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1 Introduction and the main result
The exponent Lebesgue space L?(2) is defined by

’(Q) = {ueL}OC(Q):/|u(x)}pdx<oo}.
Q

This space is endowed with the norm

llull oo = inf{)\ >0 :/
Q

The Sobolev space W'#(Q) is defined by

u(x)

p
dx < 1}.

W(Q) = {u e Wi,

loc

(R2):u e () and |Vu| € LP(Q)}.
The corresponding norm for this space is

lullwir(Q) = llullr) + Vil r (-

Define W (Q) = Hi(S2) as the closure of C>°(£2) with respect to the W?(Q) norm which
is a Hilbert space [1].
We consider the problem of the scalar curvature on the standard four dimensional half

sphere under minimal boundary conditions (S):

Lou:=—A,u+ 2u = Ku?, u>0 inS%
(S) g g +
du-0 on 95%,
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where S% = {x € R%/|x| = 1, x5 > 0}, g is the standard metric, and K is a C? positive Morse
function on S%.

The scalar curvature problem on S” and also on S” was the subject of several works in
recent years, we can cite for example [2-12].

Recall that the embedding of H'(S%) into L*(S%) is noncompact. For this reason, we have
focused our study on the family of subcritical problems (S;)

(S) —Agu+2u = Ku*™*, u>0 inS%,
’ du-0 on 95%,
where ¢ is a small positive parameter.

Note that the solutions of problem (S) can be the limit as ¢ — 0 of some solutions ()
for (S;).

Djadli et al. [13] studied this problem in the case of the three dimensional half sphere.
Assuming that the critical points of K verify (0K/9v)(a;) > 0 they demonstrated that there
exist solutions (u,) concentrated at the points (a4, ...,4a,). Moreover, in [14], we established
the existence of another type of solutions (u,) of (S;) such that is concentrated at two
points a; € 3S% and a, € St.

In this work, we aim to construct some positive solutions of (S,) which are concentrated
at two different points of the boundary. To state our result, we will give the following
notations. For 2 € §* and 1 > 0, let

A
(A2 +1+ (1 -A2)cosd(a,x))

@)

8(an)(®) = co

where d is the geodesic distance on (S_ﬁf, g) and ¢y is chosen so that §,) is the family of
solutions of the following problem:

—Au+2u=u, u>0, inS*

The space H'(S?%) is equipped with the norm || - || and its corresponding inner product (-, -):

= [ vt ez [ 7 and (o= [ vrvee2 [ fo feeH(s).

Theorem1 Letz and z, be a nondegenerate critical points of Ki = K|ys1 with (0K/9v)(z;) >
0,i=1,2. Then there exists &9 > 0 such that, for each ¢ € (0, o), problem (S;) has a solution
(1) of the form

Up = 018 (x ) + X28(xy,00) + Vs

)25 vl = 05 x; — 235 % € 0S%; A — +00; Aq = cha(L + 0(1)).

where, as ¢ — 0, a; — K(z;

The rest of this work is summarized as follows. In Section 2, we present a classical pre-
liminaries and we perform a useful estimations of functional (I,) associated to the problem
(S¢) for (e > 0) and its gradient. Section 3 is devoted to the construction of solutions and
the proof of our result.
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2 Useful estimations
We introduce the structure variational associated to the problem (S;) for ¢ > 0

1 1
L(u)=— Vul® + 2 — | Klu*®, wueHY(S). 2
=g [rwers [ oot [ K (s") ®)

It is well known that there is an equivalence between the existence of solutions for (S,)
and the positive critical point of I. Moreover, in order to reduce our problem to R* we
will perform some stereographic projection. We denote D"*(R?) for the completion of
C>(R*) with respect to the Dirichlet norm. Recall that an isometry 1: H'(S*) — D"?(R*)
is induced by the stereographic projection 7, about a point a € 35* following the for-

mula
2
(1)) = (m)cﬁ(n;m), b < HI(S'),y € RY, 3)

For every ¢ € H'(S?), one can check that the following holds true:

f(|V¢|2+2¢2)=/ Vag)|” and f|</>|4=/ [1p|*.
st R4 st R*

Furthermore, using (3) with 7_, it is easy to see that 1§(,,) is given by

C())»

18(a,) = T3 2x—a? PETPEES

8(a,) will be written instead of 18(,,) in the sequel.
Let

M, = {m =(a, 1, %,v) € R? x (Ri)z X (883)2 x H'(S?) :v € Ew, vl < vos

o? K (x;)

5 -1
Otj K(x,»)

1 . )\1 -1
<vo, A > —,elogh; < vy, Visep < . < cgs e — x2] > do;
Vo 2

a
<$1+2 },

where vy is a small positive constant, o, ¢y, dy are some suitable positive constants, and

—2C3 —_— (x,) — +

oK 1 81((961')54
av )\z’ 8

98; 99
Es) = HY(S*)/(w,0) =0 Vo €S 8 —, —,i=1,2;j <411t
) {WG (SH/(w, ) =0 Vg € pan{ 7 0 i j<

Here, xi denotes the jth component of x;. Also

U, M, —> R, m=(a,A,%,v) = L(018u;,1,) + %283y ,00) + V). (4)
In the sequel, we will write §; instead of 84,,,) and u# = 2181 + 282 + v for the sake of sim-
plicity.

In the remainder of this section, we will give expansions of the gradient of the functional
I, associated to (S;) for & > 0. Thus estimations are needed in Section 3. We need to recall
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that [15] proved the following remark when 7 = 3, but the same argument is available for

the dimension 4.
Remark 2 For ¢ > 0 and §,,,) defined in (1), we have
San®) =1-¢logd,) + O(e*log’2) in St
Now, explicit computations, using Remark 2, yield the following propositions.

Proposition 3 Let (o, A, x,v) € M;. Then, for u = a18(x; 5,) + 028(xy,1,) + Vs We have the fol-

lowing expansion:
iS 1
(VI (u),8;) = %(1 — o K (%)) + O(s logh; + Trent ||V||2>,
where
1
8,‘1' =

Moy N +)v)\'|6l'—(l'|2,
Aj A [N 7

5—64/ dx
R NI T,

Proof We have

(VI (), h)= /

st

VuVh+2 / uh— | Ku*h. (5)

st st

A computation similar to the one performed in [16] shows that, for i =1, 2,
S.
MW:/|w#:i (6)
R 2
and

iV Oj 0 = ivVoj= i9%= 12/
V§;V8+2 | 88 Vs, Vs 838; = O(e12) (7)
st st R R

For the other integral, we write

/ , Ku®™t8; = / , K(on8; +028,)*¢8; + O(e7, logepy + [v[?). (8)
st S

+

We also write
/ K08 + @285)* 8, = a2 ~* f K8} +a}* / K875,
st st st

+ (3-8 oy /4 K8}7¢8; + O(e7, logepy ). 9)
S5



Jebril Journal of Inequalities and Applications (2016) 2016:305 Page 5 of 11

Expansions of K around x; and x; give

S 1
/ Kok = / K8M° = K(x) = + O(slog A+ —), (10)
st R? 2 A
/ K878, = / K877°8; = O(elog A; + £12), (11)
st R
/ K838 = f K838 = O(e log A + €12). (12)
st R%
Combining (5)-(12), we derive our proposition. a

Proposition 4 Let (o, A, x,v) € M,. Then, for u = 018(x, 1)) + 0028(xy,1,) + V, We have

09; e . 8812 _8854I<(x‘)
<VI (), A 8)\z> Ol,'(l 2 K(x;) - az K(x,))cz)» o ai3 — i
o203 0K 1 log X;
ral )+ (||v||2+g+821ogxi+8 s )
+ O(esu (log 81’21)1/2 +e2,logery + i\ﬁ(log 8121)1/2>,
j
where

dx dx xa(|x> 1)
S, =64 D E——— =64 P EE—— =64 — " d.
’ fR @+ )y /R T+ @ /Rg @+ @Ry

Proof Observe that (see [16])

88 94;
/ VeV f 530,20, (13)
R f”»i R aA

85 3 88, 1 8812 2 1
/1%4 Vi V( 8)”) = /l‘& 5; }Lia_)hi = ECQ)LZ‘B—)LI' + 0(812 10g(812)). (14)

For the other part, we have the expansions of K around x; and using Remark 2,

96; SuK(x) 2 1
/ Koo oo D) 26 G )eq 4 0 etoghi+ 25 + L), (15)
]Rif a)nl‘ 8 )\-l )‘i )Li

[

d6; o0&y 1
I(P(S3 Ehj— = I((x]) ohi—22 O<8812(10g(812)) + —2>
/R4 " oA; A

+O(eh, log(e13)), (16)
04; 1 de I &
3-¢) /R + K8¥ 8k, o —K(xl)zcma—;f +O(ee12(log(e12)) ?)

[T

). (17)

Combining (5), (13), (14), (15), (16), and (17), the proof follows. O

e
+ 0(8122 log(ep) + %(IOg(szl))
Jj
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Proposition 5 Let (o, A, x,v) € M. Then, for u = a18(,,5,) + ®28(xy,05) + V> We have the fol-

lowing expansion:

1 96;
<VI (u), — o > (aic4(1—ai281<(xi)) + @2 K (x;)e(calog A; + ¢7)

Ai OV Ai 0X;

VIKG) |
A

oK de
+2oz§3 % — () >e4 +oz,< Zaz K (x >C2 2

logA;
— 207 ¢cs g

5
(nvn2 + Ajlar —waed + ———| V7K x,)|)

1 11
+ O(salz (logery)? + &3, loger, + iﬁ(log en)? + o e*log® Ai>,
U

i

where
132 / My 16 / g
Cy = ———dx, C5 = ———dx
! wt (L+ [x]2)8 P Jps @ 528
Proof We have
1 06; 1 96;
V8 \Y 8 — T = (€4, (18)
RS A Bxl rE A 0x;

1 85, 1 351 1 Cy 3812 _ 3
/R4 V(S]V<)\— a) = _/]RAL 5?)\—5 = 5}\'— Ey + 0(8122 log(eul) + 8122)L]'|x1 —x2|). (19)
+ i i i i i i i

For the other part

1 96;
/ 1(63 ¢ — 1 = K(x;)caes +2C—5V1<(x,') —elog MK (x;)cqeq
]RA: )\ 8xl )\i

1
— &K (x;)creq + O(P +&21og? ki>, (20)

i

1 88 1 1 8812 3
/R4 1(813 5)\ o, —I((x,)2 W a +O(8122kj|x1—x2|)

1 1
+ 0(8122 log(epy) + e (log(e2)) 2), (21)
j

1 85 1 8812 5
(3—8)/}1{{+ K87~ °8; i o —I((xl) 62)L o + O(szkjlxl —x2|)

i

[T

). (22)

Using (5), (18)-(22), our proposition follows. O

1
¥ O<8122 log(epy) + e (log(e))

3 Construction of the solution

The method of this type of theorem was followed first by Bahri, Li and Rey [17] when they
studied an approximation problem of the Yamabe-type problem on domains. Many au-
thors used this idea to construct some solutions to other problems. The method becomes
standard. Here we will follow the idea of [17] and take account of the new estimates since
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we have an equation different from the one studied in [17]. From the idea of [17], using the
coefficients of Euler-Lagrange, we obtain

Proposition 6 Let A point m = («, A, x,v) € M, is a critical point of the function V, if and
only if u = 0181 + a8y + v is a critical point of functional I, which means the existence of
some (A, B, C) € R? x R? x (R*)? with the following:

BN
( Otl)—g :Or Vl=1,2, (23)
Ba,»
W, 325, * 925,
(Ex,) =B,-<—2,V>+Zc< v>, Vi=1,2, (24)
N, A = \oxon;
W, 925, i 925,
(Ex))— = Bi{ ———,v +ZC,7 — L v), Vi=1,2, (25)
0%; dA;0%x; o \dxdx
4
AW, 38 38
E, =S A8; + Bi— Ci— |. 26
e T (an e 3] 29

Now, by a careful study of equation (E,), we get the following.

Proposition 7 [12] For any (&,a,),x) with (a, 1,x,0) € M., there exists a smooth map
which associates V € Ey with ||V < vy and equation (26) in the previous proposition is
verified for some (A, B, C) € R? x R? x (R*)2. Such a v is unique, minimizes V,(a, A, x,v)
with respect to v in {v € Eq )/ ||Vl < vo}, and

1 1
v|=0le+—+—+ slz(log,sl’zl)l/2 . (27)
Mo Ag

Proof of Theorem 1 Once V is defined by Proposition 7, we estimate the corresponding
numbers A, B, C by taking the scalar product in H'(S}) of (E,) with §;, 38;/01;, 38,/ dx; for
i =1,2, respectively. So we get the following coefficients of a quasi-diagonal system:

5 Sa 1 d9;
|V8l| = V(SlV(Sz =0| — 5 VS,V— = 0;
R4 2 R4 Ao R oA
38, 1 981 1
\2I0% =0\ — ) V&V—=0| 5 \Y
R E)Ag MAS RY oA AlA2 R4
881 882 1 851 2. 881
V—V—=0|575) vV— —A7; V§;V— = 0(A);
RE OA1 OA ,\1)\2 R| O R d%;
882 881
V6V—=0 V§V— =0
R% 0y )\.1 RY 0x1 )»2
38, _ 06 2 4. 95, 06 1
/ vy Tt /62”‘2V 2o =),
r¢ O0x1 Oxp n—-2 Jps 0xy 0x1 M

with |x; — 3| > ¢ > 0 and I'y, I, are positive constants.

8s; |2
I

p— Fl .
S22’

Fz
2

We have also

<8\I/8 > o, <8\I/5 38i> 1 0¥, <8\IJS 88i> 1 0¥,
)0; | = ; = — 0 =——

v T ey v on| o v ox|  a dx;
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Using Propositions 3, some computations yield

0w,
3 = —S4ﬂl‘ + Vai(S,Ol, A,x), (28)
(2%}

with ; = a; — 1/K(z)? and
1
Vo = O<,32 +elogh; + — - + |x; —z,|2>. (29)

In the same way, using Propositions 4, we get

W, 1 (29K K (x)Ss
n Wi  an V i\S» 1)", ) 30
s K(zl)< av % 5, ) +Vulead2) (30)

where ¢, and c3 are defined in Proposition 4 and

1/1 elogA; £ 1
VM:O[Z(E”leg’\"* )f >+(|ﬁ|+e+|xi—zi|2)<k—i+ﬁ>} (31)

L

Lastly, using Propositions 5, we have

v
5 £ = ~2¢5VrK(x;) + Vi, (8,0, 4, %), (32)
Xi
where
1 2
Vi, =0 ;+(|,3|+810g)»i+|x,-—z,-| )% —zil ). (33)
1

From these estimates, we deduce

o,

1
a—al—O<|,3|+slog)L +/\ + |x; =z >,

v, glto/2 v, 1
=0 ; =0\ Ixi—zi| + — |
8)\.,‘ )‘-i axl )‘-i

By solving the system in A, B, and C, we find

Ai=O(|B] + elogh; + 5- -+ | — zi|%),
B; = O(1*7/2);); C O( kil \x;—zl + 1)

3
A

(34)

Now, we can evaluate the right hand side in (E;,) and (E,,),

4
828 1+0/2 =z 1
< 2V>+ZCV<M V>=O<(€A +'xﬁz'+;>nvn), (35)
)\' i ; ;
z 1 i i

J=

925, . 1
— )+ Y Gy v o( e 4 xi -z + —) vl ), (36)
oA; ax, ; 8x’8xl A

j=
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where

1

Now, we consider a point (z;,2;) € 853 X E)SiL such that z; and z, are nondegenerate critical

3%Ps;
IA?

92Ps;
axia)»,‘

02Ps;
dx?

' = 0(1); ‘

-002),

points of K;. We set

1 S K\
o 8ﬁ1<(zi)(a_v(zi)) L+ xi =z +&,

where ¢; € R and (£, &) € R® x R® are assumed to be small.
Using (28) and these changes of variables, (E,,) becomes

Bi = Va,(e,8,¢,8) = O(B* + ¢|loge| + |£). (37)

Also, we use (30), we have

2¢s BK( &) eK(z; + &)S,

A 8A;
251K (z;)?
- 128C3

282K (z;)? (9K \! 2l
W(E(zi)) 1 +&)+O(e*(57 + 1&17))

-2
() av2a(-55 @+ DK
" av

128C3

282K (z)? (0K =\ °
2 (222 ) DK (z)(ea &
+ 128¢; (av(z)) (z:)(es, &)

20217 (\2 -1
S o E) SiKiz) (?(%)) i
v

+0(e*(¢ + 1&1%)).

Combining this with (31), then (E;,) becomes

K, \ 7
—&i+ (E(Zi)) D*Ki(zi)(es, &) = Vi, (e, B, ¢, €)

= O(e|loge| + |BI* + &7 + |€[*). (38)
Using (32), (33), and (36), (E,,) is equivalent to
D’Ki(zi)&i = Vi, (e, 8,£,€) = O(" + |BI” + |¢ > + €). (39)

Observe that the functions V,,,, V;,, and V,, are smooth.
We can also write the system as

:3 = V(&‘,ﬁ,;,f),
L(é“,%“) = W(&ﬁ;é‘,f),

(40)
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where L is a fixed linear operator on R® defined by

-1 1
L(¢, &)= (—é'l + (%(ﬁ)) D*Ky(z1)(ea, &1);—Ca + (%(@)) D*K(z2)(es, &);

D’Ky(z1)&1; D*Kq (22)52) )
and V, W are smooth functions satisfying

V(S! ﬁi {75) = 0(81/2 + |ﬁ|2 + |$|2):
W(e, B,0,E) = O(e? + B2 +|¢]2 + [£2).

Now, by an easy computation, we see that the determinant of the linear operator L is not 0.
Hence L is invertible, and according to Brouwer’s fixed point theorem, there exists a solu-
tion (B%,¢%,&¢) of (40) for & small enough, such that

87| =0("?);  [¢*[=0(e"?);  |g°] = O(e™).

Hence, we have constructed m® = (af, &3, A, A5, &7, %5) such that u 1= 3 of (¢ 2 + Ve, ver-

ifies (23)-(27). From Proposition 6, i, is a critical point of I, which implies that u, verify
—Aug + 2u, = K|ug|*?u, in Si, ou,/ov=0 on 853. (41)

We multiply equation (41) by #, = max(0, —u.) and we integrate on S?, we get

; Vi | + 2]54 (u;)" = /54 K(up)*™". (42)

+

We know also from the Sobolev embedding theorem that

2
i-¢
2 = ( fs 4 I((u;)4_8> <clu|® (43)

Equations (42) and (43) imply that either u, = 0, or |u; |4, is far away from zero. Since
m® € M*,we have ||V¢|| < vo, where v is a small positive constant (see the definition of M,).
This implies that |2 |4_, is very small. Thus, #; = 0 for ¢ small enough. Then #, is a non-
negative function which satisfies (41). Finally, the maximum principle completes the proof
of our theorem. a

4 Conclusion
Thus it has been concluded that under some assumptions on the function K, there exist
solutions of the nonlinear problem (S,) which are concentrated at two different points of

the boundary.
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