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Abstract

Recently, Sofonea (Gen. Math. 16:47-54, 2008) considered some relations in the
context of quantum calculus associated with the g-derivative operator D, and divided
difference. As applications of the post-quantum calculus known as the (p, g)-calculus,
we derive several relations involving the (p, g)-derivative operator and divided
differences.
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1 Introduction

The quantum calculus has many applications in the fields of special functions and many
other areas (see [1-7]). Further there is possibility of extension of the g-calculus to post-
quantum calculus denoted by the (p, g)-calculus. Actually such an extension of quantum
calculus cannot be obtained directly by substitution of g by g/p in g-calculus. When
the case p =1 in (p, g)-calculus, the g-calculus may be obtained (see [6, 7]). Recently,
Chakrabarti and Jagannathan [8] introduced a consideration of the (p, g)-integer in order
to generalize or unify several forms of g-oscillator algebras well known in the physics liter-
ature related to the representation theory of single-paramater quantum algebras (see also
[3-5] and [9]). They also considered the necessary elements of the (p, g)-calculus involv-
ing (p, q)-exponential, (p, g)-integration and the (p, g)-differentiation. Corcino [10] devel-
oped the theory of a (p, ¢)-extension of the binomial coefficients and also established some
properties parallel to those of the ordinary and g-binomial coefficients, which is comprised
horizontal generating function, the triangular, vertical, and the horizontal recurrence re-
lations and the inverse and the orthogonality relations. Sadjang [11] investigated some
properties of the (p, g)-derivatives and the (p, g)-integrations. Sadjang [11] also provided
two suitable polynomial bases for the (p, q)-derivative and gave various properties of these
bases.

The (p, g)-number is given by

[1lpq = p: w74,
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which is a natural generalization of the g-number: that is, we have (¢f. [10] and [11])

Iljl_)lr}[l’l]p,q = [n]g.

It is clear that the notation [#],, is symmetric, that is,
[n]p,q = [n]q,p-

The (p, q)-Gauss binomial coefficients given by

n (1] 4!
= (n2k)
|:k:|m (1 — Kkl pg[K]pq!

and the (p, q)-factorial given by

[n]p,q! = [n]p,q[n - l]p,q T [2]p,q[1]p,q (}’l € N)

are also known from [10] and [11]. Further, the (p, g)-analogs of Pascal’s identity are given
by

_ k|7 nk| "
pa P

where k € {0,1,2,...,n} (c¢f [10] and [11]).

Let p and g be elements of complex numbers and D = D, ; C C such that x € D implies
px € Dand gx € D. Here, in this investigation, we give the following two definitions which
involve a post-quantum generalization of Sofonea’s work [1].

Definition 1 Let 0 < |g| < |p| £ 1. A given function f : D,;, — C is called (p,q)-
differentiable under the restriction that, if 0 € D, ,, then f'(0) exists.

Definition 2 Let 0 < |g| < |p| £ 1. A given function f : D,, — C is called (p,q)-
differentiable of order , if and only if 0 € D,, , implies that f*(0) exists.

The (p, g)-derivative operator of a function f is defined by

_fpx) - f(gx)

Dral 0 =20 "

(x#0) (11)
and

(Dpaf)(0) =£'(0),
provided that the function f is differentiable at 0. We note that

Dpg=Dyp.
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Furthermore,

(Dy.gf2) (%) = g(px)(Dyof ) (%) + f (q%)(Dp,q8) (x) 1.2)

and

( Dp,qj: ) =% (px)(Dy,gf ) (%) — f (px)(Dy,48) (%)

o) (g(px)g(qx) #0) (1.3)

hold true for the linear operator D, ; (cf. [11]).
The divided differences at a system of distinct points xg,%1,...,%, are denoted by
[%0,%1, ..., %, f]. In fact, we have (see [1] and [2])

- S )

" /.. .\
=0 H(,’-,/k)(xk - i)
i=0

[xO’xlr””xn;f] = (14)

In the next part of the paper, we obtain some potentially useful results and relations
between the (p, g)-derivative operator and divided differences. The results presented here
provide a good generalization of the above-mentioned Sofonea results.

2 Main results
Let us consider the points

e =pfq"*x (k=0,1,...,n)
as follows:
xXo=q"x, x=q""px, v Xpa=qpx, X, =px
We now state the following theorem.
Theorem 1 Let p and q be complex numbers with
O<lgl<I|pl£1 and f:D,,— C.
Then, by taking the knots x; = p*q"*x,
[q"%.q" " px, ..., qp" "%, p" % f]

1 “ n —k@n-k-1) (k
= — (~1)"* [ } p 7 q9f (). 1)
q(z) (1] %" (p — q)" ; k e ( )

Proof For 0 <[ <k, we have
X — X = xplq"_k(p -k —1pq
and, for k <! < n, we find that

=% = xp"q" (g~ p)[L = Klpg.
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Since
n k-1 n
[ TGk =) = [ Jox =) [T Gox —00)
1=0 1=0 I=k+1
Ik
=xnp(n—k)k(_1)n—k(p_q)nqkn k)+("3 )[ ] p k(n—k)+ (2) [I’l k]
= (-1)" k(p q)n n k(2n—k— 1/2q(2) (2)[k]pql[n k]pqr
we have the following consequence from (1.4):
o] = e i (c1yk || prkenkenn q(é) £ (wp ).
[n]p,q!xn(p - 6I)” =0 k
k= pa
Therefore, the proof of Theorem 1 is completed. d
By using the following expressions:
0 _ 1o k-1
D,,=1 D,,=Dp, and D =Dy4D, .
we now give a representation of the operator D, , as in Theorem 2 below.
Theorem 2 Let the function f : D, , — C be (p, q)-differentiable of order n. Then
@ & ) f(xpk g
xn(p q)n k pk(Zn—k—l)/Z
X

Proof Theorem 2 is proved by making use of the following results:

_Slgx) —fpx) _ flgx) f(lﬂx
(q-p)x gx — px px qx

(Dp,qf)( =[1 ]pq (g, px; f]

and

(D5.4f) @)
_ (D)%) - Dy %)

(q-p)x
[ @) fpa)—f ()
_ (q-p)gx (g-p)px
p-q)x
_p+ q)[ (%) _ flogx) . f@*x) ]
(@ -pP)a-px*q (q-p)>***pq (4> -p*)(q-p)x*p

= [2]pq![ 4%, paw, PP x; f ]

Continuing this process, we deduce

(D) ) @) = n)pq![d"% 4" P, ..., qp" "%, 0" f ] (2.3)
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by using the following formula:

(X1, %2, 00 %5 ] = [X05 %15+ o5 X1 -]

Xn — X0

[xO)xh' R ] =

It follows from Theorem 1 that

(D;qu) (x) _ q— (;)x—n(p _ q)—n Z(_l)n—k |:Z:| p—k(2n—k—l)/2q(lz()f(xpkqn—k)’
k=0 pq

which completes the proof of Theorem 2. d

In the case when

flx) =x"
in Theorem 2, we get the following corollary.

Corollary 1 The following result holds true:

n

+1 n—k+1 —1 n-k
(p—q)”=Z[Z] pq )([ A
y2u

k=0 "pg!

We now consider the (p,g)-analog of the Leibniz rule to represent it by means of the
divided differences. First of all, we need to get the (p, g)-analog of the Leibniz rule by the
following lemma.

Lemma Let the functions f : D, , — C and g : D, — C be (p, q)-differentiable of order n.
Then

g =3 | Ptz otod).
b4q

k=0

Proof The lemma can easily be proved by applying the principle of mathematical induc-
tion. We, therefore, omit the proof of the lemma. O

We now state the (p, g)-Leibniz rule by using divided differences as follows.

Theorem 3 Let the functions f : D, ; — C and g : D, , — C be (p, q)-differentiable of or-
der n. Then (fg)(x) is also (p, q)-differentiable of order n and

n
Dz,q(fg) (x) = [n]p,q! Z [qnx’ qn—lpx, o qn—k+lpk—1x’ qn—kpkx;f]

k=0
. [qn—kpkx, qn—k—lkarlx, o qpn—lx,pnx;g] .

Proof Our assertion in Theorem 3 follows from equation (2.3) and the above lemma. The
details involved are being omitted here. O
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Now also we give a function at a point p"x by binomial expression and (p, g)-derivative
of order k.

Theorem 4 Let the function f : D, — C be (p, q)-differentiable of order n. Then
" n k
flo'x)=) [ k} p@ (p - 9 DE,(F)).
2

k=0

Proof We consider Newton’s formula as follows:

n-1
f@ =) (@-x0)z—x1) - (2= xk) %0, 81, .. X ]
k=0
+(z = %0)(z = x1) - -+ (z = Xu-1) [%0, X1, - ., X1, B 1. (2.4)
Upon setting

x=p"q"*x (k=0,1,...,n-1)

in equation (2.4) and z = p"x, if we use equation (2.1), we find that

n-1
f(pnx) = Z(pnx - qnx) (an - qnflpx) - (p”x _ qnfk+1pk71x)
k=0

[a"%q" ' px,....qa" P xS ]
+ (P —q"x)(p'x—q" ' px) - (p"x — qp" %)
. [qnx’ qn—lpx’ o qpn—lx,pnx;f]

n-1 Dk

= Z(pnx_ qnx)(pnx _ qnflpx) .. (pnx_ qnfk+1pk 1 )( [k‘]}f)(x)
k=0 pa

(D} f)x)
+ (P —q"x) (p"x - q" ' px) - - (P"x - qp" I x) —FE—— raf
(1] p,q!

_ Z(pnx _ qnx) (pnx _ qn—lpx) (P x— n k+l k-1 ) [k{

k=0 b
@"-"@"1-q"1)-(p—q) X

= Zx p(Z) (p" —k _, g"~ k (prfpkql n—k-1y. - (p— (Dp’qf)(;x)
k=0 (p—-q)"~ k(p q 4) [k]p,q-

- Xn:xkp(é)(p_q)k%( DE ) )
Py (n—klpg!lKlpg! ™ P

as asserted by Theorem 4. 0

Finally, we are in a position to give the following result.
Corollary 2 Let p and q be complex numbers such that

O<lgql<|pl =1L
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Also let the function f : D, , — C be (p, q)-differentiable of order n. Then

n

1 n—k
f(x)zz[ﬂ qk(k_")p(kz)(qx—px)k(D’;,qf)(xpk )
pq

k=0 9

Proof Since, for k € {0,1,...,n},

n] (] (g ® n
Ky =Ktk it (pg)- () (pg)-®) [K] )

we have
Se-re N
(D4 aNo) = =8 0a) = Pa(Dyaf) (pq)
and
D =) —pq(D x
(DE,;f)(x)=pq( pvqf)(pi)_ f)ci( Mf)(pq)
r q

B (Pq)z[(Dp,qf)(p%z) - (Dp,qf)(piq)]
- p-qx

=14’ (D} f) (pziqz)

Continuing the process, we readily observe that

(D'Iij,%f )®) = p"q" (D} f) (pniqn) (2.5)

From Theorem 4, we thus conclude that

n

k+1 n-k
f@=Y" [:} 7“pC2) (gx - p)* (DK f) (xP;)
pPq

k=0

which evidently proves Corollary 2. O

3 Conclusion

We have considered (p, g)-analogs of several results investigated recently by Sofonea [1].
We have also given the (p, g)-Leibniz rule and stated the (p, g)-Leibniz rule by means of
divided differences. Moreover, we have shown that a function f at a point g"x can be gen-
erated by a linear combination of the (p, g)-derivatives of order k. In the case when p =1,
the results derived in this paper would correspond to those based upon the relatively more

familiar g-numbers.
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