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1 Introduction and preliminaries
A measure μ is called a doubling measure, if there exists a positive constant C such that
μ(B(x, l)) ≤ Cμ(B(x, l)), for all x ∈ suppμ and all l > , which is the main condition in
homogeneous spaces. Also μ is a non-doubling measure, if there exists an integer k ∈ (, n]
and a positive constant C, such that

μ
(
B(x, l)

) ≤ Clk . (.)

This innovation caused the tremendous development of harmonic analysis (see [–]). It
is worthy to mention that this theory solves the Painlevé’s problem and Vitushkin’s conjec-
tures (see [, ]). Hytönen [] introduced the non-homogeneous metric measure spaces
(X, d,μ), which contains the homogeneous spaces and non-doubling measure spaces.
Many researchers obtained the boundedness of operators on the non-homogeneous met-
ric measure spaces; see, e.g., [–].

For multilinear integral operators, the bilinear theory for Calderón-Zygmund opera-
tors was studied by Coifman-Meyers [], then, the boundedness on Lebesgue spaces or
Hardy spaces for multilinear singular integrals was proved by Gorafakos-Torres [, ].
In non-doubling measure spaces, Xu [, ] and Lian-Wu [] obtained the bounded-
ness of multilinear singular integrals or multilinear fractional integrals and commutators
respectively. In non-homogeneous metric measure spaces, Hu et al. [] established the
weighted norm inequalities for multilinear Calderón-Zygmund operators. The authors of
[] proved the boundedness on Lebesgue spaces for commutators of multilinear singular
integrals.

In this paper, we introduce multilinear fractional integrals and its commutators on non-
homogeneous metric spaces, then we study the boundedness in Lebesgue spaces for these
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operators, provided that fractional integral is bounded from Lr(μ) to Ls(μ), for some
r ∈ (, /β) and /s = /r – β with  < β < . Our results include both the results for the
homogeneous spaces and the non-doubling measure spaces.

Throughout this paper, L∞
c (μ) denotes L∞(μ) with compact support. C always denotes

a positive constant independent of the main parameters involved, but it may be different
in different currents. And p′ is the conjugate index of p, namely, /p + /p′ = . Next let us
give some definitions and notations.

Definition . ([]) A metric space (X, d) is geometrically doubling, if there is a positive
integer N such that, for all ball B(x, r) ⊂ X, one can find a finite ball covering {B(xj, r/)}N

j=.

Definition . ([]) For a metric measure space (X, d,μ), if μ is a Borel measure on X,
and there is a function λ : X × (, +∞) → (, +∞) and a positive constant Cλ, such that for
all x ∈ X, the function l �−→ λ(x, l) is non-decreasing, and for all x ∈ X, l > , the following
holds:

μ
(
B(x, l)

) ≤ λ(x, l) ≤ Cλλ(x, l/), (.)

then (X, d,μ) is called upper doubling.

Remark .
(i) If λ(x, l) equals to μ(B(x, l)), then the homogeneous spaces is upper doubling

spaces. Also, if λ(x, l) equals Clk , then a metric space (X, d,μ) satisfying (.) is
upper doubling.

(ii) By [], we know that there exists another function λ̃ ≤ λ, ∀x, y ∈ X with d(x, y) ≤ l,
and the following holds:

λ̃(x, l) ≤ C̃λ̃(y, l). (.)

Thus one always assumes that λ satisfies (.) throughout this paper. Because the
singularity of the commutators is stronger than that of the fractional integral, we
need to assume λ(x, al) ≥ amλ(x, l), for all x ∈ X and a, l > , in the proof of
boundedness of commutators.

(iii) The upper doubling condition is equivalent to the weak growth condition
introduced by Tan-Li in [].

A measure μ is (α,β)-doubling, if μ(αB) ≤ βμ(B), for α,β ∈ (, +∞) and all ball B ⊂ X.
Bui-Duong [] pointed out that there exist many doubling balls. One always means that
(α,β)-doubling ball is a (,β)-doubling ball throughout the paper, for some fixed number
β > max{C log 

λ , n}, where n = log N is viewed as a geometric dimension of the space,
except α and β are designated.

Definition . ([]) For  ≤ γ < , B and R be two arbitrary balls with B ⊂ R and NB,R be
the smallest integer satisfying NB,R lB ≥ lR. One defines

K (γ )
B,R =  +

NB,R∑

j=

[
μ(jB)

λ(xB, jlB)

](–γ )

. (.)

For γ = , one simply writes K ()
B,R = KB,R.
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Definition . Let α ∈ (, m). We call K is an m-linear fractional integral kernel, if

K(·, . . . , ·) ∈ L
loc

(
(X)m+\{(x, y · · · , yi, . . . , ym) : x = yi,  ≤ i ≤ m

})
,

and the following two items hold:

(i)

∣
∣K(x, y, . . . , yi, . . . , ym)

∣
∣ ≤ C

[
∑m

i= λ(x, d(x, yi))]m–α
, (.)

∀(x, y, . . . , yi, . . . , ym) ∈ (X)m+, with x �= yi for some i;
(ii) there is a constant  < δ ≤ ,

∣
∣K(x, y, . . . , yi, . . . , ym) – K

(
x′, y, . . . , yi, . . . , ym

)∣∣

≤ Cd(x, x′)δ

[
∑m

i= d(x, yi)]δ[
∑m

i= λ(x, d(x, yi))]m–α
, (.)

if Cd(x, x′) ≤ max≤i≤m d(x, yi), and for every i,

∣
∣K(x, y, . . . , yi, . . . , ym) – K

(
x, y, . . . , y′

i, . . . , ym
)∣∣

≤ Cd(yi, y′
i)δ

[
∑m

i= d(x, yi)]δ[
∑m

i= λ(x, d(x, yi))]m–α
, (.)

if Cd(yi, y′
i) ≤ max≤i≤m d(x, yi).

For any m compactly supported bounded functions f, . . . , fm, and any point x /∈
⋂m

i= supp fi, the multilinear fractional integral operators Iα,m is defined by

Iα,m(f, . . . , fm)(x)

=
∫

Xm
K(x, y, . . . , ym)f(y) · · · fm(ym) dμ(y) · · · dμ(ym). (.)

Remark . As max≤i≤m d(x, yi) ≤ ∑m
i= d(x, yi) ≤ m max≤i≤m d(x, yi), (ii) in Defini-

tion . is equivalent to the following:

(ii′) There is a constant  < δ ≤ ,

∣∣K(x, y, . . . , yi, . . . , ym) – K
(
x′, y, . . . , yi, . . . , ym

)∣∣

≤ Cd(x, x′)δ

[max≤i≤m d(x, yi)]δ[
∑m

i= λ(x, d(x, yi))]m–α
,

if Cd(x, x′) ≤ max≤i≤m d(x, yi), and for every i,

∣∣K(x, y, . . . , yi, . . . , ym) – K
(
x, y, . . . , y′

i, . . . , ym
)∣∣

≤ Cd(yj, y′
i)δ

[max≤i≤m d(x, yi)]δ[
∑m

i= λ(x, d(x, yi))]m–α
,

if Cd(yi, y′
i) ≤ max≤i≤m d(x, yi).
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Definition . ([]) Given ρ > , b ∈ L
loc(μ) is an RBMO(μ) function, if there is a positive

constant C, for all B, we have


μ(ρB)

∫

B

∣∣b(x) – mB̃b
∣∣dμ(x) ≤ C, (.)

and for all two doubling balls B, R with B ⊂ R,

∣∣mB(b) – mR(b)
∣∣ ≤ CKB,R, (.)

where B̃ is the smallest (α,β)-doubling ball with the form kB, k ∈ N ∪ {}, and

mB̃(b) =


μ(̃B)

∫

B̃
b(x) dμ(x).

The RBMO(μ) norm of b, denoted by ‖b‖∗, is the minimal constant C in (.) and (.).

For  ≤ j ≤ m, let Cm
j be the family of subsets σ = {σ (),σ (), . . . ,σ (j)} of {, , . . . , m} with

j different elements. For each σ ∈ Cm
j , σ ′ = {, , . . . , m}\σ . For bj ∈ RBMO(μ), j = , . . . , m,

set �b = (b, b, . . . , bm), �bσ = (bσ (), . . . , bσ (j)), bσ (x) = bσ ()(x) · · ·bσ (j)(x). Denote �f = (f, . . . , fm),
�fσ = (fσ (), . . . , fσ (j)), and �bσ ′ �fσ ′ = (bσ ′(j+)fσ ′(j+), . . . , bσ ′(m)fσ ′(m)).

Definition . For bj ∈ RBMO(μ), j = , . . . , m, and multilinear fractional integral opera-
tors Iα,m, we define the commutators [�b, Iα,m] by

[�b, Iα,m](�f )(x) =
m∑

j=

∑

σ∈Cm
j

(–)m–jbσ (x)Iα,m(�fσ , �bσ ′ �fσ ′ )(x).

For m = ,

[b, b, Iα,](f, f)(x) = b(x)b(x)Iα,(f, f)(x) – b(x)Iα,(f, bf)(x)

– b(x)Iα,(bf, f)(x) + Iα,(bf, bf)(x). (.)

[b, Iα,] and [b, Iα,] are defined thus:

[b, Iα,](f, f)(x) = b(x)Iα,(f, f)(x) – Iα,(bf, f)(x),

[b, Iα,](f, f)(x) = b(x)Iα,(f, f)(x) – Iα,(f, bf)(x).

In this paper, one only considers the case of m =  for simplicity.

Theorem . Let  < α < ,  < p, p < +∞,  < 
q = 

p
+ 

p
– α < , g ∈ Lp (μ) and g ∈

Lp (μ). If Iβ is bounded from Lr(μ) into Ls(μ), for some r ∈ (, /β) and /s = /r – β , with
 < β < , then there is a positive constant C,

∥∥Iα,(g, g)
∥∥

Lq(μ) ≤ C‖g‖Lp (μ)‖g‖Lp (μ),
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where Iβ is defined by

Iβ f (x) :=
∫

X

f (y)
[λ(y, d(x, y))]–β

dμ(y).

Theorem . Set ‖μ‖ = ∞,  < α < ,  < p, p < +∞,  < 
q = 

p
+ 

p
– α < , g ∈ Lp (μ),

g ∈ Lp (μ), b, b ∈ RBMO(μ) and if Iβ is bounded from Lr(μ) into Ls(μ) for some r ∈
(, /β), /s = /r – β with  < β < , then there is a positive constant C,

∥
∥[b, b, Iα,](g, g)

∥
∥

Lq(μ) ≤ C‖g‖Lp (μ)‖g‖Lp (μ).

Remark . For the case that ‖μ‖ < ∞, by Lemma . in Section  below, Theorem .
also holds, if we assume that

∫

X
Iα,(g, g)(x) dμ(x) = ,

∫

X
[b, Iα,](g, g)(x) dμ(x) = ,

∫

X
[b, Iα,](g, g)(x) dμ(x) =  and

∫

X
[b, b, Iα,](g, g)(x) dμ(x) = .

This paper is organized as follows. Theorem . and Theorem . are proved in Sec-
tion . In Section , some applications are stated.

2 Proof of main results
Proof of Theorem . Let α = α + α,  < αi < /pi < , i = , . It is easy to check that

∏

i=

[
λ
(
x, d(x, yi)

)]–αi ≤
[ ∑

i=

λ
(
x, d(x, yi)

)
]–α

.

Thus

∣
∣Iα,(g, g)(x)

∣
∣ ≤ C

∫

X

|g(y)g(y)|
[
∑

i= λ(x, d(x, yi))]–α
dμ(y) dμ(y)

≤
∏

i=

∫

X

|gi(yi)|
[λ(x, d(x, yi))]–αi

dμ(yi)

=
∏

i=

Iαi

(|gi|
)
(x).

Let /qi = /pi – αi and /q + /q = /q,  < qi < ∞. It follows from the Hölder’s inequality
and the Lpi (μ) – Lqi (μ) boundedness of Iαi , i = , , that

∥
∥Iα,(g, g)

∥
∥

Lq(μ)

≤
∥∥
∥∥∥

∏

i=

Iαi

(|gi|
)
∥∥
∥∥∥

Lq(μ)

≤ ∥
∥Iα

(|g|
)∥∥

Lq (μ)

∥
∥Iα

(|g|
)
(x)

∥
∥

Lq (μ)

≤ ‖g‖Lp (μ)‖g‖Lp (μ).

Thus the proof of Theorem . is completed. �
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In order to prove Theorem ., we need some lemmas.
For f ∈ L

loc(μ) and  < β < , one defines the sharp maximal operator

M	,(β)f (x) = sup
B�x


μ(B)

∫

B

∣
∣f (y) – mB̃(f )

∣
∣dμ(y) + sup

(B,R)∈
x

|mB(f ) – mR(f )|
K (β)

B,R

,

here 
x := {(B, R) : x ∈ B ⊂ R and B, R are doubling balls}.
One defines the non-centered doubling maximal operator

Nf (x) = sup
B�x,B doubling


μ(B)

∫

B

∣∣f (y)
∣∣dμ(y).

It is easy to see

∣
∣f (x)

∣
∣ ≤ Nf (x),

for every f ∈ L
loc(μ) and μ-a.e. x ∈ X.

For ρ > , α ∈ (, ) and t ∈ (,∞), one defines the non-centered maximal operator
M(α)

t,(ρ)f as follows:

M(α)
t,(ρ)f (x) = sup

B�x

{


[μ(ρB)]–αt

∫

B

∣
∣f (y)

∣
∣t dμ(y)

}/t

.

For simplicity, write M()
,(ρ)f (x) as M(ρ)f . If ρ ≥  and for every p > , then ‖M(ρ)f ‖Lp(μ)

≤ C‖f ‖Lp(μ) and for p ∈ (t, /α) and /q = /p – α, ‖M(α)
t,(ρ)‖Lq(μ) ≤ C‖f ‖Lp(μ) (see []).

Lemma . ([]) For f ∈ L
loc(μ),

∫
X f (x) dμ(x) =  if ‖μ‖ < ∞. Assume  < β <  and

inf(, Nf ) ∈ Lp(μ),  < p < ∞, then

∥
∥N(f )

∥
∥

Lp(μ) ≤ C
∥
∥M	,(β)(f )

∥
∥

Lp(μ).

Lemma . ([, ]) For  < ρ < ∞ and  ≤ p < ∞, if b ∈ RBMO(μ), then for all balls
B ∈ X,

{


μ(ρB)

∫

B

∣∣bB – mB̃(b)
∣∣p dμ(X)

}/p

≤ C‖b‖∗. (.)

Lemma . ([]) For b ∈ RBMO(μ),

∣∣m
˜i 

 B
(b) – mB̃(b)

∣∣ ≤ Ci‖b‖∗.

Lemma . For  < α < ,  < p, p, q < ∞,  < r < q and b, b ∈ RBMO(μ). If Iβ is
bounded from Lr(μ) to Ls(μ), for some r ∈ (, /β) and /s = /r – β , with  < β < , then, for
every x ∈ X, g ∈ Lp (μ), and g ∈ Lp (μ),

M	,(α/)[b, b, Iα,](g, g)(x)

≤ C
{‖b‖∗‖b‖∗Mr,()

(
Iα,(g, g)

)
(x) + ‖b‖∗Mr,()

(
[b, Iα,](g, g)

)
(x)

+ ‖b‖∗Mr,()
(
[b, Iα,](g, g)

)
(x) + ‖b‖∗‖b‖∗M(α/)

p,()g(x)Mp,()g(x)
}

, (.)
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M	,(α/)[b, Iα,](g, g)(x)

≤ C
{‖b‖∗Mr,()

(
Iα,(g, g)

)
(x) + ‖b‖∗M(α/)

p,()g(x)M(α/)
p,()g(x)

}
, (.)

M	,(α/)[b, Iα,](g, g)(x)

≤ C
{‖b‖∗Mr,()

(
Iα,(g, g)

)
(x) + ‖b‖∗M(α/)

p,()g(x)M(α/)
p,()g(x)

}
. (.)

Proof Choose b, b ∈ L∞(μ) according to Lemma . in []. As L∞
c (μ) is dense in Lp(μ)

for  < p < ∞, by standard density arguments, we only need to consider the case that
g, g ∈ L∞

c (μ).
Similar to Theorem . in [], in order to obtain (.), we only need to prove that, for

every x ∈ B,


μ(B)

∫

B

∣
∣[b, b, Iα,](g, g)(z) – HB

∣
∣dμ(z)

≤ C
{‖b‖∗‖b‖∗Mr,()

(
Iα,(g, g)

)
(x) + ‖b‖∗Mr,()

(
[b, Iα,](g, g)

)
(x)

+ ‖b‖∗Mr,()
(
[b, Iα,](g, g)

)
(x) + C‖b‖∗‖b‖∗M(α/)

p,()g(x)M(α/)
p,()g(x)

}
, (.)

and, for every ball B ⊂ R, with x ∈ B, R is a doubling ball,

|HB – HR| ≤ CK
B,RK (α/)

B,R
[‖b‖∗‖b‖∗Mr,()

(
Iα,(g, g)

)
(x)

+ ‖b‖∗‖b‖∗M(α/)
p,()g(x)M(α/)

p,()g(x)

+ ‖b‖∗Mr,()
(
[b, Iα,](g, g)

)
(x)

+ ‖b‖∗Mr,()
(
[b, Iα,](g, g)

)
(x)

]
. (.)

For every ball B, let

HB := mB
(
Iα,

((
b – mB̃(b)

)
gχX\ 

 B,
(
b – mB̃(b)

)
gχX\ 

 B
))

,

HR := mR
(
Iα,

((
b – mR(b)

)
gχX\ 

 R,
(
b – mR(b)

)
gχX\ 

 R
))

.

It is easy to see that

[b, b, Iα,] = Iα,
((

b – b(z)
)
g,

(
b – b(z)

)
g

)

and

Iα,
((

b – mB̃(b)
)
g,

(
b – mB̃(b)

)
g

)

= Iα,
((

b – b(z) + b(z) – mB̃(b)
)
g,

(
b – b(z) + b(z) – mB̃(b)

)
g

)

=
(
b(z) – mB̃(b)

)(
b(z) – mB̃(b)

)
Iα,(g, g)

–
(
b(z) – mB̃(b)

)
Iα,

(
g,

(
b – b(z)

)
g

)

–
(
b(z) – mB̃(b)

)
Iα,

((
b – b(z)

)
g, g

)

+ Iα,
((

b – b(z)
)
g,

(
b – b(z)

)
g

)
.
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Thus


μ(B)

∫

B

∣∣[b, b, Iα,](g, g)(z) – HB
∣∣dμ(z)

≤ C
(


μ(B)

∫

B

∣
∣(b(z) – mB̃(b)

)(
b(z) – mB̃(b)

)
Iα,(g, g)(z)

∣
∣dμ(z)

)

+ C
(


μ(B)

∫

B

∣∣(b(z) – mB̃(b)
)
Iα,

(
g,

(
b – b(z)

)
g

)
(z)

∣∣dμ(z)
)

+ C
(


μ(B)

∫

B

∣∣(b(z) – mB̃(b)
)
Iα,

((
b – b(z)

)
g, g

)
(z)

∣∣dμ(z)
)

+ C
(


μ(B)

∫

B

∣
∣Iα,

((
b – mB̃(b)

)
g,

(
b – mB̃(b)

)
g

)
(z) – HB

∣
∣dμ(z)

)

=: F + F + F + F. (.)

For F, choose r, r > , such that 
r + 

r
+ 

r
= . It follows from Hölder’s inequality that

F ≤ C
(


μ(B)

∫

B

∣
∣b(z) – mB̃b

∣
∣r dμ(z)

)/r

×
(


μ(B)

∫

B

∣∣b(z) – mB̃b
∣∣r dμ(z)

)/r

×
(


μ(B)

∫

B

∣
∣Iα,(g, g)

∣
∣r dμ(z)

)/r

≤ C‖b‖∗‖b‖∗Mr,()
(
Iα,(g, g)

)
(x).

For F, choose s >  such that 
s + 

r = , it follows that

F ≤ C
(


μ(B)

∫

B

∣
∣b(z) – mB̃b

∣
∣s dμ(z)

)/s

×
(


μ(B)

∫

B

∣∣[b, Iα,](g, g)
∣∣r dμ(z)

)/r

≤ C‖b‖∗Mr,()
(
[b, Iα,](g, g)

)
(x).

For F, in the same way, one obtains

F ≤ C‖b‖∗Mr,()
(
[b, Iα,](g, g)

)
(x).

For F, let g
k = gkχ 

 B and g
k = gk – g

k for k = , . Therefore,

F ≤ C
(


μ(B)

∫

B

∣∣Iα,
(
(b – mB̃b)g

 (z), (b – mB̃b)g

)
(z)

∣∣dμ(z)
)

+ C
(


μ(B)

∫

B

∣∣Iα,
(
(b – mB̃b)g

 (z), (b – mB̃b)g

)
(z)

∣∣dμ(z)
)

+ C
(


μ(B)

∫

B

∣
∣Iα,

(
(b – mB̃b)g

 (z), (b – mB̃b)g

)
(z)

∣
∣dμ(z)

)
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+ C
(


μ(B)

∫

B

∣
∣Iα,

(
(b – mB̃b)g

 (z), (b – mB̃b)g

)
(z) – HB

∣
∣dμ(z)

)

=: F + F + F + F.

For  < pi < ∞, i = , , choose s = √p, s = √p, 
v = 

s
+ 

s
– α, 

s
= 

p
+ 

v
and 

s
=


p

+ 
v

. It follows from Hölder’s inequality and Theorem . that

F ≤ C
μ(B)–/v

μ(B)
∥∥Iα,

(
(b – mB̃b)g

 , (b – mB̃b)g

)∥∥

Lv(μ)

≤ C


μ(B)/v

∥∥(b – mB̃b)g

∥∥

Ls (μ)

∥∥(b – mB̃b)g

∥∥

Ls (μ)

≤ C


μ(B)/v

(∫


 B

|b – mB̃b|v dμ(z)
)/v(∫


 B

∣∣g(z)
∣∣p dμ(z)

)/p

×
(∫


 B

|b – mB̃b|v dμ(z)
)/v(∫


 B

∣∣g(z)
∣∣p dμ(z)

)/p

≤ C
∏

i=

(∫

 B |bi – mB̃bi|vi dμ(z)

μ(B)

)/vi(
∫


 B |gi(z)|pi dμ(z)

μ(B)–αpi/

)/pi

≤ C‖b‖∗‖b‖∗M(α/)
p,()g(x)M(α/)

p,()g(x).

For F, it follows from (i) of Definition ., Lemmas .-., the condition of λ(x, al) ≥
amλ(x, l), and Hölder’s inequality that

F ≤ C


μ(B)

∫

B

∫

X

∫

X

|b(y) – mB̃b||g
 (y)|

[λ(z, d(z, y)) + λ(z, d(z, y))]–α

× ∣
∣b(y) – mB̃b

∣
∣
∣
∣g

 (y)
∣
∣dμ(y) dμ(y) dμ(z)

≤ C


μ(B)

∫

B

∫


 B

∣∣b(y) – mB̃b
∣∣∣∣g(y)

∣∣dμ(y)

×
∫

X\ 
 B

|b(y) – mB̃b||g(y)|dμ(y)
[λ(z, d(z, y))]–α

dμ(z)

≤ C
(∫


 B |b(y) – mB̃b|p′

 dμ(y)

μ(B)

)/p′

(∫


 B |g(y)|p dμ(y)

μ(B)–αp/

)/p

× μ(B)–α/μ(B)
∞∑

i=

∫

i 
 B\i– 

 B

|b(y) – mB̃b||g(y)|
[λ(x, i– 

 lB)]–α
dμ(y)

≤ C‖b‖∗M(α/)
p,()g(x)

∞∑

i=

–km(–α/)
[

μ(B)
μ( 

 B)

]–α/[ μ( 
 B)

λ(x, 
 lB)

]–α/

× 
[λ(x,  × i 

 lB)]–α/

∫

i 
 B

∣∣b(y) – mB̃b
∣∣∣∣g(y)

∣∣dμ(y)

≤ C‖b‖∗M(α/)
p,()g(x)

∞∑

i=

–im(–α/) 
[μ( × i 

 B)]–α/

×
∫

i 
 B

∣
∣b(y) – m

˜i 
 B

(b) + m
˜i 

 B
(b) – mB̃b

∣
∣
∣
∣g(y)

∣
∣dμ(y)
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≤ C‖b‖∗M(α/)
p,()g(x)

∞∑

i=

–im(–α/)

×
[(

∫
i 

 B |b(y) – m
˜i 

 B
(b)|p′

 dμ(y)

μ( × i 
 B)

)/p′

(∫

i 
 B |g(y)|p dμ(y)

μ( × i 
 B)–αp/

)/p

+ Ck‖b‖∗
(∫

k 
 B |g(y)|p dμ(y)

μ( × i 
 B)–αp/

)/p(
∫

i 
 B dμ(y)

μ( × i 
 B)

)/p′

]

≤ C‖b‖∗‖b‖∗M(α/)
p,()g(x)M(α/)

p,()g(x).

In the same way, one obtains

F ≤ C‖b‖∗‖b‖∗M(α/)
p,()g(x)M(α/)

p,()g(x).

For F, let z, z ∈ B, it follows from (ii) of Definition ., Lemmas .-., the condition
of λ, and Hölder’s inequality that

∣∣Iα,
(
(b – mB̃b)g

 , (b – mB̃b)g

)
(z)

– Iα,
(
(b – mB̃b)g

 , (b – mB̃b)g

)
(z)

∣∣

≤ C
∫

X\ 
 B

∫

X\ 
 B

∣
∣K(z, y, y) – K(z, y, y)

∣
∣

×
∏

j=

∣
∣(bj(yj) – mB̃bj

)
gj(yj)

∣
∣dμ(yj)

≤ C
∫

X\ 
 B

∫

X\ 
 B

d(z, z)δ
∏

j= |(bj(yj) – mB̃bj)gj(yj)|dμ(yj)

(d(z, y) + d(z, y))δ[
∑

j= λ(x, d(x, yj))]–α

≤ C
∏

j=

∫

X\ 
 B

d(z, z)δi |bj(yj) – mB̃bj||gj(yj)|dμ(yj)
d(z, yj)δj [λ(z, d(z, yj))]–α/

≤ C
∏

j=

∞∑

k=

∫

k 
 B\k– 

 B
–kδj

[
μ( × k 

 B)
λ(z,  × k 

 lB)

]–α/

× |bj(yj) – mB̃bj||gj(yj)|dμ(yj)
[μ( × k 

 B)]–α/

≤ C
∏

j=

∞∑

k=

–kδj

(∫
k 

 B |bj(yj) – mB̃bj|p
′
j dμ(yj)

[μ( × k 
 B)]–αpj/

)/p′
j

×
(∫

k 
 B |gj(yj)|pj dμ(yj)

μ( × k 
 B)

)/pi

≤ C
∏

j=

∞∑

k=

–kδj Mpj ,()gj(x)
(


[μ( × k 

 B)]–αpj/

×
∫

k 
 B

∣
∣bj(yj) – m

˜k 
 B

+ m
˜k 

 B
– mB̃bj

∣
∣p′

j dμ(yj)
)/p′

j
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≤ C
∏

j=

∞∑

k=

–kδj k‖bj‖∗Mpj ,()gj(x)

≤ C‖b‖∗‖b‖∗M(α/)
p,()g(x)M(α/)

p,()g(x),

where δ = δ + δ, δ, δ > .
It follows from taking the mean over z ∈ B that

F ≤ C‖b‖∗‖b‖∗M(α/)
p,()g(x)M(α/)

p,()g(x). (.)

Thus (.) is obtained from (.) to (.).
Now we turn to the proof of (.). Set N = NB,R + . For two balls B ⊂ R with x ∈ B, here

R is a doubling ball and B is an every ball,

∣∣∣∣mB
[
Iα,

(
(b – mB̃b)g

 , (b – mB̃b)g

)]∣∣ –

∣∣mR
[
Iα,

(
(b – mRb)g

 , (b – mRb)g

)]∣∣∣∣

≤ ∣
∣mB

[
Iα,

(
(b – mB̃b)gχX\N B, (b – mB̃b)gχX\N B

)]

– mR
[
Iα,

(
(b – mB̃b)gχX\N B, (b – mB̃b)gχX\N B

)]∣∣

+
∣
∣mR

[
Iα,

(
(b – mRb)gχX\N B, (b – mRb)gχX\N B

)]

– mR
[
Iα,

(
(b – mB̃b)gχX\N B, (b – mB̃b)gχX\N B

)]∣∣

+
∣
∣mB

[
Iα,

(
(b – mB̃b)gχN B\ 

 B, (b – mB̃b)gχX\ 
 B

)]∣∣

+
∣∣mB

[
Iα,

(
(b – mB̃b)gχX\ 

 B, (b – mB̃b)gχN B\ 
 B

)]∣∣

+
∣∣mR

[
Iα,

(
(b – mRb)gχN B\ 

 R, (b – mRb)gχX\N B
)]∣∣

+
∣∣mR

[
Iα,

(
(b – mRb)gχX\ 

 R, (b – mRb)gχN B\ 
 R

)]∣∣

=: G + G + G + G + G + G. (.)

Similar to the estimate of F,

G ≤ C‖b‖∗‖b‖∗M(α/)
p,()g(x)M(α/)

p,()g(x).

For G, it is easy to see that

Iα,
(
(b – mRb)gχX\N B, (b – mRb)gχX\N B

)
(z)

– Iα,
(
(b – mB̃b)gχX\N B, (b – mB̃b)gχX\N B

)
(z)

= (mRb – mB̃b)Iα,
(
(b – mRb)gχX\N B, gχX\N B

)
(z)

+ (mRb – mB̃b)Iα,
(
gχX\N B, (b – mRb)gχX\N B

)
(z)

+ (mRb – mB̃b)(mRb – mB̃b)Iα,(gχX\N B, gχX\N B)(z).

Thus

G ≤
∣∣
∣∣(mRb – mB̃b)


μ(R)

∫

R
Iα,

(
(b – mRb)gχX\N B, gχX\N B

)
(z) dμ(z)

∣∣
∣∣

+
∣∣
∣∣(mRb – mB̃b)


μ(R)

∫

R
Iα,

(
gχX\N B, (b – mRb)gχX\N B

)
(z) dμ(z)

∣∣
∣∣
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+
∣∣
∣∣(mRb – mB̃b)(mRb – mB̃b)


μ(R)

∫

R
Iα,(gχX\N B, gχX\N B)(z) dμ(z)

∣∣
∣∣

=: G + G + G.

For G,

Iα,
(
(b – mRb)gχX\N R, gχX\N R

)
(z)

= Iα,
(
(b – mRb)g, g

)
(z) – T

(
(b – mRb)gχN Bχ 

 R, gχ 
 R

)
(z)

– Iα,
(
(b – mRb)gχ 

 R, gχN Bχ 
 R

)
(z)

+ Iα,
(
(b – mRb)gχN Bχ 

 R, gχN Bχ 
 R

)
(z)

– Iα,
(
(b – mRb)gχX\ 

 R, gχN B
)
(z)

– Iα,
(
(b – mRb)gχN B, gχX\ 

 R
)
(z)

+ Iα,
(
(b – mRb)gχN B\ 

 R, gχN B\ 
 R

)
(z)

=: E(z) + E(z) + E(z) + E(z) + E(z) + E(z) + E(z).

For E(z), it is easy to see that


μ(R)

∫

R

∣∣Iα,
(
b – b(z)g, g

)
(z)

∣∣dμ(z) ≤ CMr,()
(
[b, Iα,]g, g

)
(x).

It follows from Hölder’s inequality that


μ(R)

∫

R

∣∣(b(z) – mR(b)
)
Iα,(g, g)(z)

∣∣dμ(z) ≤ C‖b‖∗Mr,()
(
Iα,(g, g)

)
(x).

Therefore

∣
∣mR(E)

∣
∣ ≤ ∣

∣mR
(
Iα,

(
b – b(z)g, g

))∣∣ +
∣
∣mR

((
b(z) – mR(b)

)
Iα,(g, g)

)∣∣

≤ C
{

Mr,()
(
[b, Iα,]g, g

)
(x) + ‖b‖∗Mr,()

(
Iα,(g, g)

)
(x)

}
.

For E(z), denote s = √p, s = p, 
v = 

s
+ 

s
– α and 

s
= 

p
+ 

v
. Noting that R is a

doubling ball, by Theorem ., one obtains

∣
∣mR(E)

∣
∣ ≤ C

μ(R)–/v

μ(R)
∥
∥Iα,

(
(b – mRb)gχN Bχ/R, gχ/R

)∥∥
Lv(μ)

≤ Cμ(R)–/v∥∥(b – mRb)gχN Bχ/R
∥
∥

Ls (μ)‖gχ/R‖Ls (μ)

≤ C


μ(R)/v

(∫


 R

|b – mRb|v dμ(z)
)/v(∫


 R

∣∣g(z)
∣∣p dμ(z)

)/p

×
(∫


 R

∣
∣g(z)

∣
∣p dμ(z)

)/p

≤ C
(


μ(R)

∫


 R

|b – mRb|v dμ(z)
)/v
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×
∏

j=

(


μ(R)–αpj/

∫


 R

∣
∣gj(z)

∣
∣pj dμ(z)

)/pj

≤ C‖b‖∗M(α/)
p,()g(x)M(α/)

p,()g(x).

Also one deduces

∣
∣mR(E)

∣
∣ +

∣
∣mR(E)

∣
∣ ≤ C‖b‖∗M(α/)

p,()g(x)M(α/)
p,()g(x).

For E, as z ∈ R, noting that R is a doubling ball, it follows from (i) of Definition ., Lem-
mas .-., and the conditions of λ that

∣∣E(z)
∣∣ ≤ C

∫

N B

∫

X\ 
 R

|b(y) – mRb||g(y)||g(y)|dμ(y) dμ(y)
[
∑

i= λ(x, d(x, yi))]–α

≤ C
∫

N B

∣∣g(y)
∣∣dμ(y)

∞∑

j=

∫

j 
 R\j– 

 R

|b(y) – mRb||g(y)|
(λ(z,  × j 

 lR))–α
dμ(y)

≤ C
∫

N B

∣
∣g(y)

∣
∣dμ(y)

∞∑

j=

–jm(–α/)

×
∫

j 
 R


[λ(z,  × 

 lR)]–α/

|b(y) – mRb||g(y)|dμ(y)
[λ(z,  × j 

 lR)]–α/

≤ C


[λ(z, lR)]–α/

∫

N B

∣∣g(y)
∣∣dμ(y)

∞∑

j=

–jm(–α/)

× 
[λ(z,  × j 

 lR)]–α/
×

[∫

j 
 R

∣
∣b(y) – mj 

 R(b)
∣
∣
∣
∣g(y)

∣
∣dμ(y)

+
∫

j 
 R

∣
∣mj 

 R(b) – mRb
∣
∣
∣
∣g(y)

∣
∣dμ(y)

]

≤ C


[λ(z, lR)]–α/

∫

N B

∣
∣g(y)

∣
∣dμ(y)

∞∑

j=

–jm(–α/)

×
[(


λ(z,  × j 

 lR)

∫

j 
 R

∣
∣b(y) – mj 

 R(b)
∣
∣p′

 dμ(y)
)/p′



×
(


[λ(z, j+ 

 lR)]–αp/

∫

j 
 R

∣∣g(y)
∣∣p dμ(y)

)/p

+ j‖b‖∗


[λ(z,  × j 
 lR)]–α/

∫

j 
 R

∣∣g(y)
∣∣dμ(y)

]

≤ C‖b‖∗M(α/)
p,()g(x)

NB,R∑

j=


[λ(z, lR)]–α/

×
[∫

j+B\jB

∣
∣g(y)

∣
∣dμ(y) +

∫

B

∣
∣g(y)

∣
∣dμ(y)

]

≤ C‖b‖∗M(α/)
p,()g(x)

NB,R∑

j=

∫
j+B |g(y)|dμ(y)
[μ( × j+B)]–α/
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×
[

μ( × j+B)
λ(z,  × j+lB)

]–α/[
λ(z,  × jlB)

λ(z, lR)

]–α/

+ C‖b‖∗M(α/)
p,()g(x)


[λ(z, lR)]–α/

∫

B

∣
∣g(y)

∣
∣dμ(y)

≤ CK (α/)
B,R ‖b‖∗M(α/)

p,()g(x)M(α/)
p,()g(x).

Therefore

|mR(E)| ≤ CK (α/)
B,R ‖b‖∗M(α/)

p,()g(x)M(α/)
p,()g(x).

Similar to the estimate of mR(E),

∣
∣mR(E)

∣
∣ +

∣
∣mR(E)

∣
∣ ≤ CK (α/)

B,R ‖b‖∗M(α/)
p,()g(x)M(α/)

p,()g(x).

By (.), it yields

G ≤ C
[‖b‖∗‖b‖∗Mr,()

(
Iα,(g, g)

)
(x) + ‖b‖∗Mr,()

(
[b, Iα,](g, g)

)
(x)

+ ‖b‖∗Mr,()
(
[b, Iα,](g, g)

)
(x) + ‖b‖∗‖b‖∗M(α/)

p,()g(x)M(α/)
p,()g(x)

]
.

For G and G, they are similar to G, thus

G ≤ C
[‖b‖∗‖b‖∗Mr,()

(
Iα,(g, g)

)
(x) + ‖b‖∗Mr,()

(
[b, Iα,](g, g)

)
(x)

+ ‖b‖∗Mr,()
(
[b, Iα,](g, g)

)
(x) + ‖b‖∗‖b‖∗M(α/)

p,()g(x)M(α/)
p,()g(x)

]
.

For G to G, in the same way as E(z), it yields

G + G + G + G ≤ C‖b‖∗‖b‖∗M(α/)
p,()g(x)M(α/)

p,()g(x). (.)

Thus (.) is obtained from (.) to (.) and (.) is proved. Also, one obtains (.) and
(.) in a similar way to (.). Here the details is omitted. Thus Lemma . is proved. �

Proof of Theorem . Set  < α < ,  < p, p < ∞,  < 
q = 

p
+ 

p
– α < ,  < r < q,

f ∈ Lp (μ), g ∈ Lp (μ), b, b ∈ RBMO(μ). Noticing that |g(x)| ≤ Ng(x), recalling the
boundedness of M(α/)

r,(ρ) and Mr,(ρ), for ρ ≥  and r < q, and using Hölder’s inequality, it
follows from Lemmas .-. and Theorem . that

∥
∥[b, b, Iα,](g, g)

∥
∥

Lq(μ)

≤ ∥
∥N

(
[b, b, Iα,](g, g)

)∥∥
Lq(μ)

≤ C
∥
∥M	,(α/)([b, b, Iα,](g, g)

)∥∥
Lq(μ)

≤ C‖b‖∗‖b‖∗
∥∥Mr,()

(
Iα,(g, g)

)∥∥
Lq(μ)

+ C‖b‖∗
∥∥Mr,()

(
[b, Iα,](g, g)

)∥∥
Lq(μ)

+ C‖b‖∗
∥∥Mr,()

(
[b, Iα,](g, g)

)∥∥
Lq(μ)
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+ C‖b‖∗‖b‖∗
∥∥M(α/)

p,()gM(α/)
p,()g

∥∥
Lq(μ)

≤ C‖b‖∗‖b‖∗‖g‖Lp (μ)‖g‖Lp (μ)

+ C‖b‖∗
∥∥[b, Iα,](g, g)

∥∥
Lq(μ)

+ C‖b‖∗
∥∥[b, Iα,](g, g)

∥∥
Lq(μ)

≤ C‖b‖∗‖b‖∗‖g‖Lp (μ)‖g‖Lp (μ)

+ C‖b‖∗
∥
∥M	,(α/)([b, Iα,](g, g)

)∥∥
Lq(μ)

+ C‖b‖∗
∥
∥M	,(α/)([b, Iα,](g, g)

)∥∥
Lq(μ)

≤ ‖b‖∗‖b‖∗‖g‖Lp (μ)‖g‖Lp (μ)

+ C‖b‖∗
∥∥Mr,()

(
Iα,(g, g)

)∥∥
Lq(μ)

+ C‖b‖∗
∥∥M(α/)

p,()gM(α/)
p,()g

∥∥
Lq(μ)

+ C‖b‖∗
∥∥Mr,()

(
Iα,(g, g)

)∥∥
Lq(μ)

+ C‖b‖∗
∥
∥M(α/)

p,()gM(α/)
p,()g

∥
∥

Lq(μ)

≤ C‖b‖∗‖b‖∗‖g‖Lp (μ)‖g‖Lp (μ).

This proves Theorem .. �

3 Applications
In this section, we apply Theorem . and Theorem . to the study of a fractional integral
operator.

Lemma . ([]) Suppose diam(X) = ∞, α ∈ (, ), p ∈ (, /α), and /q = /p – α. If λ

satisfies the ε-weak reverse doubling condition, for some ε ∈ (, min{α,  – α, /q}), then

‖Tαf ‖Lq(μ) ≤ C‖f ‖Lp(μ),

where Tα is defined by

Tαf (x) :=
∫

X

f (y)
[λ(y, d(x, y))]–α

dμ(y).

Theorem . Under the same conditions as that in Lemma ., the results of Theorem .
and Theorem . hold true, on replacing Iβ there by Tα .

4 Conclusion
In this paper, we prove that multilinear fractional integral operators and commuta-
tors, generated by multilinear fractional integrals, with an RBMO(μ) function on non-
homogeneous metric measure spaces, are bounded in Lebesgue spaces. The results are
established for both the homogeneous spaces and the non-doubling measure spaces.
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