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1 Introduction and preliminaries
Let H be a real Hilbert space and C be a nonempty closed and convex subset of H. A self-
mapping f : C — C is called a contraction with p € (0,1) if

lf @) o) <pllx-yl, VxyeC.
A mapping T : C — C is called nonexpansive if
ITx - Tyl < llx =y, Vax,yeC.

Denote by Fix(T) the set of fixed points of T, i.e., Fix(T) = {x € C : x = Tx}. Throughout
this article we assume that Fix(T) # @.

The fixed point problems for nonexpansive mappings [1-4] capture various applications
in diversified areas, such as convex feasibility problems, convex optimization problems,
problems of finding the zeros of monotone operators, and monotone variational inequal-
ities (see [1, 5] and references therein). Many iteration algorithms were introduced to ap-
proximate a fixed point of a nonexpansive mapping in a Hilbert space or a Banach space
(for example, see [6-14]).

The iteration algorithms are usually divided into two kinds. One is the algorithms with
weak convergence, such as the Mann iteration algorithm [15] and the Ishikawa iteration
algorithm [16]. The other is the algorithms with strong convergence, such as the Halpern
iteration algorithm [17], hybrid algorithms [18], and the shrinking projection algorithm
[19].
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As an extension to Halpern’s iteration process, Moudafi [20] introduced the viscosity
algorithm which is defined as follows:

o = oy f (6F) + (1 - o) Tk Q)

where {ax} is a sequence in the interval [0,1]. For a contraction f and a nonexpansive
mapping T, Moudafi proved the strong convergence of {x} provided that {a;} satisfies
the following conditions:

(C1) ax — 0 (k— 00);

(C2) > ;3 ax = +00;

(C3) >3 las — k| < +00 or limye, o a‘]% =1
Xu [21] studied the viscosity algorithm in the setting of Banach spaces and obtained the
strong convergence theorems.

Recently, Yang and He [22] proposed the so-called general alternative regularization
algorithm:

Kk = T(akf(xk) +(1- oek)xk), ()

where {o} is a sequence in the interval [0,1]. Actually, the general alternative regulariza-
tion algorithm is a variant of the viscosity algorithm (1). Define T : C — C by

Tix = T(ockf(x) +(1- ak)x). (3)
Then the viscosity algorithm (2) can be rewritten as
Ak = Tk(xk). (4)

Under the conditions (C1)-(C3), Yang and He [22] showed the strong convergence of {xX}
provided that f is a Lipschitzian and strongly pseudo-contractive mapping. It is obvious
thatif f is a contraction, then f is a Lipschitzian and strongly pseudo-contractive mapping.
So, from Theorem 3.1 in [22], we can get the following results.

Theorem 1.1 Let C be a nonempty closed convex subset of a Hilbert space H. Let T : C — C
be a nonexpansive mapping with Fix(T) # ) and let f : C — C be a contraction. If {ox} C
(0,1) satisfies the conditions (C1)-(C3). Then the sequence {x*} generated by (4) converges
strongly to a fixed point x* of T, where x* is the unique solution of the variational inequality

(x* —f(x*),x—x*)>0, VxeFix(T).

The superiorization methodology was first proposed by Butnariu et al. [23] and for-
mulated over general problem structures in [24]. Recently, there are increasing interests
in studying of the superiorization methodology (see [25-30] and the references therein).
Davidi et al. [25] analyzed perturbation resilience of the class of block-iterative projection
(BIP) methods. Jin et al. [30] studied the bounded perturbation resilience of projected
scaled gradient methods (PSG) and applied the superiorization methodology to the PSG.
Censor et al. [26] introduced the superiorized version of the dynamic string-averaging
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projection algorithm and revealed new information as regards the mathematical behavior
of the superiorization methodology. Herman and Davidi [27] studied the advantages of
superiorization for image reconstruction from a small number of projections. Nikazad et
al. [28] proposed two acceleration schemes based on BIP methods. In [29], the authors in-
vestigated total variation superiorization schemes in proton computed tomography image
reconstruction.

Our aim in this article is to investigate the superiorization and the bounded perturbation
resilience of the viscosity algorithm and construct algorithms based on them.

Next, we list two lemmas needed in the proof of the main results.

Lemma 1.1 ([6]) Assume {a,} is a sequence of nonnegative real numbers such that
ans1 < (1= Yn)an + Vubu + Bu,

where {y,} C (0,1) and {B,} C (0,00) and {3,} C R satisfies
(1 Zzil Vn = 00;
(2) limsup,_, o8, <0 0r Y o2, vul8ul < 00;

(3) Y02 By < 00.

Then lim,_, s a,, = 0.

Lemma 1.2 (see [1], Corollary 4.18) Let D C H be nonempty closed and convex, T : D — H
be nonexpansive and let {x,} be a sequence in D and x € H such that x,, — x and Tx, —x, —
0 as n — +00. Then x € Fix(T).

2 The superiorization methodology

Consider some mathematically formulated problem denoted by Problem P, the set of so-
lutions of which is denoted by SOL(P). The superiorization methodology of [24, 26, 27] is
intended for constrained minimization problems:

minimize {¢(x)|x € ¥p}, (5)

where ¢ : R/ — R is an objective function and ¥p C R/ is the solution set Wp = SOL(P) of
a problem P. Here, we assume Wp = SOL(P) # { throughout this paper.

The superiorization methodology strives not to solve (5), but rather the task is to find
a point in Wp which is superior, i.e., has a lower, but not necessarily minimal, value of the
objective function ¢.

From Theorem 1.1, the viscosity algorithm

o = T (g () + (1 - a)xb),

converges to a fixed point x* of a nonexpansive mapping 7', which satisfies the following
variational inequality:

(x* —f(x*),x—x*)>0, VxeFix(T).
It is well known that the constrained optimization problem

min ¢ (x)
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is equivalent to a variational inequality as follows:
find x* € C, such that <V¢(x*),x - x*) >0, VxeC,

provided that ¢ is differentiable.
Hence, if the function f is specially chosen, the viscosity algorithm converges to a solu-
tion of a constrained optimization problem:

xePi(T) o).

This motivates us to investigate the viscosity algorithm by using superiorization
methodology. In the following sections, we first investigate the bounded perturbation
resilience of the viscosity algorithm and use the bounded perturbation resilience to in-
troduce an inertial viscosity algorithm. Then we present the superiorized version of the
viscosity algorithm and analyze its convergence. Finally, we give a modified viscosity al-
gorithm.

3 The bounded perturbation resilience of the viscosity algorithm
In this section, we discuss the bounded perturbation resilience of the viscosity algo-
rithm (2).

First, we present the definition of bounded perturbation resilience which is essential in

the superiorization algorithm.

Definition 3.1 ([26]) Given a problem P, an algorithmic operator A : H — H is said to be
bounded perturbations resilient iff the following is true: if the sequence {x*}?° , generated
by xK*1 = A(x), for all k > 0, converges to a solution of P for all xX° € H, then any sequence
{y¥}22, of points in H that is generated by y**! = A(y* + o *), forall k > 0, also converges to
a solution of P provided that, for all k > 0, o V¥ are bounded perturbations, meaning that
ax > 0 for all k > 0 such that ) ;- ax < oo and such that the sequence {vk}liio is bounded.

Since Theorem 1.1 holds, we only need to prove the following results for showing the

bounded perturbation resilience of the viscosity algorithm.

Theorem 3.1 Let T : H — H be a nonexpansive mapping with Fix(T) # # and let f : H —
H be a contraction. Let {o} be a sequence of nonnegative numbers satisfies (C1)-(C3) and
let {Bx} be a sequence of nonnegative numbers such that i < oax and Y -, Pr < co. Let
{(V*} C H be a norm-bounded sequence. Let {T}} be defined by (3). Then any sequence {y*}

generated by the iterative formula

Y = T (9" + Bev¥) (6)

converges strongly to a fixed point y* of T, where y* is the unique solution of the variational

inequality

*=f(")y-y)=0, VyeFix(T). 7
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Proof First we show that {y*} is bounded. Let
u* :yk + Bevk.
Then, for any p € Fix(T), we have
|t ~p[ = Iy + B” = || < |y =2l + BV < [* - [ + Bidty,
where M; := sup; i IV |I}. From (6) and (8), it follows that
[/ = b = | T () - |
< ewf () + A = )" - p) |
<o f () - p| + 1 -an)u" - p|
< a(|f () ~f@) + |f @) - p]) + 1 - a0)[ " - p|
a(pu* ~p| +[f@) - p|) + A~ e |u - p|

1-(1- plau) |u* = p|| + e |[f(0) - |
1- (1= p)eu) |y* - p| + o |[f(0) - p| + Bty

=
(1= = pp) o =+ t0) o]+ S

IA

<(1-@1-p)a) ||J/k —p| +a(|[f(p) - p| + M)

< max{ 1 =l 1 () -l ) |

By induction,

b =pl < max{ Iy -], 75 (0 -p] +00) |, k=0,

and {y*} is bounded, so are {f(u*)} and {t*}.

We now show that

Iy* - | — o.

Indeed we have

" = T = 17 - B
= 17 (ouf () + (1 = ew)) - T/
= fleuf ()
= alf () = + Q- e[ -5
= a[[f () = + BV

< (ax + )M, — 0,

+(—ap)uf -y ||

Page 5 of 12

(8)

)

(10)

(11)
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where Mj := max{sup; . {|f (%) || + [[Y¥[1}, M1}. By (8), we have

[ =7 = =+ el + B

From (6), it follows that

k+1 k-1 ”

— | = | Tud* - Ticau
< fouf (%) + (1 - )k — s f (u57) = (1 — )l |
= @ = e (" = ") + (o — ) (F () = F7)
+ar(f () £ @)
< (1= (1 phar) | = 7| e~ el () - 7|

< (1= @@= p)a) [5F =7 + lok — ciea M + Be||V¥|| + Bea |V,

Iy

where M3 := supkeN{Hf(uk) | + |z [|}. By Lemma 1.1, we obtain

[y =] = o. (12)

Combining (11) and (12), we get (10).
We next show

lim sup(y* =", " = f(y*)) < 0,
where y* satisfies (7). Indeed take a subsequence {y*'} of {y*} such that
limsuply” —5%,y" = (7)) = Jim {y~ = y%,5" =1 (7).
—00

We may assume that y/ — . It follows from Lemma 1.2 and (10) that y € Fix(T). Hence
by (7) we obtain

liltn sup(y* -5y —f(y*)) = <J/* -y —f(y*)) =<0,

as required.
Finally we show that y* — y*. Using (9), we have

-y < - a6 - 7)) -5)
= (W= =y | + af (*
+ 200 (1 — o) (" = y*, £ (uF) -
= - [ =y |+ g I () -]
+ 205 (1 — )k =y, f () - £ ("))
+ 201 — )" = 5", £ (") - ")

< (1-2a¢ +af +2po (1 — ) | — 5|

7|’

) -
-y)
) -
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+ Otk[otkﬂf(uk) -y ||2 +2(1- Olk)<14k -5 0%) =)
<[-a@l[|s* =y | +2Bc|5* - || My + BEM?] + G + BrM

< [L-a&l |y =*|” + @k + BiMa,
where

ar = o (2 — o —2p(1 — ag)),

anllF ) I + 20— ) -y, 07) - y°)
- 2 —ap—2p(1— o)

Ok

and
My = sup{ZHyk —y*|| My + Bz},
keN

where My < +00 from the boundedness of {yx}. It is easily seen that ax — 0, Y _p-, @ = 00,
and limsup,_, ., 8x < 0. By Lemma 1.1, we obtain the results. O

The inertial-type algorithms originate from the heavy ball method (an implicit dis-
cretization) of the second-order dynamical systems in time [31, 32], the main feature of
which is that the next iteration is defined by making use of the previous two iterates. The
inertial-type algorithms speed up the original algorithm without the inertial extrapolation.
A classical inertial-type algorithm is the well-known FISTA, which has better global rate
of convergence than that of the ISTA (see [33, 34]). Recently there are increasing interests
in studying inertial-type algorithms, e.g., inertial extragradient methods [35], the inertial
Mann iteration algorithm [36, 37], and the inertial ADMM [38].

Combining the inertial-type algorithm and the viscosity algorithm, we construct the
following inertial viscosity algorithm:

wk =K + Bk, (13)
= T(of (W) + (1 — ap)nwhb),
where
A LA (14)
and
1 Nk k-l
Ve = m if ||x - X || > 1, (15)
1 if [|aF — 2% 1) < 1.

Theorem 3.2 Let T : H — H be a nonexpansive mapping with Fix(T) # ) and let f : H —
H be a contraction. Let {o} be a sequence of nonnegative numbers satisfies (C1)-(C3) and
let {Bx} be a sequence of nonnegative numbers such that B < ay and Y p-; B < 0. Then
any sequence {x*} generated by the iterative formula (13) converges strongly to a fixed point
y* of T, where y* is the unique solution of the variational inequality

(x* —f(x*),x —x*) >0, VxeFix(T).
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Proof From (14) and (15), it is obvious that [|[v*|| < 1. Thus {vX} is a norm-bounded se-
quence. Using Theorem 3.1, we get the results. 0

4 The superiorized version of the viscosity algorithm
In this section, we present the superiorized version of the viscosity algorithm and show
its convergence.

Let ¢ : X — R be a convex continuous function. Consider the set
Conin := {% € Fix(T)|p(x) < ¢(y) for all y € Fix(T)}, (16)
and assume that Cp, # .

Algorithm 4.1 (The superiorized version of the viscosity algorithm)
(0) Initialization: Let N be a natural number and let y° € H be an arbitrary user-chosen
vector.
(1) Iterative step: Given a current vector yk, pick an Ny € {1,2,...,N} and start an inner
loop of calculations as follows:
(1.1) Inner loop initialization: Define y*° = yX,
(1.2) Inner loop step: Given y*, as long as 1 < Nj do as follows:
(1.2.1) PickaO< By <1,n=0,...,Ni —1, in a way that guarantees that
00 Ni-1
DD Bra<oo. (17)

k=1 n=0

(1.2.2) Let d¢(y*") be the subgradient set of ¢ at y** and define v*"" as follows:

_shn : k,n
Vk,n _ ”sk,nH if0 ¢ a(»b(y )r (18)
0 if 0 € dp(y*"),
where s € 3¢ (y").
(1.2.3) Calculate
yk,rﬁ-l :yk,n + ,Bk,nvk'ny (19)
and go to step (1.2).
(1.3) Exit the inner loop with the vector y*Nk,
(1.4) Calculate
yk+1 - Tk (yk,Nk), (20)

and go back to step (1).
We will present the convergence of the Algorithm 4.1.

Theorem 4.1 Let T : H — H be a nonexpansive mapping with Fix(T) # (). Then any se-
quence {y*}2°,, generated by Algorithm 4.1 converges strongly to a fixed point y* of T, where
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y* is the unique solution of the variational inequality

b =f(7*),y-y*)=0, VyeFix(T).

Proof By Theorem 3.1, we only need to show that {y* — y*} is bounded. From Algo-
rithm 4.1, a sequence {y} has the property that for each integer k > 1 and each 4 €
{1,2,...,N¢},

Ny Ni-1
" =] = <D= = 3 B
n=1 n=0

Z(yk” -7

and thus

Ni-1
ly N =4 <> Bin.
n=0

So, by (17),
) oo Ni-1
DTN = =D Bew
k=0 k=0 n=0

The bounded perturbation resilience secured by Theorem 3.1 guarantees the convergence
of {y*} to the unique solution of (7). O

5 A modified viscosity algorithm
Algorithm 4.1 can be seen as a unified frame, based on which, some algorithms are con-
structed. In this section, we introduce a modified viscosity algorithm by choosing a special
function ¢(x) on Algorithm 4.1.

Define a convex function ¢ : H — R by

#0) = el i),
where /1 : H — R is a continuous function. Then the set
Chin := {x € Fix(T)|¢p(x) < ¢p(y) for all y € Fix(T)},
equals
Coin = arg_min_ {$(x)}.
Furthermore, if we assume that /1 : H — R is a differentiable function, then
Chnin = {x* e Fix(T)I(x* —f(x*),x —x*) >0forallx e Fix(T)},

where f(x) = Vh(x). It is obvious that V¢ =1 - f.
From Algorithm 4.1, we construct the following algorithm.
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Algorithm 5.1 (A modified viscosity algorithm)

(0) Initialization: Let N be a natural number and let ° € C be an arbitrary user-chosen
vector.

(1) Iterative step: Given a current vector y%, pick an Ni € {1,2,...,N} and start an inner
loop of calculations as follows:
(1.1) Inner loop initialization: Define y*° = yX,
(1.2) Inner loop step: Given y*, as long as 1 < Ni do as follows:

(1.2.1) PickaO <o <1lforNy=1and0<p,<1,n=0,...,Nyx—1for
Ni > 1, in a way that guarantees that

Ni-1

Z Z ﬁk,n < OoQ. (21)

k=1 n=0

(1.2.2) Calculate

Y = Baf () + @ = By, (22)

and go to step (1.2).
(1.3) Exit the inner loop with the vector y*N«,
(1.4) Calculate

¥ = Ti (™M), (23)
and go back to step (1).

Remark 5.1 (1) In the modified viscosity algorithm, B¢ can be taken zero. Furthermore,
the modified viscosity algorithm reduces to the viscosity algorithm (2) if Ny =1 for k € N.

(2) In the superiorized version of the viscosity algorithm, from the definition of VA", it
follows that [|[v*""|| < 1. However, in the modified viscosity algorithm, the boundedness of
{vK := yoNk — 9%} is not obvious. So, we need to show the boundedness of the {1/}.
Theorem 5.1 Let C be a nonempty closed convex subset of a Hilbert space H and let T :
C — C be a nonexpansive mapping with Fix(T) # 9. Then any sequence {y* }eoo» Generated
by Algorithm 5.1, converges strongly to a fixed point y* of T, where y* is the unique solution
of the variational inequality

W =f().y-y*) =0, VyeFix(T).
Proof Similar to the proof of Theorem 4.1, we only need to show that the boundedness of
{y*Ne — y%}. Let p € Fix(T), then, for n = 0,1,..., N — 1, it follows that

k,n+1

-p| < Q=) [y - p| + o |[F(*") - P
< @-arn) |y = p[ + awn([f ") - f@)] + [f @) - £])
< @-arn) [y = p + cwnlp |9 ~p[ + |f () - £[)
= (1= (1= p)ax) [y = p|| + cwn|f0) - p|

<max{ |4 -l 1 )|

Iy
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So, we have

” K+l kN

-7

< max{ 175 2 L) |

-l =1y

~§max{

where the first inequality comes from the nonexpansivity of T'. By induction,

Thus {y*} and {y*"}, n =1,...,Ny, are bounded, so is {f(¥*")}, n=0,...,Ni — 1. From (22),
we have

I -l = x|

yk,n+1 _yk,n _ ,Bk,n(f(yk’n) _yk,n)'

So,

Ni-1
[y =4 = DIyt =54 < Z Brnllf 01) =" = Ms Z B
n=0

where M := sup; .y {maxo<,<n, {[f %)l + [1y*"1I}}. Thus

oo Ni-1

Z”yka —y || <M5ZZ/3""

k=0 n=0

The bounded perturbation resilience secured by Theorem 3.1 guarantees the convergence
of {y*} to a point in C. 0
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