Zhou et al. Journal of Inequalities and Applications (2016) 2016:249 ® Journal of Inequalities and Applications
DO| 10.11 86/51 3660-016-1191-0 a SpringerOpen Journal

RESEARCH Open Access

CrossMark
An estimate on the thickness of boundary
layer for nonlinear evolution equations with
damping and diffusion
Wenshu Zhou', Xulong Qin? and Xiaodan Wei*”
“Correspondence:
weixiaodancat@126.com Abstract
Saﬁgioggﬁ‘gﬁgﬂﬁggegfﬁggﬁi The main purpose of this paper is to estimate the thickness of boundary layer for
Dalian, 116600, China nonlinear evolution equations with damping and diffusion as the diffusion parameter
Ful list of author information is B goes to zero. We prove that the thickness of layer is of the order O(BY) with

available at the end of the article . . . . . .
0 <y <1, thus improving the corresponding result in (Ruan and Zhu in Discrete

Contin. Dyn. Syst. 32(1) 331-352, 2012) where 0 < y < 1/2 is obtained.
MSC: 35k50; 35B40; 76N20

Keywords: nonlinear evolution equation; zero diffusion limit; boundary layer
thicknes

1 Introduction
In this paper, we consider the nonlinear evolution equations with damping and diffusion:

vl =0 —a)yf —a6f +ayl,

(1.1)
0f =—(1-P)0P + upyf +29P6f + g6, 0<x<1,t>0,
with the initial-boundary conditions
(wﬁyeﬁ)(x) 0) = (¢0,90)(x), 0 <x =< 11
(1.2)

(wﬂ)eﬂ)(lr t) = (Wq;@ﬁ)(or t) = (O’ 0)) t> 0;

where o,a, 8, and u are positive constants with & < o and 0 < B < 1. The corresponding
problem of zero diffusion limit as 8 — 0 is the following:

1/,t0 =—(o —a)lﬁo _093? to a(c)x’ (1.3)
09 =-0°+29°9%, 0<x<1t>0,

with the initial-boundary conditions

(¥°,6°)(x,0) = (¥0,00)(x), 0<x<1,

(1.4)
vO(L,8) =v°0,6)=0, ¢>0.
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The system (1.1) was originally proposed by Hsieh in [2] to observe the nonlinear in-
teraction between ellipticity and dissipation. In [3], Hsieh et al. established a link between
this interaction and chaos. We also refer to [4, 5] for the physical background of (1.1). Some
similar problems were studied in [6, 7] and the references therein.

Our main purpose is to estimate the thickness of boundary layer for problem (1.1)-(1.2)
as f — 0. Before stating the main result, we first recall the concept of BL-thickness in the
sprit of [8].

Definition 1.1 A function §(8) is called a BL-thickness for problem (1.1)-(1.2) with van-
ishing diftfusion if §(8) | 0 as 8 | 0, and

AL“%” V= o raeron) = O

éi_r)I})HQﬂ -6° ”Loo(o,T;Loc[é,l—a]) =0,
i%fii5n||9ﬁ 0" ||L°°(0,T:L°°[°’1D >0

for any T > 0, where (¥#,0%) (resp. (/°,0°)) is the solution for problem (1.1)-(1.2) (resp.
problem (1.3)-(1.4)).

The theory of boundary layers is one of the most fundamental and important issues in
fluid dynamics (cf. [9, 10]) since the seminal work by Prandtl in 1904. There are a number
of papers dedicated to the questions of boundary layers for the Navier-Stokes equations;
see for instance [8, 11-17] and the references therein. Moreover, the boundary layer prob-
lem also arises in the theory of hyperbolic systems when parabolic equations with small
viscosity are applied as perturbations; see for instance [18—23] and the references therein.

Recently, Ruan and Zhu [1], Theorem 1.3, discussed the existence and zero diffu-
sion limit for problem (1.1)-(1.2), and proved that the thickness of boundary layer is
of the order O(B”) with 0 < y <1/2 if % < o < o and if the initial data satisfy
Yo € H*([0,1]),60 € H*([0,1]), (¥0,60)(1) = (¥0,60)(0) = (0,0), and [|(0,60)l2 is suffi-
ciently small. Here H'([0,1]) denotes the usual /th order Sobolev space with the norm
WFll: = (Zizo fol |0:f > dx)'2. In the present paper, we improve the result by extending the
range of y to (0,1). Our main result can be stated as follows.

2
Theorem 1.2 Let 0 < 8 <1 and (Z(Yi?) <a < o. Assume that the initial data satisfy

Wo € HZ([O, 1])790 € H3([0!1])7(1/f0190)(1) = (1/f0,90)(0) = (010); and ||(‘ﬁ0790)||2 is Suﬁ'
ciently small. Then any function §(B) satisfying §(B8) | 0 and a(% —0asp | 0isaBL-
thickness such that

p
167 = 6° | oo 0,710 518 = c\/;, Vs €(0,1/2), (15)

where T > 0, and C is a positive constant independent of  and 5.
The proof of Theorem 1.2 will be given in the next section.

2 Proof of Theorem 1.2
To prove Theorem 1.2, we need the following result, which can be found in [1], Lem-
mas 2.2, 2.4, 2.5 and 3.1.
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Lemma 2.1 Let the assumptions of Theorem 1.2 hold. Then there exists a positive constant

independent of 8 such that

1
/ [(wF)" + (68)" + (wh) + B(62)]dx < C, .1)
0
! 2 2 2 2
[ ) ) 0L+ (02) ) ar < @2
and
1 ) ) T 1 )
/ [(v - v°)" + (07 -0°) ] dx +/ / (v —y°) dxdr < CB. (2.3)
0 o Jo
Proof of Theorem 1.2 1t suffices to prove (1.5). Set
b =yf 0 WP =09F 9"
Then it follows from the equation of ## that
V= (1= B + 29 PV 1+ 2uP00 + VP + Bnyf +6°+62).
Differentiating the equation, we see that z := vf satisfies
09.)- (2.4)

2= ~(L- Bz +2(472), +2(07), + Bz + B (1L, + 00 +

Denote ¢, for ¢ € (0,1) and &; for § € (0,1/2) by
X, 0 <x=< 5!

@e(s) = Vs +¢2, &s(x) =16, S<x<1-3,

1-x, 1-6<x<1.

It is easy to check that ¢, satisfies

Is] < l@e ()] < Isl +1,
lo () =L 0 =<sp(s) < @.(s),
pl(5) =0, s*¢l(s)=0,

and &; satisfies
0<& <49, €(1) =&5(0) = 0.

Multiplying (2.4) by ¢.(2)&; and integrating it over (0,1) x (0,t), we have

1 1
[ omdn-z [ cax
0 0
P ¢ ool
— (1 _ / B /
=—(1 ,3)/0 /O 29, (2)€; dx dt +2/0 /(; (vPz) 9. (2)Es dxdt
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t 1 t pl
+ 2/ / (uﬁef)xgo; (2)&sdxdt + B / / Zux 9L (2)Es dx dt
o Jo 0o Jo
t 1 5
+p / / oL (2)Es (Yl + 00 +07,) dxdr = ZE,-. (2.5)
0 Jo i=1
Next we estimate E;(i =1,2,3,4,5). From 0 < s¢.(s) < ¢ (s), we have

t 1
=< /0 /0 0u(2)Es drdr. (2.6)

To estimate E,, we note, using integration by parts,
t el t pl
E, = 2/ / VP2l (2)Es dxdT + 2/ / VP20l (2)&s dx dt
0o Jo 0o Jo
t pl t pl
= 2/ / Iﬂfzgog(z)ég dxdt —2/ / ws(z)wfga dxdt
0 Jo 0 Jo

¢ el
2 [ [Cetsdvar
o Jo

= E)+E2 +E5. (2.7)

By (2.1) and the embedding W'1[0,1] < L>[0,1], we have

1 1
wa(x,t)ls/ waldx+/ vlldx<C, (2.8)
0 0

where C denotes the generic positive constant independent of 8,6, and ¢, so

|wﬁ(x,t)|sf0 W/ (,0)|dy < Cx < C&(x), Vx€[0,8],

(2.9)
1
|y (x,8)| < / [¥f (,1)|dy < C(1 - %) < C&(x), Vxe[1-4,1].
By 0 < s¢,(s) < ¢.(s) and (2.8), we obtain
t pl
Ey+Ei<C / / @e(2)6s dxdr. (2.10)
0o Jo
By the definition of & and (2.9), we have
t s t pl
53 :—2/ / 0 ()P dxdr +2/ / 0 (2) WP dxdt
o Jo 0o Ji-s
t s t pl
< C/ / e (2)€s dxdt + C/ / 0e(2)€s dxdt (2.11)
o Jo 0o Ji-s

t pl
< C/ / 0 (2)€sdxdT.
o Jo

Thus

t pl
E, < C/ / 0e(2)ésdxdr. (2.12)
o Jo
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Using integration by parts and noticing ¢ > 0 and |¢,| <1, we have

t t 1
=-p / / Z9! ()& dxdr - B / / 2L (2)&} dxdt
0 o Jo
t pl
< —,3/ / z:9L(2)E5 dxdt
0 Jo
t § t 1
= _ﬁ/ / zxqo;(z)dxdf+ﬁ/ / z,0.(2) dx drt
0 Jo 0 J1s
t ) t 1
Sﬂ(/ / IZxIdxdr+/ / |zx|dxdr),
o Jo 0 J1-s

and, by Holder’s inequality and (2.1), we obtain

t ps 172 t pl 1/2
E, < Cﬂ81/2|:</ / sz|2dxdr) + </ / |zx|2dxdr) ]
0 Jo 0 Ji-s

< Cﬂl/281/2.

E

N

By |¢.| <1,0 < &5 < §, Holder’s inequality, (2.2), and (2.3), we have

f/uﬂeo z)égdxdr+2/fu’39 2)Es dxdt
coo( [ [ty asar) ([ [[@pavar)”
+c5<// dxdt)m(// 0., dxdr)

< Cgﬂl/z.

Finally, we estimate Es. By |¢.| <1,0 < &; < §, and Lemma 2.1, we have

E5<C,88// (|wE| +162] + |62, |) dxdx

< CBs.
Combining (2.6), (2.12)-(2.15) with (2.5) and noticing

1
8/ Esdx < g4,
0

we obtain

1 t rl
/ ¢: (2)85 dx < C/ / @ (2)Es dxdt + £8 + CBY252,
0 o Jo

so an application of Gronwall’s inequality leads to

1
/ e (2)€s dx < C(e8 + B28').
0

(2.13)

(2.14)

(2.15)
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From this and the definition of &5 and |z| < ¢.(z), we obtain

1-5
/ |z|dx§C(8+\/E>.
s B

Letting ¢ — 0 yields

1-8 ﬁ
/ 2l dx < c/; (2.16)
8

From (2.3), (2.16), and the embedding W*([,1 — §]) = L*([,1 - §]) it follows that

1 1-8
O ey A L AP
0 B
B
<C, ~.
- 1)
Thus (1.5) is proved, and the proof is complete. O
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