G788 Cu—-1

rcy—1 Co C1 ces Cy-3 (7))

C.=|"n2 ¥Cyp-1 Co ... Cp-a Cp-3
rcy rcy rcg ... rcy_1 Co

The matrix C, is determined by its first row elements and r, we denote C, = Circ,(c, c1, ¢a,
...,Cy1). In particular for r = 1

Co C1 C ... Cy-2 Cy1

Cn-1 Co G ... Cp3 Cy2

C=|%-2 Cun1 Co ... Cu-4 Cup-3
C1 Co C3 ... Cyua Co

is called a circulant matrix.

Circulant and r-circulant matrices with the special numbers have been studied by many
researchers in last decade. For example, in [1], Solak has studied the spectral norms of
circulant matrices with the Fibonacci and Lucas numbers. In [2], Kocer et al. obtained

norms of circulant and semicirculant matrices with Horadam numbers. In [3], Shen and
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Cen have given upper and lower bounds for the spectral norms of r-circulant matrices
with the Fibonacci and Lucas numbers. In [4], Bahsi computed the spectral norms of cir-
culant and r-circulant matrices with the hyperharmonic numbers. Moreover, in [5], Bahsi
and Solak studied norms of circulant and r-circulant matrices with the hyper-Fibonacci
and hyper-Lucas numbers. In [6], Jiang and Zhou studied spectral norms of even order 7-
circulant matrices. In [7, 8], Tuglu and Kizilates have calculated Euclidean norm by using
the finite difference operator and given spectral norms of circulant, r-circulant and some
special matrices with the harmonic Fibonacci and hyperharmonic Fibonacci numbers. In
[9], Yazlik and Taskara have presented new upper and lower bounds for the spectral norms
of an r-circulant matrix with the generalized k-Horadam numbers. In [10], He et al. gave
the upper bound estimation of the spectral norm for r-circulant matrices with Fibonacci
and Lucas numbers.

In view of the above papers, we define a new circulant matrix which is called geometric
circulant matrix and give upper and lower bounds for the spectral norms of this matrix
with the generalized Fibonacci and hyperharmonic Fibonacci numbers by using the same
method given in [3].

2 Preliminaries
The well-known Fibonacci and Lucas sequences are defined by the following recurrence

relations: for n > 0,
Fup=Fua+F,
and
Lyy=Lya+Ly,

where Fp =0, F; =1, Lo = 2 and L; =1, respectively. The generalized Fibonacci and Lucas
sequences, {U,} and {V,}, are defined by the following recurrence relations: for n > 0, and

any non-zero integer p,
Upiz = pUpa + Uy
and
Visz =pVia + Vi,
where Uy =0,U; =1, Vp=2and V; =p. If wetakep=1,then U, =F, and V,, = L,,. Let

and B be the roots of the characteristic equation x> — px — 1 = 0. Then the Binet formulas
for the sequences {U,} and {V,,} are given by

o — B"
u, = p
a-p
and
Vi=a" + B",
/24 7/24
wherea:%andﬂ:%.
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On the other hand, Yazlik and Taskara examined the generalized k-Horadam numbers
via the following recurrence relations:

Hipio :f(k)Hk,VHl +g(k)Hk,n 1)

with the initial values Hy o = a, Hx; = b. Moreover they calculated sum of squares of k-
Horadam numbers (see [9]). If we take f(k) = p, g(k) =1,a=0and b =1 in (1), we get

n-1

U2 - U2 +(-1)"
N @
i=0 p

n-1

VZ_V2 4+ pt =4+ (1= (-D)")@? +4)
e Yty 0 s ®)
i=0 p

In [11], Tuglu et al. defined hyperharmonic Fibonacci numbers for n,7 > 1,

n
FO =3 "F,
k=1

where F) = FL,, and [Fy = 0. Then they gave for the sum of the squares of hyperharmonic
Fibonacci numbers as follows:

LF(HI) <
n

\/_ n-1 —= (4)

Now we give some definitions and Lemmas related to our study.

Definition1 An # x n matrix C,+ is called a geometric circulant matrix if it is of the form

Co a C2 Cn—2 Cp
rcy—1 Co C1 Cn-3 Cp-2
2
Cr* = |7 Cun2 rCp-1 Co Cn-4 Cn-3
e 2y r"3cs ... rea o

We denote it for brevity by C,+ = Circ,«(co, c1, €2, ..., ¢4-1). Note that, for r = 1, geometric
circulant matrix turns into circulant matrix given in [11, 12]. In fact, in [11, 12], the authors
calculated the spectral norms of the circulant matrices with the generalized Fibonacci and
hyperharmonic Fibonacci numbers.

Definition 2 Let A = (a;) be any m x n matrix. The Euclidean norm of matrix A is




Kizilates and Tuglu Journal of Inequalities and Applications (2016) 2016:312 Page 4 of 15

Definition 3 Let A = (a;) be any m x n matrix. The spectral norm of matrix A is

[Allz = [max A;(AA),
1<i<n

where A;(A"A) is eigenvalue of A” A and A is conjugate transpose of matrix A.

Then the following inequalities hold between the Euclidean norm and the spectral norm:

1

—IAlE = 1Al2 < I1AllE, 5
ﬁll le < 1Al = lAlle (5)
IAll2 < 1AllE < VnllAll,. (6)

Definition 4 Let A = (a;) and B = (b;) are each m x n matrices, then their Hadamard
product is the m x n matrix of elementwise products

AoB= (Lll'/b,'j).
Lemmal [13] Let A and B be two m x n matrices. We have
|A o Bll; < ri(A)ci(B),

where

-

a(B) = max

m
> byl
i=1

3 Main results

Theorem 1 Let U+ = Circ (U, Uy, Us, ..., U,1) be an n x n geometric circulant matrix.
(i) If|r| > 1, then

\/Uﬁ — U, + () WUl < \/(|r|2 — P2 - Uz, + (<))
P T (L-|r?)p?

(i) If|r| <1, then

|7| 207|212 — |r|2"(p? + 2) = [r|*Vau + Vapa |72 — (-1)"
/p? + 4 [r|* = |r]2(p? +2) +1 72 +1

< Ul> < \/ (n=D)(UZ - Uy, + (1))
pZ
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Proof We have the matrix

Uy U U, oo Uy Uy

rllh,l L[o lli e ljh,g l]ﬁ,z

LL* = r2L1n—2 rl[n—l llb v lln—4 LIn—B
r”‘llll r”‘zllj Vn_sllé oorld, Uy

(i) From |r| > 1 and definition of Euclidean norm, we have

n-1 n-1
—k12
MUl =D = U + Y k| 1
k=0 k=1
n-1 n-1
> (n-KU + Y KU}
k=0 k=1
n-1
=nYy U}
k=0
W -up o+ ()
= = ,

that is,

1 uz-uz | + (-1
—= Ul = || "
Vn - p’

from (5), we have

Uz - Uz, + (-1
\/—1 < | Up]l2-

172

On the other hand, let the matrices A and B be defined by

Uy 1 1 1 1
r Uy 1 1 1
A=l 7 r W 1 1
Pl 3y U
and
Uy U u ... U,., U,
U, U U .. U U

B=|Uin U1 Uy ... Uys U,s

U u us ... U U
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That is, U, = A o B. Then we obtain

r1(A) = max

n
max |3 jayl
I e

|r|> = Ir|*

—Ir?

and

k=0

\/ U2 — U2+ (-1)
192

From Lemma 1, we have

(Ir? = |rP(u2 = Uy + (-1)")
”Ur* ||2 =< \/ (1 _ |V|2)p2 .

Thus, we have

e
p2 — r —

1~ Ir*)p?

(ii) From |r| < 1, we have

n-1 n-1

MU= - Ruz + Y k|’ u?
k=0 k=1
n-1
>3 -k U2+Zk|r” Pz
k=0

k=1

n-1 2
U,
=l 3 (1
|r|®
k=0
-1
n|r|2n n <ak—ﬂk)2
) Z k
P +4/<:0 |r|

2
nlr|* - a_z (ﬁ_z)n 1—(;12)n
_ [l _9 ||
T2 2 1+ -1
—2 (| ‘2) 7|2

I -1y

B nlr)? 20722 = |r21(p? + 2) = |72 Vay + Vaua
Cpr+4 74 = |72(p? +2) +1

7|2 +1

Page 6 of 15
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1 ULl > |7 2|7’|2n+2 - |r|2n(p2 + 2) — |r|2V2n + Voua |r|2n _ (—1)”
ﬁ r* E_\/Im |V|4—|V|2(p2+2)+1 EES
From (5)

|| 2[rP2 — [P (p* +2) = |r*Van + Voo 71> = (=1)"
— -2 < U2

/p? + 4 7|4 —|r]2(p% +2) +1 7|2 +1

On the other hand, let the matrices A and B be defined by

Uy 1 1 1 1
r U, 1 1 1
A=| 7 ro U 1 1
rn—l rn—Z rn—?: 7 UO
and
UO ul u2 cee un—Z un—l
U, U U ... Uz U
B=|Ui2 U,x Uy ... Uyq U, s
U u U ... U, U

That is, U« = A o B. Then we obtain

i) - e

and

n-1
= uz;

k=0
_ju-ur 4+ (-1
= —p2 .

Hence, from Lemma 1, we have

_ 2 _1]2 _1\n
||Ur*||2§\/ - I, pil”‘”( D)
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Thus, we have

i \/2|r|2"+2—|r|2"(p2+2)—|r|2vzn+v2n_z I = (1)

Vi rF = PR +2) +1 P T
_ 2 _1]? _1)
<||u,*||2<\/‘” D, =ty + D) .
= — 172

Theorem 2 Let V,« = Circ,«(Vo, V1, Va, ..., V,_1) be an n x n geometric circulant matrix.

(i) If|r| > 1, then

[
P

_|yl2n V2 _ V2 2 _ (=1 (12
<Vl < 1-rPn V2V +p?—4+1-(-1)")(p +4)‘
1-|r|? P’

(i) If|r| <1, then

P 20r22 — |72 (p? + 2) — |72V + Vanoa L9 7|27 — (-1)"
[r|% —|r]2(p? +2) +1 7|2 +1

Vel < \/n(Vnz V2 a4t (L= (1)) (R + 4))
— r — pz .

Proof We have the matrix

Vo % Vs, oo Vo Vua

VV%_l L@ Lﬁ e V;_g V;_z

Vi = r?Vio 1V Vo voe Vg Vs
R A ) N o T~ SO & VAN 7

(i) From |r| > 1, we have

n-1 n-1
IVl =D 0=k V2 + > k[P V2
k=0 k=1

n-1
=ny Vi
k=0

_n(VE-Ve, +p2 -4+ (- (D)@ +4))
P’ ’

that is,

inv*n - V2-V2 +pr—4+(1-(-D)")@? +4)
4/65 r*||[E —Z )
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from (5), we have

V2-VZ i +p2—4+(1-(-1))(p? +4)
\/ 1P EED v,

P2

On the other hand, let the matrices A and B be defined by

1 1 1 11
r 1 1 11
A=|7 r 1 11
rn—l rn—2 rn—S r o1
and
Vo Vi Vo ... Vo V.
Vit Vo Vio.. Vusz Vi
B=|Vea Via Vo ... Vi Vi3
i Vo V3 ... Vo W

That is, V,« = A o B. Then we obtain

r1(A) = max

1<i<nmn

and

n-1
= Vi
k=0
i \/V,%—Vz_l+p2—4+(1—(—1)n)(p2+4>
r* '

From Lemma 1, we have

_|yl2n V2 _ 2 2 _ _(_1\n 2
IIVV*Ilzs\/l PP V2 Vi 4P =4+ (= ()@ + )

1-|r? »’

Page 9 of 15
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Thus, we have

\/Vg V2 ap At (- (1)) (R + 4)
192

<[Vl < L= [r2 V2V +p2—d+(1-(-1)")(p? +4)
= r*ll2 = 1 __|r|2 172 ‘

(ii) From |r| < 1, we have

n-1 n-1

IVl =Y =RV + > k| v

k=0 k=1

n-1 n-1
> Z(n - k)|r”‘k|2Vk2 + Zk|r"‘k|2\/k2
k=0 k=1

n-1 2
Vi
— n|r|2n :E:: ]
|r[*
k=0
n-1 2% n—-1 ok -1 ‘
= nr|? « B (-1)
A\ 3 2D o
k=0 7'| k=0 |r k=0 |r|
1_(ﬁ)n 1—(ﬁ)” 1_(;1)n
2n |r|2 172 2
~n ay R
1‘(w) 1- (W) + o
B n|r|2 2|r|2n+2 _ |r|2n(p2 + 2) — |r|2V2n + Vaya . |r|2n _ (—l)n
= P +2) +1 1)

L”V*” - 2|22 — |r|27(p? + 2) = |7|? Vo + Vaua . |r|?" — (-1)"
mE = Il = [r2(p2 +2) +1 2 +1

Jn

From (5),

27|22 — |r[21(p% + 2) = |F|2Vay + Vana 7|2 = (=1)"
|r|\/ L2 <[Vl

+
7|4 —|r]2(p% +2) +1 72 +1

On the other hand, let the matrices A and B be defined by

1 1 1 11
r 1 1 11
A=| 7 r 1 11

Page 10 of 15
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and
Vo Vi Vo .. Vo V,a
Vi Vo Vio.. Vg Vo
B=|Vi2 Vi Vo ... Vig Vs
Vi Vs Vi ... V,a Vo

That is, V,+ = A o B. Then we obtain

r(A) = max

1<i<n

and

1l
~

\/v; V2 a4t (L= (1)) (R + 4)
P’ '

From Lemma 1, we have

2 _ 12 2
||v,*||zs\/”(v" Vag 7 -4+ (U2 UMV +4)
p

Thus we have

o[22 4 2) — Vi 4 Vi 2 = ()
[F|* = |r2(p? +2)+1 |72 +1

2 _ /2 2 _ _(— 2
< || Vixll2 < \/I’I(Vn Vn—l P Ay (1 ( 1)”)(p * 4))
= = P2 0

Theorem 3 Let ]Fgli) = Circ,» (ng) ,IFY() ,F(Zk) yee .,ng)l) be an n x n geometric circulant ma-

|r| = |r|2"w
— |2 T

i)

trix.
(i) If|r| > 1, then

1
ZF < |7

(ii) If|r| <1, then

"
I g < e
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Proof Since the Fyi) is of the form

I"n_BF;k)

(k (k)
F n-2 IFln—l

(k (k)
]Fn—S Fn—Z

(k) (k)
]Fn—4 Fn—S

FO F

and from the definition of Euclidean norm, we have

-1

- -9y

s=0

(i) From |r| > 1, we have

Z(n F(k

e

\/—nl—

On the other hand let the matrices A% and B® be defined by

FP 1 1
ro FPY 1

and

P
B(k): F;liz ]ngk—)l

— = =

That is, F *) = A® o B®_ Then we obtain

21 (A(k ) max

1<i<n

n
12 |7]2 — 7|2
Z‘“U = 2
= 1—|r|

Page 12 of 15
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and

n-1
a(B* 1m<]a<>; Z | bl]

s=0

From Lemma 1 and (4), we have

- 7|2 — [r|?n kD
27V 1

which is desired result.

(ii) From |r| < 1, we have

-1
| Z(" | (F W) Z o[ (E )
s=1
n-1
> n|r|2n Z(]ng))Z
5=0
From (5) and (4),
7"
ED < |FY

On the other hand, let the matrices A% and B®) be defined by

=
=
—_
—
—
—

ro FP 1 1 1
A |2 oy FY 11
rn—l rn—2 rn—3 r ]Fg{)
and
(k) (k) (k) (k (k
II"TO ]Fl IFZ Fn—Z IE“n—l
(k) (k) (k) k (k)
Fn—l ]FO IF1 Fn—S Fn—Z
k (k) (k) (k) (k) (k)
BO = |F, F Fy oy B
Fo  Fo gl Fo  p®

That is, IFY,? = A® o B®_ Then we obtain

21 (A(k ) max

1<i<n

n
Z‘uff) - vn-1
j=1
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and

n-1

o (B(k = max Z ’ bl]

1<j<n
== s=0

From Lemma 1 and (4), we have

Thus we have

N )

r|” k+1 ||F

fnl

4 Conclusion

(k+1)
, = Vn-1F". 0

In this paper we approximated lower and upper bounds of the spectral norms of geometric
circulant matrices with the generalized Fibonacci and hyperharmonic Fibonacci numbers.
If we take p =1 and p = 2 in Theorem 1, we obtain lower and upper bounds of the spectral
norms of geometric circulant matrices with the Fibonacci and Pell numbers, respectively.
Similarly if we take p = 1 and p = 2 in Theorem 2, we obtain lower and upper bounds of the
spectral norms of geometric circulant matrices with the Lucas and Pell-Lucas numbers,
respectively.

In the future it may be possible that one can generalize our results to the Horadam,

tribonacci and tribonacci-like sequences.
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