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Abstract

In this note, we try to generalize the classical Cauchy-Lipschitz-Picard theorem on the
global existence and uniqueness for the Cauchy initial value problem of the ordinary
differential equation with global Lipschitz condition, and we try to weaken the global
Lipschitz condition. We can also get the global existence and uniqueness.
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1 Introduction
In his famous book [1], Brezis gave a very sketchy and interesting proof on the classical

Cauchy-Lipschitz-Picard theorem.

Theorem 1.1 Let E be a Banach space and let F : E — E be a Lipschitz map, i.e., there is a

constant L such that
|F@w) - Fw)| <Llu-vll, Vu,veE. 1.1)
Then, for any given ugy € E, there exists a unique solution u € C*([0, +00), E) of the problem:

240~ Fu(t)), Vte(0,+00), (1.2)
u(0) = uyg.

It is well known that if we only assume the local Lipschitz condition, we can only get the
local existence and uniqueness for Cauchy initial value problems.
In this paper, we try to weaken the global Lipschitz condition, but we also want to get

the global existence and uniqueness; we have the following theorem.

Theorem 1.2 Let E be a Banach space (with norm || - ||) and let F : [0,+00) X E— E bea
map satisfying

|E@ u) - F(t,v)|| <L) - p(lu-vIl), Vte[0,+00),u,vEE,
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where L : [0, +00) — [0, +00), p : (0, +00) — [0, +00) are continuous and there are 0 < a <
+00 such that

and p(s) is an increasing function. Then, for any given ug € E, there exists a unique solution
u € CY([0, +00); E) for the problem

@~ F(t,u(t)), Vte(0,+00),

u(0) = uy. 13

Corollary 1.3 In Theorem 1.2, if we take L.(s) = a > 0, p(s) = s or p(s) = Ins, then the condi-
tions and the results of Theorem 1.2 hold.

2 The proof of Theorem 1.2

Lemma 2.1 ([1], Banach contraction mapping principle) Let X be a nonempty complete
metric space and let T : X — X be a strict contraction, i.e., there is 0 < k < 1 such that
d(T(x), T(y)) < kd(x,y), Vx,y € X, then S has a unique fixed point u = T (u).

Lemma 2.2 (Gronwall [2]) Letx € C'[a, b]. If R[a, b] denotes the set of Riemann integrable
functional on [a,b]; B € R[a, D], and

x'(t) < B(t) - x(t), Vtela,bl],
then
x(t) < x(a) - elaPOD, vt [a,b).

The following lemma can be regarded as a natural generalization of the Gronwall in-
equality.

Lemma 2.3 Letx € C'[a,b], a, B € R[a,b). If
x'(t) <alt) + B(t)x(t), Vte€la,b),
then

t
x(t) < [x(a) +/ e’fgﬂ(”‘ha(s) ds:| -ef;’s(s)ds, vt € [a, b].

a
Proof Let v =eaP4, = % then v/(£) = B(t)(2),

x'v—xv - (@+Bx)v—PBxv av «

w(t) < — ==

v2 v2 ooy

Then

t
w(t) < / e‘fosﬁ(’)dra(s) ds + w(a),
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% Sx(a)+/a e Jo P o () s,

t ¢ S
x(t) Sefaﬂ(s)ds. |:X(ﬂ)+[ efolg(f)dra(s)ds].

a

Now to prove Theorem 1.2, we use some similar arguments to Brezis [1].
Let k > 0, which is to be determined, and assume

X = {u e C([0, +0o); E) [supe™ - |u(t)| < +oo}.
120

Then it is easy to see that X is a Banach space for the norm

llullx = supe™ - |u(®)].
t>0

For Vu € X, we define

D(u)(t) = ug + /tF(s, u(s)) ds.
0

Then u is a solution of (1.3) if and only if ® () = u, that is, u is a fixed point of ®.
(1) We now show that, for every u € X, ®(u) also belongs to X.
In fact,

[ Dullx = 3uge-“||<<bu)(t)||

<supe ™. |lug| +supe ™.
t>0 t=0

ft F(s,u(s)) ds
0

We only need to prove

t
supe X / | E (s, u(s))]| ds < +oc.
0

t>0

Notice that

|E (s, () = F(0,u0) | < L(s) - p(||uls) = uo]|),

|F(su9) | = 26) - ()~ ) + [ O,

Since
t
supe X . / [ F(0,u0)|| ds = | F(0, uo)|| sup e .t < +oo0.
£20 0 £20
Hence we only need to prove

supe X . /(;tL(s)p(Hu(s) ~ ) ds < +o0.

t>0
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Let
t
001 =* [ L6p(Jut)-wl)ds,  o0)-0,
0
then
t
p(t) < / [L(s)e*]e™™ ([|u(s)| + lluoll) dse™
0
t
< [sup e | u(s)|| + sup e‘ks||u0||] sup[/ L(s)e® dse‘/“i|
t>0 t>0 t>0 0
< (G, = C5 < +00.

Hence we have proved @ is a self-mapping from X to X.
(2) We prove the contraction property of ®. We have

[|Pu— dv| < / HF(s, u(s)) - F(s, v(s)) || ds < / L(s)p(”u(s) —v(s) ||) ds,
0 0

[®u— dv|x <supe™ - / L(s)p(||u(s) = v(s)||) ds
£20 0

< sup/OtL(s)eks [e7 | uuls) - v(s)|| ] dse™

t>0

t
< sup[e_ks || u(s) — v(s) ||] sup e_kt/ L(s)e® ds
£20 >0 0

t
<sup e’kt/ L(s)e® ds|u - v||x.
0

20
Hence we have
L
|[Pu - dv|x < P lu-vix, Vu,velX.
k
We can choose k > L, then we use Banach contraction mapping principle to find that (1.3)
has at least one solution on [0, +00).

Furthermore, by Gronwall’s inequality, we can get the uniqueness.
In fact, let 4, uy be two solutions of (1.3), then

-0 < [ 1F09) - o)
< / L©)p([|u(s) - ua(s)]) ds
0
< / L(S)(”ul(S) = ua(s) ”) ds.
0
By Gronwall’s inequality, we have

||M1(t) — u(t) || <0.

Hence for any ¢ € [0, +00), we have u;(t) = uy(t). (I
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3 Examples
Example 3.1

G = Ftu®) =ty Ve e (0,+00),
(3.1)
u(0) = uy.
Then

_ lv] = [ull
A+t+u)A+2+ v

|F(t,u(t)) - F(t,v(t))|

< vl— lul.
)

By the triangle inequality, we have
|F(t, u(t)) - F(t, v(t))| <lu-v|.
So F(t,u(t)) = —— is Lipschitz with 2 = 1 and p(s) = s.

1+t+|u|

Example 3.2 Let p;(t) : [0, +00) — [0, +00) continuous and there is 0 < a < +00 such that

pi(t) <a.

Let p,(¢) : [0, +00) — R continuous.
We consider

W0 = F(t,u(t) = pr(8)lu - pa(®)], V€ (0,+00),

u(0) = uy. (32)

Then

|F(6;u()) - F(t,v(®))| = 1) (||ue - p2(®)] - [v - p2(®)]])-

By the triangle inequality, we have
|F(&,u(t)) - F(t,v(®))| < p1(®)lu - v.

So F(t, u(t)) = p1(t)|u — p2(¢)| is Lipschitz with L(£) = p;(¢) and p(s) = s.
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