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[Fom, W] = lim

1 t
elo v2g2H /(; {f(WHS) - f(WS)}(WHs - We)dn;

in probability, where f is a Borel function and 1 = A%s + v?s?". For some suitable
function f we show that the quadratic covariation exists in L?(€2) and the It formula

(H)
t

t
FW,) = FO) + / FN,) AW + %[f(W), w]
0

holds for all absolutely continuous function F with F' = f, where the integral is the
Skorohod integral with respect to W.
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1 Introduction

As is well known, in recent years, there has been considerable interest in studying frac-
tional Brownian motion (in short, fBm) due to its simple properties and some applications
in various scientific areas such as telecommunications, turbulence, image processing, and
finance. For some surveys on fBm we refer to Biagini et al. [1], Hu [2], Mishura [3], Nour-
din [4], Nualart [5], Tudor [6] and the references therein. On the other hand, in order to
make some better applications of fBm in finance, many authors have proposed to use the
mixed-fBm as stochastic models. For this purpose, we refer to Bender et al. [7], Cherid-
ito [8, 9], EI-Nouty [10], He and Chen [11], Mishura [3], Shokrollahi and Kiliiman [12],
Prakasa Rao [13] and the references therein. The so-called mixed-fBm W with Hurst in-

dex H € (0,1) is a stationary Gaussian process with the following decomposition:

W, =AB, +vB, t>0,
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where B is a standard fBm with Hurst index H € (0,1), B is a standard Brownian motion
independent of B/ and A,v € R\ {0}. It is important to note that Brownian motion B
in the mixed-fBm W can offset some irregularity of fBm such that the theoretical issues
for them became relatively easy and the application issues became also relatively favorable.
For example, the mixed-fBm is equivalent to a standard Brownian motion when % <H<1.
Therefore, it seems interesting to study the mixed-fBm. In this paper, we consider the
quadratic variation of mixed-fBm W.

Recall that a fBm on R with Hurst index H € (0,1) is a Gaussian process B = {Bf,¢ €
[0, T} such that BY = 0 and

EBl'=0,  E[B/B!]= %[;:ZH +5 — |t —s]M]

for all t,s € [0, T]. When H = 1/2, B" coincides with the standard Brownian motion B,
and when H # % it is neither a semi-martingale nor a Markov process. We know also that
the usual quadratic variation [B*, B”] equals zero when H > %, and it does not exist when

H< % However, we can easily see that

22t H>3,
(W, Wl =2+, H=1,
+00, H< %,

for all £ > 0. This simple result points out some irregularities of fBm cannot be offset by
Brownian motion when 0 < H < % Motivated by the above fact, in this paper we consider
the substitution of quadratic variation when 0 < H < % We shall introduce a substitution
of quadratic variation of W and study some related questions, and the idea follows from
Yan et al. [14]. For some continuous processes with infinite quadratic variation, Errami

and Russo [15] and Russo and Vallois [16] introduced the «-variation and #-covariation.

Definition 1.1 Let 0 < H <1 and let f be a measurable function on R. Denote

1 t
0= oy [ (W) ~FOVD)(Wers = Wo) w
0
forall £ € [0, T] and & > 0, where 7, = A%s + v2s?. The limit
[f(W)r W](H> = 1813’)1]6(12 )

is called the fractional quadratic covariation of f(W) and W, provided the limit, which
exists in probability.

Clearly, when H > % the fractional quadratic covariation coincides with the usual
quadratic covariation. However, for the case 0 < H < %, the fractional quadratic covari-
ation is very different from the usual quadratic covariation. In the present paper our main
object is to introduce the existence of the fractional quadratic covariation and it is orga-
nized as follows. In Section 2 we present some preliminaries, and in particular we give
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some technical estimates associated with mixed-fBm. In Section 3, we prove the exis-
tence of the fractional quadratic covariation for 0 < H < % To prove the existence of the

fractional quadratic covariation, we consider the decomposition

1 t
S /0 (W) — (W)} (Wae - Wo)

1 ¢ 1 ¢
= W \/0 f(‘)Vs+s)(VVs+s - WS‘) dns - W /0 f(‘VS)(WS‘+S - Vys)dns (12)

and by estimating the two terms of the right hand side in (1.2), respectively, we construct
a Banach space H of measurable functions f on R such that

T dn, _2
il \//o J%ys/le(x)lze B dx < o0,

We show that the fractional quadratic covariation exists in L2(2) for all £ € [0, T] if f € TH.
In Section 4, we introduce an It6 formula including the fractional quadratic covariation

and give an integral with respect to local time of mixed-fBm.

2 Stochastic calculus for mixed-fBm
In this section, we briefly recall some basic results of mixed-fBm and give some basic

estimates.

2.1 Stochastic calculus for mixed-fBm

We refer to Al6s et al. [17], Nualart [5] and the references therein for more details.
Throughout this paper we assume that 0 < H < % is arbitrary but fixed and we let W, =
AB; + va’ ,0 <t < T be a one-dimensional mixed-fBm with Hurst index H and A,v # 0.

Then we have
L, L o on | on 2H
Ry(t,s):= EW, W, = 5)\ (Ens)+ Ev (t +877 — |t -] ) (2.1)
forall t,s > 0.

Denote by € the linear space generated by the indicator functions 1jo 4, ¢ € [0, T]. Let H

and Ho be the completions of the linear space £ with respect to the inner products

(Lioss Lo,) 2 = Ru(2, )
and

1
(Lo, Lio,e)) 9o = B (7 + s — |t - sP),

respectively. Then H = Ho N L?([0, T]). For ¢ € &, by linearity and 1j9, — B?'h for all
t € [0, T], we can define the map

T t t
oo W= [ o@aw! =n [ g as o [ g asl.

0 0 0
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Then the map is an isometry from £ to the Gaussian space generated by mixed-fBm W,
and, moreover, it can be extended to H. The map

is called the Wiener integral of ¢ € H with respect to the mixed-fBm W, and we have

T 2
E‘/ o) dW,| = IgI2.
0

Consider now the set Sy of smooth functionals

F :f(W(Wl): W(QOZ), LR W(‘pn)): (22)

where the function f and all its derivatives are bounded (denoted by f € C;°(R")) and
¢; € H. As usual, we can define the Malliavin derivative (operator) Dy and the divergence
operator (the Skorohod integral) §y with respect to the mixed-fBm W. For the functional
F of the form (2.2) we define

Dy F = 21: g—j; (W(pr), W(@2), ..., W(@n) 9,
i

and we can show that the operator Dy is a closable operator from L2(Q2) into L%($2; H).

Denote by D2 the closure of Sy with respect to the norm

Iz == \/EIFI2 + E| DwF|3,

The operator 8y is the adjoint of derivative operator Dy . A random variable u in L(Q2; H)
belongs to the domain Dom(8y) of the divergence operator 8y, if

E[(DwF,u)3| < cullFll 20

for every F € Sy, and we have D2 C Dom(8w). In this case, the operator 8y (i) is deter-
mined by the so-called duality relationship

E[Féw(u)] = E(DwF,u)3 (2.3)
for any u € D"2. Moreover, we can localize the operators Dy and 8y via their domains.
That is, if {(2,,, F"),n = 1,2,...} localizes F in D', then Dy F is defined without ambiguity
by DwF = DwF" on Q,, n>1, and

Q,1Q  F=F, n=>1,

almost surely. Similarly, if {($2,, 4"),n = 1,2,...} localizes u, then the divergence dw (1) is
defined as a random variable determined by the conditions

(Sw(u) = SW(u")
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on 2, for all n > 1. We will also use the following notations:

T t t
S (ue) :/ usds:A/ usst+v/ usdBf'
0 0 0

and

t
f us dWH = 8y (uljo )
0

for all ¢ € [0, T]. The following Itd formula holds (see Alds et al. [17]).
Theorem 2.1 Let F € C*(R) such that

) |F'(%)],

max{|F(x) F”(x)|} < kef?, (2.4)

where k and B are positive constants with 8 < m. Then we have

t d 1 t d2
F(W,) = F(0) + fo S EWds+ fo S, dn,

forall t € [0, T], where ng = \%s + v2s?1,

Finally, from Theorem 6.4 in Geman and Horowitz [18] we can easily see that the mixed-
fBm W with Hurst index H € (0,1) admits a bi-continuous local time L such that

t
L (x, 1) =/ 8(W, — x) ds.
0
Thus, we can define its weighted local time as follows:
t t
LH(x,8) = / (A + 2Hvs2H—1) dLf (x,ds) = f 8(Ws — x) dns,
0 0

where § is the Dirac delta function (for the local time of fractional Brownian motion, see,
for example, Coutin et al. [19] and Hu et al. [20]).

2.2 Some basic estimates

In this subsection we will introduce some inequalities associated with mixed-fBm. For
convenience, in this paper we assume that C is a positive constant and its value may be
different in different positions, and, moreover, we use also the notation F < G to denote
the following relationship:

aF(x) < Gx) < eF(x)
for some positive constants ¢; and c;.
Lemma 2.1 Foralls>r>0and0< H <1 we have
s — i = PN (5 _ ) RHDAL 2.5)

where 1 = E(W, WH) and ns = 32s + v2s*1.
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Proof Clearly, we have
1 2
s — w2 = (A2 + 022 (W2r + 072 - (Azr + 51)2 (s + P — (s - r)2H))
=24 r(s— 1) + A2 (s — ) + 2202 r(s — )2

1
ot (SZHrZH _

Z(SZH s 2 (s — r)ZH)2>

forall s >r>0and 0 < H < 1. Thus, (2.5) follows from the estimates:

1
$2H 2H _ Z(SZH M (s r)2H)2 = PH(s_ p?H
for all s > r > 0. But this is introduced in Yan et al. [14] and the lemma follows. a

Lemma2.2 Let0< H < %.ForallO<r§s§ T we have
ns— = (s—r)*" (2.6)

and
A\ 2H
OSW—MX(J (s—r*. (2.7)
s
Proof For (2.6) we have

1
ns — = A2+ v2sH — \2r — 51)2(52]{ +rH _(s— r)ZH)

%(SZH 2 (s r)ZH))

=22(s—7) +v? <S2H -
=A% (s—r)+ %U2(52H -+ %UZ(S — ) < (s — r)HOAL
For (2.7) we also have
Ny — i = A%r + 024 — <k2r + %vz (S2H +rH —(s— r)ZH)>
_ %vz ((s - P)2H _2H r2H)
_ %\)ZSZH((I _ x)ZH _ (1 _ xZH))
with x = £. Thus, (2.7) follows from the estimates
1 -x) = (1-2) =< 2?1 - 2)* (2.8)
for all 0 < x < 1. But (2.8) can be introduced by the convergence

1 -x)* - (1 - &) . (x0T - (1 -2
im =1, lim =1,
x10 xZH(l _ x)ZH 1 xQH(l _ x)QH
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and the continuity of the functions

(l _ x)zH _ (1 _ xZH) xZH(l _ x)ZH

X > ’ X = ’
xZH(l _ x)2H (1 _ xZH) _ (1 _ x)ZH

with x € [0,1]. This completes the proof. d

Lemma 2.3 Let0<r/<s’<r<sandO<H<%.Wehave

(S _ r)(l—a)Hm (S/ _ r/)(l—a)]-lm

[E[(W: = W) (We - W;)]| < C (7 —5)e2)

(2.9)

forall a € [0,1].
Proof Clearly, we have
E[(Ws = W)Wy - W) = vE[ (B - B) (By - By)]
by the independence. Thus, the lemma follows from Yan et al. [14]. O

Lemma 2.4 Fort>s>r>0and0<H<%wehave

[E[W(W; - W))]| < v*(t-9)*",
|E[Wo(W; = W) ]| < vP(s—r)*"
|E[W, (W, - W))]| < v2(£-9)*".

Proof The lemma is a simple exercise. O
Let ¢(x,y) denote the density function of (W;, W;). That is,
P59 = —— exp —L(n X% = 2uxy +n5y°)
’ 27p 2,02 r s, ’

where 1 = E(W;W,) and p? = 1,1 -

Lemma 2.5 Let 0 < H < % and let f € CH(R) have compact support. Then the estimates

NLUR

E[f'(Wof'(W,)]| < p

E[f(W)f(W))]

and

[E[f" (Wof(W;)]| < %E[f(Ws)f(Wr)]

hold forall0 <r<s<T.

Proof This a simple exercise. In fact, we have

E[f (Wy)f'(W,)] = o(x,y)dxdy

0x0
f Ff { (159 — 1)y = uy)+—}<p<x,y>dxdy
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by integration by parts. On the other hand, an elementary calculation can show that

2
[ f2<y)(x— ﬁy) o(w,9) dxdy
R2 Ny

2

N YR < )
S fRf (y)«/2m7re b= mEW(WM ]

and

o [ O - - s )zl

AR A

02

for all s > r > 0. This completes the first estimate and similarly, one can also obtain the

second estimate. O

3 Existence of the fractional quadratic covariation
In this section, we study the existence of the fractional quadratic covariation. Recall that

1 t
Jolf,0) = W/o F(Ware) ~f W)} (Ware — W)
fore >0and ¢ > 0, and

[row), w™ = tim . (f, ), (3.1)

provided the limit exists in probability, where n; = A2t + vV2¢?,

In order to prove the main theorem we need some preliminaries.

Lemma 3.1 (Gradinaru and Nourdin [21]) Let g be a continuous function on R satisfying

the condition
lg(x) —g()| < C(1+4? +y2)ﬁ|x—y|°’, Vx,y € R (3.2)

for some > 0,0 <a <1 and let X be a Holder continuous paths process with index y €
(0,1). Suppose that V is a bounded variation continuous process such that

|X¢(6) - V27, = O(e”) (e —0) (3.3)

forsome o >0 and all t > 0, where
L Xee — X,
g _ S+€ S
X¥(t) = /0 g(—gy ) av,
fort>0,¢e>0, then lim,_,¢ X4(t) =V, a.s., foranyt >0, and

t Xs+£ _Xs g
lim Ysg(iy) AR —>/ Y,dVy a.s., (3.4)
& 0

e—~>0 Jo
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uniformly in t on each compact interval for any continuous stochastic process {Y; : t > 0},

provided g is non-negative.
As an immediate consequence of the above lemma, one can get the next corollary.

Corollary 3.1 Letf € CY(R). We have

[rown, wlt? - [ W) dn, (35)
and, in particular, we have

(W, W]EH) =Nt
forall t >0, where n, = A2t + v2¢2H,

Proof Denote

1 t
206,0) = sy [ (Wiee = WP,
vee 0
for all 0 < ¢ < t. By Lemma 3.1 it is enough to prove the next convergence
E(Z(e,t) - m)z =0(¢#) (e—0) (3.6)

for some B > 0. In fact, if the convergence (3.6) holds, we then have
1 t
10 = ooz [ W) = VDN (Wer, = Wo)
0

1 ‘ ! ! !
~ m/f(VVs)(VVs+s—VVs)2dﬂs—>ff(VVs)dﬂs
0 0

almost surely, as ¢ tends to zero, by taking Y, = f'(W5). This gives (3.5).
Now, let us prove the convergence (3.6). Denote

GE(S7 l”) = E((WS+S - ‘Vs)Z - VZEZH) ((W}’+8 - Wr)2 - VZEZH)
= E[(‘/VS+8 - WS)Z(WF+S - Wr)z]
— V2 HE(Wie — W) = V2 E(W,c — W,)% + 026

for all s,7 > 0 and & > 0. Notice that
E[(WHS - Wr)z] =A2e + 122

and

E[(Wise = Wil (Wse = W] = E[(Ware = WO E[(Wrse = W;)?]
+ 2(E[(VVS+5 - W) (Wipe — Wf)])z

= (3% +0262) + 2(E[(Wase = W)Wy = W,)])°
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for all s, r, & > 0. We get

Ge(s,7) = 16?4 2(E[(Wise = W) (Wye = W3)])°
foralls,r >0 and ¢ > 0 and

E(Z(e,8)-n,)°

1 t t
= W / / E((W$+5 - WS)Z - VZSZH) ((Wr+8 - Wr)2 - V2‘92H) dns dn,
0 Jo

1 t t

= T4 4 Gs ’ d sd r

gt /0 /0 (s,r)dnsdn

)\‘4 2 t t 9
L2 [ EE(Wa - W0V, - W)Y dnd,

Vv Ve o Jo
=0(e”) (e—0)

by the inequality (2.9), which gives the convergence (3.6) and the corollary follows. [

Now, we assume that f ¢ C'(R) and discuss the existence of the fractional quadratic co-
variation [f(W), W] when 0 < H < % Consider the set

H {f Borel functi R such that ||f||2 /T/[f( )|2 -5 dx s oo}
= : orel runctons on suc a = X)| e s —— < .
e V2mns

Lemma 3.2 For0<H < %, the set H is a Banach space L*>(R, u(dx)) with

T e dﬂs
u(dx) = dx e 2 ———,
0 A 275

and the set & of elementary functions on R is dense in H.
Our main theorem is expounded as follows.

Theorem 3.1 Let 0 < H < % and f € H. Then the fractional quadratic covariation
[F(W), W1 exists in L*(Q2) and

E|[fw), w]™)? < clf I (3.7)
forallte[0,T].

To show that the theorem holds we consider the following integrals:
1 t
Je(Lf,1) := m / J(Wiie)(Wape — W5) dip
0
and

]s(zif’ t) = _% /0 f(‘)Vs)(‘)Vers - WS) dns

vee
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for ¢ >0 and ¢t € [0, T]. Then we have
1 t
J60) = sz [ Ve = POV W = W) i,
= ]E (Lf’ t) _]a (2’f7 t) (3‘8)

for ¢ > 0. For simplicity we let T =1 and it is enough to show that the next statements
hold:
(a) forall f e H, ¢ € [0,1] and k = 1,2, we have

EJ.(k.f,0|* < CIf I3 (3.9)
(b) forallf € H, ¢t € [0,1] and k = 1,2, {J.(k,f, £),& > 0} is a Cauchy sequence in L*().

Proof of Statement (a) Given f € H. We have

E|]£(Lf, 0)|°

- f f E[f (W) (W) (Were — W) (W — W] diny i,

for all ¢ >0 and ¢ > 0. We need to estimate

Ac(s,7) = [f(Wf (W) (Wise = Wo)(Wie = W)
for all ¢ > 0 and 5,7 > 0. By approximating we may assume that f € C5°(R) and denote

AE(S: r, 1) = EU(My(Wr)]E[(WHS - WV)(‘VS+€ - vys)]:

Ac(s,7,2) := E[f (W)f (W) [E[Wi(Wiie — W) |[E[ W (Wese — W],
Ag(s,r,s):=E[f”(Ws)f(Wr)]E[W(Wm W) |E[Wy(Wye — W5)],
Ae(s,7,4) = E[f (Wo)f (Wo) JE[ Wi (Wrse — W) JE[ Wi S+E—W],
Ag(s,r,S)::E[f(W ”W)]E[W(Wm W) [E[ Wi (Wire — W5)],

for all ¢ >0 and s,7 > 0. It follows that

As(s! }") = E[f(‘vs)f(wr)(‘vsﬂ - ‘Vs)au’/(l[r,rﬂ])]
= EU(VVs)f(Wr)]E[(WHs - Wr)(WHs - "vs)]
+ E[f/(vys)f(Wr)(Vsz - ‘/VS)]E[WS‘(WI“+£ - Wr)]

+ E[f(Wo)f (W) (Were — W) |E[Wi(Wiie — W) ]

5
= Ag(s,r,))
j=1

by (2.3), which gives

5
2 t s )
E|J.(Lf, t)!2 = Z W/O /0 Ac(s,r,j) dnsdn;.
j=1
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For the first term A.(s,7,1) we have

84H

|E[(Wr+s - Wr)(VVHs - WS)]| = 81{0<s—r<8} + Vzml{s—»m

for s > r > 0 by Lemma 2.3 and Cauchy’s inequality. Moreover, by the fact

E[f2(W))] =/Rjﬂ(x)\/2177_7“6‘;W dx
<ﬂ 2 1 -2’%61 :ﬂE 2(W, 3.10
_nrR(x)me xﬁ[(s)] (3.10)

with s > r > 0, we have also

Ef (W (W))| < E[PW)E[2(W,)]
< E[fZ(WS)]C/? (3.11)

for all s > r > 0. It follows that

84H s
|A€(S¢ r, 1)| < (81{0<s—r<s} + 721,11{s—r>0}>E[f2(VVs)] 14l —_
(S - }") Nr

forall s >r>0 and

1 t s
ﬁ/ / | Ae(s,r,1)| dns dn,
& 0o Jo

1 & s
:—zf f ’Ag(s,r,1)|d775d77r
& Jo Jo

1 t s—¢€ 1 t s
+8—2// ‘Ag(s,r,l)’dnsdn,+8—2// ’Ag(s,r,l)‘dnsdmgC|[f||%I
& 0 e s—¢€
foralle>0and 0 <t <1.

Now for the second term A.(s,7,2). By Lemma 2.4, Lemma 2.5, and the fact (3.11) we
have

|Ac(s,7,2)| = |E[We(Wyie = W) JE[ Wi (Wi = WO E[/ (WO (W3]

= e SR v Pl o)
which implies that

l t s
- / f |Acs,7,2)| dydn, < CIFI,
& 0o Jo

for all 0 < & <1 by (3.10) and Lemma 2.1.
Similarly, we can also obtain the estimates

t s
/ / Acls,rj)dnsdn| < CIFIE, =345,
0 0

1
o4H
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forall 0 < ¢ <1and ¢ € [0,1]. Thus, we have obtained the estimate (3.9) for k = 1. In the

same way one can give (3.9) for k = 2. O

Proof of Statement (b) We need to prove
Bi(er,e3) := E|Jey (ko fo ) = oy (ko f8)]* — 0, (312)
foralland t > 0 and k =1,2, as &1, &3 | 0. Recall that
Ac(sr) = E[f (Wof (W) (Wise = Wo)(Wree = W,)],
and denote
Acy ey (5,7) = E[f(WO)f (W) (Wire, = Wo)(Wire, — W) ]

for all ¢, 1,62 >0 and s, 7 > 0. Then we have
1 t t
Biened) = g / / EF (W (W,)(Wisey — W) (Wi, — W) iy di
812H8%H / / Ef W)f(W S+61 - VVS)(Wr+$2 - W,)dn, dn

1 t t
v [ OO0 Wy = WO,y W),

)
= 84H82H/ f A«91(5’ - 81 82(5 7)81 }dnrdns
1 &
2H 4H/ / ) S’r)‘91 AT CS ’")52 }dﬂrdﬂs
81 &y

for all &1,&; > 0 and ¢ > 0. Thus, to show that {J.(1,f,£),¢ > 0} is a Cauchy sequence in
L%*(2) we need to prove

lim ' — ZH// Ael(s’ Aeyer (S )E?H}dﬂrdns=0 (3.13)

£;,6j—>0 &

for all ,j € {1,2} and i #j. Without loss of generality one may assume that &; > ¢, and by
approximating we may also assume that f € C5°(R). Denote

Q1,s,7,€) := /" E[(Wyie = W) (Wiye — W]
= ME[(Wiey = Wo) (Wiie, - W3],
Qi(2,8,1,8) = & E[ Wi (W, — W) [E[ W (Wi — W)
~e*E[B/'(B}.,, - B)) [E[W\(Wiye, = W),
Qi(3,5,7,8) = & E[Wy(Wie = W) |E[Wa( Wi, — Wi)]
= M E[Wy(Wysey = W) [E[Wa(Wese, - W0)),

Q/‘(4751 7’,8) = SI‘ZHE[WV(WHE - WV)]E[WS(WS+S - WS‘)]

Page 13 of 20
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- ezHE[Wr(WHez - Wr)]E[Ws(VVHel - WS)]’
Qj(S,S) 7,8) = SfHE[‘)Vs(WHs - Wr)]E[Wr(Vsz - WS)]

— e E[Wy(Wiie, = W) JE[W,(Wie, — W0)],

forj € {1,2} and ¢, &1, &2, ,7 > 0. From the proof of Statement (a) it follows that

Agyy(s,7) = [f(W)f(W ]E[(WMZ—W) Ws)]
+E[f (W (W) [E[W,(Wese, = W E[W(Wrie, = W]
E[f ”(W)f(B“)]E[WWsm WOJE[We(Woey - W)
+ E[f (Wo)f (W) |E[Wi(Wise, = W) |E[ W (W, — W3]
+ E[f(Wo)f" (W) |E[Wr(Wise, = W) |E[ Wi (Wiie, — W5)]

and

812H Ag(s,r) - S?H Agey(8,7)
= EU(VVS)f(Wr)] Q]’(LS’ r, Si)
+ E[f(vys)f”(wr)]Qj(zi S, gi) + E[f”(‘/vs)f(Wr)]Q/(gr 571, 8[)
+E[f'(Wo)f (W)](Qi(4,5,7,61) + Qi(5, 5,7, )
with i #j and i,j € {1,2}. Now, let us prove the convergence (3.13) in three steps. We only

need to show that (3.13) holds with j = 2 and i = 1 by symmetry.

Step 1. The convergence

1 t t
i s [ [ EFORY O] Qa5 o) e, =0 (314)

e1e2—>0 g1 e

holds. Clearly, by Cauchy’s inequality we have

[E[(Wase, = W (Wres, = W[ < \JE[(Wase, = WaRE(W,e, — W,)2]

82H+082H
2 1-2H 2 2 1-2H 2\ H_H i J
S()\. &; +\))()» 8]’ +U)8i 8] SCW

forO<|s—r|<e;negp<land 0 <6 <1-2H, whereije {1,2}. It follows from (2.9) with

_ 2H+0
a = 5 that

CE4H+9

[E(Werey = WOWrer = Wl < =

and

C82H+0 2H

|E[(W5+51 - WS)(WV+82 - ]| —_ W
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forall |s—r|>0and 0 <6 <1-2H, which gives

1 Ce{
4H 2H |Q2(1:S; r, ‘91)| = “oHe 0 (e1,62—>0)
& ey |s—r7|

forallr,s>0and 0<6 <1-2H.
On the other hand, from the above proof we have also

4H 2H |Q2(LS; r, 81)| = 4H |E[ s+e1 ‘Vs)(Wr+€1 - Wr)]|
&1 & &
1
+ 77 [E{(Wase, = W (Wi, = W3]

€1 &
o

<~

T ls—r?H

for all [s — 7| >0 and &1, &, > 0, and

/0 /0 ﬁw[ﬂWS)f(Wr)ﬂdmdnsSCHfII%I

for any O < &1, &2 < 1. Thus, Lebesgue’s dominated convergence theorem implies that the
convergence (3.14) holds.
Step I1. The convergence

S / / WO (W) Qa(2,5,7,61) iy diny = 0 (315)

&1, 52%0 )

holds. By Lemma 2.4, we have

1

EUR 2H|Q2(2 s,ryer)| <2

and
t t
| [ trovr vl dn,an. < ciniz
o Jo
for 1, &2 > 0. On the other hand, by Lemma 2.4 and the fact
v —-a’ <b"?b-a) (3.16)

withb>a>0and1>60 >y >0, we have

1 1

8%H82H|Q2 2, s,r,sl)‘ = efH(SZH |E[

X |€§HE[Wr(Wr+81 - Wr)] - SIZHE[WV(WPrSZ - Wr)]|

r(st+sl - VVs)] |

— 1 |E[Wr (Wee, = WH)]|
&1 &

X C’e%H((r +e) - V2H) 8fH((r +8)2H VZH)|

<CrHI2H 0 (1,6 — 0) (3.17)
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for all 2H <0 <1and r > 0. Thus, the convergence (3.15) follows from the Lebesgue dom-
inated convergence theorem. Similarly, we can introduce the convergence

lim 2H/ / " (Wo)f (W,)]Qa(3, 5,7, €1) dipy dgs = 0. (3.18)

£1,62—0 &

Step I11. The convergence

iZg ZH/ f Qx(4,s,1,61) + Qa2(5,8,1, 61 )EU W)]dn,dns—o (3.19)

€1, 52—>0 g

holds. From Step II we have

1 1
iz | Qs 10| = g [E[Ws(Ware, = WO
1 2 1 3

X |8%HE[Wr(Wr+51 - Wr)] - 81HE[W (WHFQ Wr)]|

<CrPH 02— 0 (61,60 0)

and

1

1
W‘Qﬂs!‘g:rré\l” = W‘E[Wr(‘)«wel - Ws‘)j”

x |3 E[Wy(Wiiey = W) | = et E[W(Wyse, = W) ]|

< (VZH—Q +ls— r|2H—9)80—2H 50

forall2H <6 <1and |s—r| >0, as £1,62 — 0. On the other hand, we also have
1 t t
AT f f |E[f (Wof (W)]||Qa(4, s, 7,81) + Qa(5, 5,7, 81) | dnyy diys
1 ©2 0 Jo

t t
<a [ [ Il ovar ov))| dn,dn. < cirit
0 Jo
for all £1, &5 > 0. Thus, Lebesgue dominated convergence theorem implies that the conver-
gence (3.19) holds.
Consequently, we have found the desired convergence (3.12) for k = 1. In the same way
one can also introduce the convergence (3.12), which with k = 2 holds, and Statement (b)

follows. O

4 Ito’s formula
In this section we introduce an Ité formula and study the integral

/ FLM (dx, ), 1)
R

where f is a Borel function and

LH(x, 1) = tSWS— dn;
(x6,1) /0( %) dn
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is the weighted local time of mixed-fBm W. By using the result given in Section 3, we
can immediately get an extension of Itd formula stated as follows, which is an analog of
Follmer-Protter-Shiryayev’s equation (some more work can be found in Eisenbaum [22],
Follmer et al. [23], Moret-Nualart [24], Russo-Vallois [16, 25], and the references therein).

Theorem 4.1 Let 0 < H < % and let f € H be left continuous with right limits. If F is an

absolutely continuous function such that the derivative F' = f, then the It formula

F(W) = F(0) + )L/tf(Ws) dB, + v/tf(Ws) dB + %[f(W), W]ﬁm (4.2)
0 0

holds for all t > 0.

Proof When f € C!(R), this is an Ité formula since

o wi - [ rowvydn
0
=2 /Otf’(Ws)a,'s+21)2H/Otf/(W/s)sz'LI‘1 ds

by Corollary 3.1.
When f ¢ C'(R), by a localization argument we may assume that the function f is uni-
formly bounded. Let now F’ = f € H be uniformly bounded and left continuous, and define

the function { on R by

1
21
s(x):= cet, x€(0,2), (4.3)

0, otherwise,

where ¢ is a normalizing constant such that [, ¢ (x) dx = 1. Consider the sequence of func-
tions

F,(x) := n/ Fx-y)¢(ny)dy, n=12,...,
R
with x € R. Then F,, € C*°(R),
F)(x):= n/f(x—y);(ny)dy, n=12,...,
R
with x € R and the It6 formula
t t 1 t
E,(W/) =Fn(0)+A/ F;(Ws)stw/ F(W,)dB™ + 5/ F//(W,) dn; (4.4)
0 0 0

holds for all » =1,2,.... Moreover, Lebesgue’s dominated convergence theorem implies
that

lim F,(x) = F(x), nlirglo F(x)=f(x)

n—00
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for each x, and {F,} C H, lim,_,o F,, = f in HL. It follows that
[ Ewyan =, w1 — [ron, )

and
F,(Wy) — f(W)

in L2(2), as # tends to infinity, which gives

(H)
t

f F(W)aW, = Ey(Wy) - Fy(0)- S0, W]
0
— F(W) - FO) ~ 5 [fw), W]/"

in L*(R2), as # tends to infinity. This completes the proof. d

At the end of this paper, we use the Itd formula above to obtain the integral (4.1) and
give the related Bouleau-Yor identity. Such an identity wais first studied by Bouleau and
Yor [26], who characterized the relationship between the quadratic covariation of Brow-
nian motion and the integral with respect to the local time of Brownian motion. Let B
be a standard Brownian motion and let £3(x, t) be the local time of B. Then Bouleau and
Yor [26] showed that the identity

[/(8),8], - - /R F)CH )

holds for all locally square integrable functions f. The identity is called the Bouleau-Yor
identity. For more work we refer to Eisenbaum [22, 27], Follmer et al. [23], Feng and
Zhao [28], Peskir [29], Rogers and Walsh [30], Yan et al. [14, 31, 32] and the references
therein. Let F(x) = (x —a)* — (x — b)*. Then F is absolutely continuous with F’ = 1(, ), and
Ito’s formula (4.2) implies that

[ (W), W] = 2F(W,) — 2F(0) - 2 /O Loy (We) AW,
=LMa,t) - LHb, 1)

holds for all £ > 0. Thus, from the linear property of fractional quadratic covariation one
deduces the following result.

Lemma 4.1 Foranyf = Zj Bila; 1.4 € €, the integral

/}R FOLMdx )= 3 By, 0) - L7 (a1, 0)] (4.5)
j
exists and
[ s - [, ] (4.6)
R

forallt>0.
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Since & is dense in H, we can extend the definition (4.5) to the elements of H by setting
/f(x)LH(dx, t):= lim /fn(x)LH(dx, t) (4.7)
R n—00 R

in L? for f € H provided lim,,_. o f,, = f in H, where f,, € € for all n > 1. We can show that
the limit does not depend on the choice of the sequences {fa ,} and the following theorem
holds.

Theorem 4.2 (Bouleau-Yor identity) Let 0 < H < % and f € H. Then the integral (4.7) is
well defined and

[F(w), W] = - /R F@)LH )

holds for all t > 0.

Corollary 4.1 (Tanaka formula) Let 0 < H < % For any x € R we have
g 1
We-)' = a)' + [ 1w dWe+ 3 L0
0
t 1
(We-a) = (ay = [ L dWi s 32,0,
0
t
(W, —al = |x| + / sign(W; —a) dW + L (a, t).
0

Proof Let F(x) = (x —a)*. Then

F(x) = /_ Lia,00)(9) dy,

o]

Ito’s formula (4.2), and the above theorem imply that
£M(a,8) = [Lason (W), W]

t
—2(W;—a)* —2(-a)' -2 / Liwona AW,
0

for all ¢ € [0, T], which gives the first identity. In the same way one can obtain the second
identity and the corollary follows. g

5 Results, discussion, and conclusions

Since the quadratic variation of a mixed-fractional Brownian motion does not exist when
0<H< %, we need to find a substitution tool. In this paper, we give a new substitution tool,
and by using some precise estimations and inequalities we show that this substitution tool
is well defined, and, moreover, we also discuss some related questions. It is important to
note that the method used here is also applicative to many similar processes.
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