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Abstract

Let (Ag, A7) be a compatible couple of normed spaces. We study the interrelation of
the general K-interpolation spaces of the couple (Ap + A7, Ag N Aq) with those of the
couples (Ag, A1), (Ao + A1, Ag), (Ao + A1, A1), (Ag, Ag N A7), and (A1, Ag N A7),
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1 Introduction

Let (Ao, A;) be a compatible couple of normed spaces, i.e. we assume that both Ay and
A; are continuously embedded in a topological vector space 4. The sum of A and A4;,
denoted by A¢ + A, is the set of elements f € +4 that can be represented as f = fy + f; where
fo € Ap and f; € A;. The norm on the sum space Ay + A; is given by

fllagsa, = inf{Ifollag + Ifilla 2 fo € Aoufi € Avf =fo +fi}-

The norm on the intersection space Ay N A; is given by

”_f”A()ﬂA] = maX{ ”f”A()l ”f”Al }

The Peetre’s K-functional is defined, for each f € Ag + A; and £ > 0, by

K(t,f3 A0, A1) = inf{[lfolag + Ellfilla, :fo € Aofi € ALf =fo + i}

Let ® be a normed space of Lebesgue measurable functions, defined on (0, co), with mono-
tone norm: |g| < |k| implies ||g|lo < ||/4]|¢. Further assume that

t — min{l, ¢t} € d. (11)

By definition, the general K-interpolation space (A, A1) is a subspace of Ay + A; having

the following norm:

I llaoane = [ K (& f5A0,AD |-
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Here ® is often termed the parameter of the K-interpolation method. We refer to [1] for
a complete treatment of the general K-interpolation method.
Set

I'=([0,1] x [1,00]) \ ({0,1} x [1,00)).

Let (9, p) € I, then the classical scale of K-interpolation spaces (Ag,A1)s,4 (see [2] or [3]) is
obtained when @ is taken to be the weighted Lebesgue space L,(¢™") defined by the norm

o [ U5 OPE, ©,9) € 0,1) x [1,00),
SUPg<tco0 t79 |g(t)|) (Q,p) c [0,1] e {OO}

The following identity was proved by Maligranda [4]:

(Ao, A1)gp + (Ao, Aoy, (0,p) €Ty,

(1.2)
(Ao, A1)ep N (Ao, AL)1-0,ps  (6,p) €Ty,

(Ag + AL, Ao N Aoy = {

where

I = ([0,1/2) x [1,00])\ ({0} x [1,00))
and

Ty = ([1/2,1] x [1,00]) \ ({1} x [1,00)).

Subsequently, Maligranda [5] considered the K-interpolation spaces (A¢,A1),,, which are

obtained when & is given by

o0 (g \p dtN1/,
2llo = (o CGret?, 1<p<oo,
glle = lg®)

0<t<o0 o(t)’ p =00,

and extended the identity (1.2) by imposing certain monotonicity conditions on the pa-

rameter function . Another related identity, proved by Persson [6], states that
(Ao + A1, Ao NAL) gy = (Ao + A1, Ag)op N (Ao + AL A1) p-

Recently, Haase [7] has completely described how the classical K-interpolation spaces
for the couples (Ag, A1), (Ao + A1,Ap), (A9 + A1, A1), (Ag,Ag N A7), (A1,A9 N A7), and
(Ag + A1,Ag N Ay) interrelate. The assertions (1.5)-(1.12) in [7], Theorem 1.1, concern the
spaces (Ao + A1,Ao N A1)sp, and the goal of this paper is to extend these assertions by
means of replacing the classical scale (49, A1)s,, by the general scale (4, A1)s.

The main ingredient of our proofs will be the estimate in Proposition 2.4 (see below)
which relates the K-functional of the couple (Ag + A1,Ag N A;) with that of the original
couple (Ag,A;), whereas this estimate has not been used in [7]. Consequently, our argu-

ments of the proofs are different from those in [7].

Page 2 of 16
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We will also apply our general results to the limiting K-interpolation spaces (A¢,A1)o,pix
and (Ao, A1)1px recently introduced by Cobos, Fernandez-Cabrera, and Silvestre [8].

Namely, if the parameter spaces @y and &; are given by the norms

1

1 v
Igllog = ( /0 \g<s>\’”§) + sup|g(s)| (13)

N s>1

and

[oe] pd 1%
liglle, = sup 18] + (/ (M) —S> ) (1.4)
O<s<l  § 1 N S

where 1 < p < oo, then (Ao, A1)o, = (A0, A1)opx and (Ao, A1)e, = (Ao, A1)k Note that,
for limiting values 6 = 0,1, the space (Ao, A1)s, is trivial (containing only zero element)
when p is finite. The space (Ao, A1)opx corresponds to the limiting value 6 = 0, and the
space (Ao, A1) corresponds to the limiting value 6 = 1. We will, for convenience, write
(Ao, A1) oy for (Ao, A1)opx, and (Ao, Ar)qy,p for (Ao, A pic-

The paper is organised as follows. In Section 2, we establish all necessary background

material, whereas Section 3 contains the main results.

2 Background material
In the following we will use the notation A < B for non-negative quantities to mean that
A < ¢B for some positive constant ¢ which is independent of appropriate parameters in-
volved in A and B. If A < B and B < A, we will write A & B. Moreover, we will use the
symbol X < Y to show that X is continuously embedded in Y.

The elementary but useful properties of the K-functional are collected in the following

proposition.

Proposition 2.1 ([3]) Let (Ao, A1) be a compatible couple of normed spaces. Then K(t,f;
Ao, A1) is non-decreasing in t, and K(t,f; Ao, A1)/t is non-increasing in t. Moreover, we have

K(t.f3A0,A1) = fllag, S € Aoyt >0 (2.1)
K(t,f;A0,A1) <tlflla,, fe€A,Lt>0; (2.2)
K(t,f;A0,A1) = tK(t7,f3A1,Ao),  f €A +A1t>0; (2.3)
K(t,f + g A0, A1) <K(t,f3A0,4A1) + K(t,8;A0,A1), f,g€A0+ALLt>0. (2.4)

In the next three propositions, we describe some formulas which relate the K-functional
of the couples (A¢ + A1,41), (Ao, Ao NA1), and (Ag + A1, Ag N A;) with that of the original
couple (A, A7).

Proposition 2.2 Let (Ao, A1) be a compatible couple of normed spaces, and let f € A + A;.
Then

K(t,f;A0 + AL, Ay) =K(t,f; A0, A1), O<t<l
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Proof In view of (2.3), the proof follows immediately from the following relation:
K(t,f; Ao, Ag + A1) =K(t,f3 A0, A1), £>1, (2.5)
which has been derived in [7], Lemma 2.1. O
For the proof of the next result, we refer to [7], Lemma 2.3.

Proposition 2.3 Let (Ao, A1) be a compatible couple of normed spaces, and let f € Ay.
Then

K(t,f;Ag, Ag NAY) SK(t,f;A0,A1) + Ellfllag, O<t<l
The next result is derived in [4], Theorem 3.

Proposition 2.4 Let (Ao, A1) be a compatible couple of normed space, and let f € Ao + A;.
Then

]((t,f;A() +A1,Ao ﬂAl) ~ I((t,f;Ao,Al) + t[((t_l,f;Ao,Al), O<t<l.
In our proofs, we will make use of the fact that, for a parameter space ®, both ||sx(0,1)(s) Il »

and || xa,00) |l are finite. This fact is a simple consequence of (1.1). Moreover, in view of the
monotonicity of the norm | - || and the fact that K(¢,f; Ao, A1) = ||f lag+4,, we have

I lagano = || 00 @K@, f3A0,A1)| o + || X100) (DK (E,f 3 A0, A || - (2.6)

We will make use of the next result, without explicitly mentioning it, in our proofs.

Proposition 2.5 Let (Ag, A1) be a compatible couple of normed spaces, and assume that
Ay — Ag. Then

I laoano = || x00()K (s, f3 A0, A1) | -

Proof Tt will suffice to derive

I laoane S | x0.0SK(s,f3 A0, A1)

(2.7)

o’

as the converse estimate is trivial. Using (2.6) and (2.1), we get

I oo S | x00OK(s,f3A0,AD) | + I lay | Xwoo) 0

~ | X0 OK(s.f3A0,AD | ¢ + I llass

as our assumption A; <> Aq implies that ||f |4, & |[fl49+4,, SO

I laoane S || x0nS)K(S,f3 A0, AL | 4 + If lagsa;- (2.8)
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Since K(¢,f; Ao, A1)/t is non-increasing in ¢, we obtain

I x00©K(s.f5A0,A1) | = K(L,f3 Ao, A IS X015 | 05
which gives

Fllagear S [ %00 S)K (s f5A0, A1) - (2.9)
Now (2.7) follows from (2.8) and (2.9). The proof is complete. O

3 Main results
Theorem 3.1 Let (Ag, A1) be a compatible couple of normed spaces. Then, for an arbitrary
parameter space ®, we have with equivalent norms

(Ao +A1,A0)e N (Ao + AL, Ao = (Ao + A, Ag NAe.

PTOOf Put B() = (A() +A1,A0)¢, Bl = (A() + Al,Al)q;, and B = (A() +A1,Ao ﬂAl)q). Letf €
Ao + Aj. Then by Proposition 2.4

115 2 | xnK(s,f3 40, A1) | + | x00)(S)SK (57", f5 Ao, A1) ||
next making use of (2.3), we arrive at
115 2 | x00)K(s,f3 40, A1) | 4 + || X000 (K 5,f3 A1, A0) | -

Finally, appealing to Proposition 2.2, we get

Il ~ Wl + IF Ny
which concludes the proof. 0
Remark 3.2 The result of Theorem 3.1 generalizes the assertion (1.5) in [7], Theorem 1.1.

Theorem 3.3 Let (Ao, A1) be a compatible couple of normed spaces. Then, for an arbitrary
parameter space O, we have with equivalent norms

(Ao, Ao NA1)o + (A1, Ao NA1)e = (Ao + A1, A0 N A1)
Proof Put B() = (A(),Ao ﬂAl)q;, Bl = (Al,Ao ﬂAl)q> and B = (Ao +A1,A0 ﬁAl)q;. Letf (S]

By + By, and take an arbitrary decomposition f = fy + fi with f; € By and f; € B;. Then by
(2.4), we have

If1lz S || xon©)K (s fos Ao + A1, Ag NAY|

+ | X (K (s, fis Ao + A1, Ag NAD | s
now applying the simple fact that

I((t;ﬁ;AO +A17A0 r-1141) = I<(t1f;A}7AO DAI) (] = 0; 1)1 t> 0)
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we obtain

If 1z < Wollsy + Ifillz,s

from which the estimate ||f|lz S ||f 15,4+, follows as the decomposition f = f; + f; is arbi-
trary. In order to establish the converse estimate, we take f € B and note that there exists
(by definition of the norm on Ay + A;) a particular decomposition f = f + fi with fy € Ao
and f; € A; such that

Wollag + Wallay S I lag+a;- (3.1)

By Proposition 2.3,

Wollgo S || xom K (s,fo3 A0, A1 | + | sx00(5) |  Ifoll 4

~ [ xn K (s.fo; Ao, A | + oo,
since fo =f — fi, we get by (2.4)
ollzo < | X0 (K (s.f3 A0, A1) | g + [| X0 K5, £13 A0, AD) | g + I1fo Lo
next we use (2.2) to obtain

Wollgo < | X0 &K (s,f3A0,AD |4 + | $x00() ||  Iillas + I1follao

~ | X K, f:A0,AD || + IAlla + 1folla

and, using (3.1), we get

HfO”B() S || X(O,l)(s)[((syf;AO!Al) ||CI> + ”.f||A0+A1)

in accordance with (2.9), we deduce that

Wollgo < || x0n()K(s,f5A0 A1) -

Analogously, we can obtain

Wfills, S | xon©)sK (s f3A0, A1) | -

Therefore, combining the previous two estimates, we find that

Wollgo + Ifillz, S || X0 ©K(s,f5A0,A1) | g + | X000 (8)sK (s7",f3 Ao, Ar) |

¢7
from which, in view of Proposition 2.4, it follows that
||.f||B()+Bl 5 Ilf”B!

which completes the proof. O
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Remark 3.4 The result of Theorem 3.3 generalizes the assertion (1.6) in [7], Theorem 1.1.

In order to formulate the further results, we need the following conditions on the pa-
rameter spaces @, and P;:

(C) 1x0n)g6)lay S X0 ()g6) o, -
(C) lxon®gd® e, S lx0,1()g) (-
(C3) Ix@oo)($)€6) oy < Nlx(1,00)()€(8) g -
(Ca) 1 X1,00)(8)g(S) log = [1x(0,1)(8)sg(1/8) | @y -
(Cs) Nxa,c0)(8)2()lo; 2 1 x(0,1)(5)sg(1/5) [l o -

Remark 3.5 Let (6,p) € I', and assume that &, and ®; are given by the norms

. (fooo 0 |g(t)|p%)l/l7, 6,p) €(0,1) x [1,00), 3.2
llgllo, i Wpourens 012(®),  (0,p) € [0,1] x {00}, (3.2)
and
_UTElg@r D, (6.p) € (0,0) x [1,00), 33
"g”CI)] { SUPg.en £1-0 |g(t)|’ (9,1)) € [0,1] x {o0}. (3.3)

Then it is easy to see that (C;) and (Cs3) hold for (6, p) € I'1, and (C;) holds for (6, p) € I's.
The conditions (C4) and (Cs) hold trivially for all (6,p) € T.

Remark 3.6 Let1 < p < 00, and assume that & and &, are given by (1.3) and (1.4). Then
we note that (C;), (C3), (C4), and (Cs) hold.

Theorem 3.7 Let (Ao, A1) be a compatible couple of normed spaces, and assume that the

parameter spaces ®¢ and Oy satisfy (Cy), (Cs) and (Cy). Then we have with equivalent

norms
(Ao, Aoy N (Ao, Al)e, = (Ao + A, Ao NAL o,

Proof Put B() = (A(),Al)q;o, Bl = (AO;Al)cpl and B = (A() + AI,AO ﬂAl)qpl. Letf € A() +A1.
Then

"f”Bo + ||f||31 ~ ||X(0,l)(S)K(S;f;AO:A1)H @ + ” X(l,oo)(s)1<(s’f;AO)A1)||¢0

+ ”)((0,1)(S)K(S,f;Ao,Al)HCI>1 + ”X(l,oo)(S)I((S:f;AO»AI)”q)l:

which, in view of (C;) and (C3), reduces to

1z + I3, & | X0 K (s.f5 40, AD | 4, + | X000/ K (5.3 A0, A1) | o,

at this point we use (C4) to obtain

1z + 1y ~ [ x00 DK (5. f540,AD) 4, + | X010 OK (57,1340, 41) | o,
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finally, applying Proposition 2.4, we conclude that

If 1o + IUf s, = IUf Nl
The proof is complete. d

Remark 3.8 Applying Theorem 3.7 to the parameter spaces & and ®; given by (3.2) and
(3.3), we get back the result (1.7) in [7], Theorem 1.1, for (8,p) € I';. Note that the case
when (0, p) € I'; follows from the case when (0, p) € I'; by replacing 6 by 1 - 6.

Corollary 3.9 Let (Ao, A1) be a compatible couple of normed spaces, and let 1 < p < oo.
Then we have with equivalent norms

(Ao, A1) {oy,p N (Ao, Ay = (Ao + AL, Ao NAD @y

Proof The proof follows by applying Theorem 3.7 to the parameter spaces ®( and &
given by (1.3) and (1.4). O

Theorem 3.10 Let (Ao, A1) be a compatible couple of normed spaces, and assume that the

parameter spaces Oy and ®, satisfy (C1), (Cs), and (Cs). Then we have with equivalent
norms

(Ao, Aoy + (A0, Al)e, = (Ao + AL, Ao NADe,

P}"OOf Put BO = (AOrAl)CD()’ Bl = (AO)AI)Cbl and B = (AO + AI,AO mAl)ch. Letf S BO + Bl,
and write f = f; + f, where fy € By and f; € B;. Now by Proposition 2.4, we have

I lls ~ [ xon ©K(s.f3 40,40 [, + | X000 $K (57 A0, A1) [ 4,
using (Cs) gives

Flls ~ [ xon ©K s f340, A1) [ g, + | K0.00 K (5.3 A0 AD |,
since f = fy + i, so by (2.4), we have

W1z < [ xon K s fos Ao, A 4, + | X0 $)K (s, /15 A0, A1) |,

+ HX(I,OO)( ) (s_f()rA07Al ”q) + HXIOC I<(S_f17AO:A1 ||¢1;

by (C;) and (C3), we arrive at

Fllz < | X0 OK (s fo; A0, AD 4, + | X0 K (5. £13 A0, A |

+ HX(I,OO) ) (s_f()rA07Al ”<1> + HXIOC I<(Sﬁ7A0!A1 ||CI>07

which gives

|[f||B ~ |Lﬂ) |Bo + ”fi |Blr
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from which the estimate ||f ||z < ||fllg,+5, follows. To derive the other estimate, take f € B,
and choose a particular decomposition f = fy + fi, with fo € Ag and f; € A;, satisfying (3.1).
Then

follz, = | X(O,l)(5)1<(5:f();A0rA1)Hq;.o + ||X(1,oo)(5)1<(5:f();A0rA1)Hq,o
S o @K (s, fos Ao, A1) | g, + [ x.00) 1o 1o [ 4,

~ ”X(OJ)(S)I((S,fE);A(),Al)||<D0 + |Lﬁ)”A0’

where we have used (2.1). Next proceeding in the same way as in the proof of Theorem 3.3,
we obtain

follse S [ xn©K(s.f3A0, 41 4, - (3.4)

Also, we can show that

Ifills, < ”X(l,oo)(s)1<(syf§A0:Al)”d)ly

which, in view of (Cs), becomes

illz: S [xon()sK (s7f5 A0, A1) | 4,

which, combined with (3.4), yields

Wfollze + WAl S | X0 G)K (s f3A0,AD 4 + [ X0 (S)SK (57 f5 A0, A1) [ 4,5

which, in view of Proposition 2.4, gives

Wfollso + Wfillsy, < If s

from which the desired estimate ||f||z,+5, < I|f|ls follows. The proof of the theorem is
finished. O

Remark 3.11 Theorem 3.10, applied to the parameter spaces ®¢ and &; given by (3.2)
and (3.3), gives back (1.8) in [7], Theorem 1.1.

Corollary 3.12 Let (Ag, A1) be a compatible couple of normed spaces, and let 1 < p < oo.
Then we have with equivalent norms

(Ao, Ar)joyp + (Ao, A1)y = (Ao + A, Ao N A0y,
Proof Apply Theorem 3.10 to the parameter spaces ®, and ®; given by (1.3) and (1.4). O

Theorem 3.13 Let (Ao, A;) be a compatible couple of normed spaces, and assume that the
parameter spaces Oy and ®; satisfy (C1). Then we have with equivalent norms

(Ao, Ao NAD o, N(Ag + A1, Ao NAD e, = (Ao, Ao N A1),
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Proof Denote BQ = (A(),A() ﬂAl)ch, Bl = (A() +A1,A0 mAl)q;l, and B = (Ao,Ao ﬂA1)¢1. Let
f € Aq. The estimate ||f|I5, + Ifllz, S IIfllz follows thanks to the condition (C;) and the
following simple inequality:

K(t,fAo + A1, Ao N A1) < K(t,f; Ao, Ag NAY), £50. (3.5)
To derive the converse estimate, we apply Proposition 2.3 to obtain

12 < | X (DK s.f540,AD 4, + I1f 45 (3.6)
Next, since K(¢,f; Ao, A1)/t is non-increasing in ¢, observe that

| x01) (K (s,f3 A0, A0 NAY) | oy = K[540, A0 N A1) Isxon@)| oy’
noting K(1,f; Ao, Ao N A1) = ||f || 4o, we have

Ifllag < 1 113 (3.7)
By Proposition 2.4, we also have

||X(o,l)(S)K(S,f;Ao»Al)“@1 S lls,- (3.8)

Finally, combining (3.6), (3.7), and (3.8), we obtain |||z < |flls, + Ifll5,- The proof is
finished. O

Remark 3.14 By applying Theorem 3.13 to the parameter spaces ®, and ®; given by (3.2)
and (3.3), we get back (1.9) in [7], Theorem 1.1, for (6, p) € I';.

Corollary 3.15 Let (Ao, A1) be a compatible couple of normed spaces, and let 1 < p < oo.

Then we have with equivalent norms
(Ao, Ag N A1)0)p N (Ao + A1, Ao N A1y, = (Ao, Ao NAD (1) p-
Proof Apply Theorem 3.13 to the parameter spaces &, and $; given by (1.3) and (1.4). O

Theorem 3.16 Let (Ao, A1) be a compatible couple of normed spaces, and assume that the
parameter spaces Oy and O satisfy (Cy). Then we have with equivalent norms

(Ao, Ao NAo, N(Ag + A1, Ao NAL e, = (Ao, Ao N A1),

Proof 1t will suffice to establish that (A¢,A¢ N A1)e, — (Ao + A1, Ao N A1)e,. Let f €
(Ao, Ao NA1)a,, then by (3.5) we have

| x0n)K(s.f5 A0 + AL Ao N AD |, < [ X0 &)K(s,f5A0, A0 NAD 45
consequently, in view of condition (C,), we obtain
| x0n)K(s.f5 A0 + AL Ao N AD |, S [x0 &K (s,f3A0, A0 NAD 4,

which concludes the proof. d



Ahmed and Awais Journal of Inequalities and Applications (2016) 2016:307 Page 11 of 16

Remark 3.17 For (6,p) € I'y, the result (1.9) in [7], Theorem 1.1, follows from Theo-
rem 3.16, applied to the parameter spaces &, and ®; given by (3.2) and (3.3).

Corollary 3.18 Let (A, A1) be a compatible couple of normed spaces, and let 1 < p < oo.
Then we have with equivalent norms

(Ag, Ao NADyp N (Ao + A1, Ag N A1)y = (Ao, Ao NAD ) p-

Proof Apply Theorem 3.16 to the parameter spaces ®¢ and ®; given by the norms

[e%e) Pd 1%
Iloy = sup £ ( / ('g(s)') —S> (39)
O<s<l  § 1 N S
and
Ilgll¢1—( /0 Ol +ssl>lg|g(8)|. (3.10)
O

Theorem 3.19 Let (Ag, A1) be a compatible couple of normed spaces, and assume that the
parameter spaces ©y and @y satisfy (C,). Then we have with equivalent norms

(Ao + AL, Ao + (Ao + A1, Ao NAe, = (Ao + A1 A e,
Proof Put BO = (Ao +A1,A1)q>0, Bl = (AO +A1,A0 ﬂAl)q;l, and B = (AO +A1,A1)q>1. Letf S

By + By, and take an arbitrary decomposition f = fy + fi with fy € By and f; € B;. Then by
(2.4)

I8 < || X0 (9K (s, fos Ao +A1¢A1)||¢1 + | X0 K (s, fi; A0 + AL, A | o
using condition (C,) and the fact that

K(t,fi; A0 + AL, A1) <K(t,fi;A0 + A1, Ao NA7), t>0,
we obtain

IF1le < Wollse + Ifills:s

whence, since f = fy + f; is an arbitrary decomposition, we get ||fllz < I[fllzy+5,- For the
converse estimate, let f € B, and choose a particular decomposition f = fy + fi, with fy € A
and f; € Ay, satisfying (3.1). By Proposition 2.4,

Wfollz, = | xon (K (s.fos Ao, A1) ||, + | X0 ($)K (57 fos Ao, A1) | o, »

using (2.1), we obtain

Wollz, S [ xon &K (s, fos Ao, A |, + Iollag»
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which, since fy =f — f1, gives

follz, < | X0 )K(s.f3 40, 4D |, + | x01 &K (i3 A0, AD |, + 1follaos

now using (2.2), it follows that

Wollz, S [ xon &K s.f3A0, A | o, + Ifillay + Ifolla- (3.11)

Using (2.2) also gives

fillz = || X001 (K (s, fis Ao + A1, A1) 0
< Whllay | X)) ”q)o

~ ”fi ||A11

which, together with (3.11), leads to

Wollz, + Willse S | X0 S)K (s, f3A0, A1 4, + follag + Vfillay

whence, in view of (3.1), it follows that

"fO”Bl + ”fi”Bo 5 H X(O,l)(s)1<(slf;A0IA1)||<I)l + ”f”A()+A1r

according to 2.9, we arrive at

Wolls, + Allzy S [ X0 (K (s.f5 A0, A1) »

appealing to Proposition 2.2 yields

Wfolls, + Uillsy S Iflls

from which the desired estimate ||f|z,.+5, < I|flls follows. The proofis complete. O

Remark 3.20 We recover (1.10) in [7], Theorem 1.1, for (6, p) € I'y, by an application of
Theorem 3.19 to the parameter spaces ¥, and ®; given by (3.2) and (3.3).

Corollary 3.21 Let (Ao, A1) be a compatible couple of normed spaces, and let 1 < p < oo.
Then we have with equivalent norms

(Ao + A, Ay + (Ao + AL, Ao N Aoy = (Ao + AL A0},
Proof Apply Theorem 3.19 to the parameter spaces ®( and ®; given by (3.9) and (3.10). O

Theorem 3.22 Let (Ag, A1) be a compatible couple of normed spaces, and assume that the
parameter spaces Py and &, satisfy (Cy). Then we have with equivalent norms

(Ao + AL, Ao, + (Ao + A1, Ao NAe, = (Ao + A1, A1) o,
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Proof 1t suffices to show that
(Ag + A, AgNADe, = (Ao + AL Aoy

Let f € (Ao + A1,Ao N A1), Then, using condition (C,) and the elementary fact that
K(t,f;A0 + A1, A1) <K(t,f;A0 + A1, Ao NAy), t>0,

we have

| X0 )K (s.f3 40 + AL AL | ) S [ X0 S)K (s, f5 Ao + A A1) [ 4,

< |xon©K(s,f; Ao + A1, Ag NAD | 4 »
which finishes the proof. d

Remark 3.23 Theorem 3.22, applied to the parameter spaces &, and ®; given by (3.2)
and (3.3), gives back (1.10) in [7], Theorem 1.1, for (8, p) € I';.

Corollary 3.24 Let (Ag, A1) be a compatible couple of normed spaces, and let 1 < p < oo.
Then we have with equivalent norms

(Ao + AL, AD(oyp + (Ao + AL, Ag NADyp = (Ao + AL AL (0 p-
Proof Apply Theorem 3.22 to the parameter spaces ®( and ®; given by (1.3) and (1.4). O

Theorem 3.25 Let (Ao, A1) be a compatible couple of normed spaces, and assume that the
parameter spaces Py and O, satisfy (Cy). Then we have with equivalent norms

(Ao, Ao NAo, + (Ag + A1, Ao NA1)e, = (Ao, Al)w,
where
gl = | xon©)g6) |6, + | x0n)sgW/s)] 4, -

Proof Set By = (Ao, Ao N A1)e, and By = (Ag + A1,Ag NA1)e,. Let f € By + By, and write
f =fo+fi with fy € By and f; € B;. Making use of (2.4), we have

Hf”(Ao,Al)q; S Il + 12’ (312)

where

L = | X0 $)K (s, fo A0, A1) | g, + [| X0 (K (51540, A1) |

and

I = | X0 (8)sK (s, fo; Ao, A1) ||d,1 + | xon©)sK (57, /i3 Ao, A1) ||¢1~
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The condition (C;), along with the following simple inequality:
I<(t,ﬁ);AO’A1) =< [<(t;ﬁ);AO,AO m141); t> O;
implies that

L S [ xonOK(s.fo Ao, Ao N AD | + | X0 (K (s.fi5 Ao, AD) | - (3.13)

Next we observe that f € Ag as By C Ag. Therefore, we can apply (2.1) to arrive at

L S follag + || xon ($)sK (57, fi3 Ao, Ar) ’|¢1~ (3.14)

The proof of the estimate

folla < | xon K (s.fos Ao, Ao NAD 4 (3.15)

is the same as that of (3.7). Finally, inserting estimates (3.13) and (3.14) in (3.12) and then
using (3.15) and Proposition 2.4, we get

I laoane < Wfollso + Ifillsys

which gives the estimate ||f|l(49,41) S IIfllBy+5,- In order to prove the other estimate, we
take f € (A9, A1)y, and select a particular decomposition f = f; + fi, with fy € Ag and f; € Ay,
satisfying condition (3.1). Then proceeding in the same way as in the proof of Theorem
3.3, we obtain

Wollze S [ xen©K(s.f3 40,41 4, -

Also, we have

Al S [ xon @)K (s™f3 A0, A1) | o, -

Therefore, these estimates, along with the definition of W, imply that

Ifollz + IAallz, S Nl cagan)e

whence we get |[f 5y, S IIf l4p,41)y - The proof is finished. O

Remark 3.26 Take ®, and &, to be given by (3.2) and (3.3), then we see that ¥ = P,
Thus, we recover the result (1.11) in [7], Theorem 1.1, for (8, p) € I';. Since the case when
(0, p) € I'y follows from the case when (9, p) € I'1, Theorem 3.25 provides a generalization
of the assertion (1.11) in [7], Theorem 1.1.

Corollary 3.27 Let (Ag, A1) be a compatible couple of normed spaces, and let 1 < p < oco.
Then we have with equivalent norms

(Ao, Ao NAjoyp + (Ao + A, Ag NAD gy, = (Ao, Adjo)p-
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Proof Apply Theorem 3.25 to the parameter spaces ®( and ®; given by (1.3) and (1.4). O

Theorem 3.28 Let (Ao, A1) be a compatible couple of normed spaces, and assume that the

parameter spaces Oy and @y satisfy (Cy). Then we have with equivalent norms
(Ao + A1, Ag)a, N (Ao + A1, Ao NAY e, = (A0, A1)y,
where

lglw = | xo1)($)g(s) ||<I>1 + | x(0.1)(8)sg(1/s) ||<I>o'

Proof Set B() = (Ao + Al,A())cpo and 31 = (AO + Al,AO mAl)dDy Letf € AO + Al. Applyll’lg
Proposition 2.2 to the compatible couple (4;,Ay), we get

Il ~ || X(o,l)(S)K(S»f;Al»Ao)||¢0,

using (2.3), we have

130 = [ x0n S)sK (57 f3 A0, A1) | - (3.16)

By Proposition 2.4,

1z, & | x0n $)K (s.f3 A0, A1) |, + [ x01S)K (5713 A0, A1) ||,

combining this with (3.16) and making use of (C,), we arrive at

Iflls + I lley = I llag,a1)w -
which completes the proof. 0
Remark 3.29 Theorem 3.28 generalizes the result (1.12) in [7], Theorem 1.1.

Corollary 3.30 Let (Ao, A1) be a compatible couple of normed spaces, and let 1 < p < oo.
Then we have with equivalent norms

(Ao + A1, Ao)yp + (Ao + AL, Ao NADoyp = (Ao, Al (o} -

Proof Apply Theorem 3.28 to the parameter spaces ®( and &, given by (3.9) and (3.10). O
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