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1 Introduction

Let G = (V,E) be a simple connected graph having vertex set V(G) = {a1,a,,4s,...,a,}
and edge set E(G) = {e1, e, €3, ...,€ex,}. The order and size of graph G are denoted by » and
m, respectively. The degree of a vertex a € V(G) is the number of vertices whose distance
from a is exactly one and denoted by dg(a). The minimum and maximum degrees of graph
G are denoted by 8g and Ag, respectively. We will use the notations of P,, C,,, and K, for
path, cycle, and complete graph with order #, respectively.

A topological index is a mathematical measure which correlates to the chemical struc-
tures of any simple finite graph. They are invariant under the graph isomorphism. They
play an important role in the study of QSAR/QSPR. There are numerous topological de-
scriptors that have some applications in theoretical chemistry. Among these topological
descriptors the degree-based topological indices are of great importance.

The first degree-based topological indices that were defined by Gutman and Trinajsti¢
[2] in 1972, are the first and second Zagreb indices. These indices were originally defined
as follows:

M@= Y (de@))’s, M@= Y dela)ds(a).
a1€V(G) ajaxeE(G)
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Here M;(G) and M;(G) denote the first and second Zagreb indices, respectively. The
Randi¢ connectivity index, proposed by Randi¢ in 1975 [3], is the most used molec-
ular descriptor. It is defined as the sum over all the edges of the graph of the terms
(d(.;((ll)d@(ﬂz))_%. It has been extended to the general Randi¢ connectivity index (product-
connectivity index) by Li and Gutman [4], which is defined as follows:

R(G)= Y (dglm)ds(ar))”,

arar€E(G)

where « is a real number. The sum-connectivity index was proposed by Zhou and Trina-
jsti¢ [5] in 2009, which is defined as the sum over all the edges of the graph of the terms
(dg(ar) +dg (uz))‘%. This concept was extended to the general sum-connectivity index in
2010 [6], which is defined as follows:

%(G)= Y (dolar) + da(a2))",

ajay€E(G)

where « is a real number. Then x_;/2(G) is the classical sum-connectivity index. The sum-
connectivity index and product-connectivity index correlate well with the 7 -electron en-
ergy of benzenoid hydrocarbons [7]. Another variant of the Randi¢ index of G is the har-
monic index, denoted by H(G) and defined as follows:

2
HO= D T vdetan 1O

ajazeEl

We have H(G) < R(G) by the inequality between arithmetic means and geometric means,
with equality if and only if G is a regular graph. For more details of these topological indices
we refer the reader to [8—10].

Let G and H be two vertex-disjoint graphs. The cartesian product of G and H, denoted
by G H, is a graph with vertex set V(G O H) = V(G) x V(H) and (a1, b1)(a2, b)) € E(G O
H) whenever [a; = a, and b1b, € E(H)] or [a1a, € E(G) and b; = by]. The order and size of
G U H are mn, and mny + myn, respectively.

For a connected graph G, define four related graphs as follows:

1. S(G) is the graph obtained by inserting an additional vertex in each edge of G.
Equivalently, each edge of G is replaced by a path of length 2. The graph S(G) is
called the subdivision graph of G.

2. R(G) is obtained from G by adding a new vertex corresponding to each edge of G,
then joining each new vertex to the end vertices of the corresponding edge.

3. Q(G) is obtained from G by inserting a new vertex into each edge of G, then joining
with edges those pairs of new vertices on adjacent edges of G.

4. T(G) has as its vertices, the edges and vertices of G. Adjacency in T(G) is defined as
adjacency or incidence for the corresponding elements of G. The graph T'(G) is
called the total graph of G.

The four operations on graph S(C,), R(Cs), Q(Cy), T(C,) are depicted in Figure 1.

Eliasi and Taeri [1] introduced four new operations that are based on S(G), R(G), Q(G),
T(G), as follows:

Let F be one of the symbols S, R, Q, T. The F-sum, denoted by G +r H of graphs G and H,
is a graph with the set of vertices V(G +r H) = (V(G) U E(G)) x V(H) and (a1, b1)(aq, by) €
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Figure 1 The graphs Cs, S(C4), R(C4), Q(Ca), T(Ca).
R(Cy)
T(Cy
Figure 2 The graphs P4 +s P4, P4 +g P4, P4 +q Ps R+sP A
and Py +71 Py. - N
R+ R

E(G +r H), if and only if [a; = a; € V(G) and b1b, € E(H)] or [by = by € V(H) and aya; €
E(F(G))].

G +r H is consists of n, copies of the graph F(G), and we label these copies by vertices
of H. The vertices in each copy have two types, the vertices in V(G) (black vertices) and
the vertices in E(G) (white vertices). Now we join only black vertices with the same name
in F(G) in which their corresponding labels are adjacent in H. The graphs P, +f Py are
shown in Figure 2.

Several extremal properties of the sum-connectivity index and general sum-connectivity
index for trees, unicyclic graphs, 2-connected graphs and bicyclic graphs were given in
[11-17]. Eliasi and Taeri [1] computed the expression for the Wiener index of four graph
operations which are based on these graphs S(G), R(G), Q(G), and T(G), in terms of
W(F(G)) and W(H). Deng et al. [18] computed the first and second Zagreb indices for
the graph operations S(G), R(G), Q(G), and T(G). In this paper, we will compute the sharp

bounds on the general sum-connectivity index of F-sums of the graphs.

2 The general sum-connectivity index of F-sum of graphs
In this section, we derive the sharp bounds on the general sum-connectivity index of four

operations on graphs. First we compute the case F = S.
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Theorem 2.1 If @ < 0, then the lower and upper bounds on the general sum-connectivity

index are y1 < xo(G +s H) < y,, where

Y =2mmy(Ag + Ap)* + 2%nami (2 Ag +Au)%,

vy = 2%mmy (8 + 8y)* + 2%namy (286 + 6y)%.
Equality holds if and only if G and H are regular graphs.
Proof By the definition of the general sum-connectivity index, we have

Xa(G +s H) = > [deusti(ar, by) + dg.gn(az, by)]
(a1,b1)(a2,b2)€E(G+sH)

= Z Z [dGJrSH(al’bl) + dG+sH(a1;b2)]a

a1€V(G) byby€E(H)

+ Z Z [dgsh(ar, by) + dgigr(az, by)]". 1)

b1eV(H) ajay€E(S(G))

Note that dg(a) < Ag and dg(a) > 8¢, equality holds if and only if G is a regular graph,
and similarly d(b) < Ay and dy(b) < 8¢, equality holds if and only if H is a regular graph.
We have

Z Z [dG+SH(ﬂbb1) + dG+5H(ﬂl;b2)]a

a1€V(G) bibyeE(H)

= Y. Y [(dolay) + du(Br)) + (delar) + dr(b2))]”

a1€V(G) bibyeE(H)

Y > [2de(@) + dub) +dr(b2)]”

a1€V(G) bibyeE(H)

> 2%mmy(Dg + Ay)”. (2)
Since [E(S(G))| = 2|E(G)| and Agg) = Ag, we have

Z Z [dG+gH(ﬂ1:b1) + dG+gH(ﬂZ:b1)]a

b1eV(H) ajaz€E(S(G))

=Y Y [dse@)+dulb) +dse)a)]”

b1eV(H) ayaz €E(S(G))
> m|E(S(G))1(2 Asg) +AH)

=2n,m1 (2 Ag +Ay). (3)
Using equations (2) and (3) in equation (1), we get
Xa(G +s H) = 2%mmy(Ag + Ap)® + 2n2m (2 Ag +Ap).
Similarly we can compute
Xa(G +s H) < 2%mmy(8g + 8u)* + 2namy(28G + 8pr).

Equality holds if and only if G and H are regular graphs. This completes the proof. O
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Example 1 The lower and upper bounds on the general sum-connectivity index of P, +

P,, are

y=mn(8+2x6%) —8n-2x6"m,

V2 :mn(4°‘ +2 X 3"‘) -4%n-2x3%m.
Example 2 The general sum-connectivity index of C, +5 C,, and K, +5 K, is

Xa(C +s Cn) = mn (8% +2 x 6%),

X (K +5 Kyy) = mn[Z“"l(m -Dm+n-2+mn-1)2n+m- 3)“].

Theorem 2.2 Ifa < 0, then the lower and upper bounds on the general sum-connectivity

index are Y, < xo(G +r H) < y», where

1 =2%(mmy + nomy)(2 Ag +Ap)% + 2nmy (2 Ag + Ay +2)%,

vy = 2%(mymy + namy) (286 + 8)* + 2namy (286 + 8y + 2)%.
Equality holds if and only if G and H are regular graphs.

Proof By the definition of the general sum-connectivity index, we have

Xa(G+r H) = Z [dGzr(ar, by) + dgigri(as, )]
(a1,b1)(az,b2)€E(G+RrH)

= Z Z [dG+RH(“1;b1)+dG+RH(a1,b2)]a

a1€V(G) bibyeE(H)

+ Z Z [dG (@, br) + dg.gri(az, b1)]”. (4)

b1V (H) ajay €E(R(G))

Note that dg(a) < Ag and dg(a) > &g, equality holds if and only if G is a regular graph,
and similarly dy(b) < Ay and dy(b) < 8, equality holds if and only if H is a regular graph.
We have

Y > [desgnlar by) + dggular, ba) |

a1€V(G) bibyeE(H)

= Z Z [drie)(@1) + dn(by) + dr)(@r) + dr(b2)]”

a1€V(G) b1byeE(H)

Z Z [2dr)(@1) + (dr(br) + du(b2))]”

a1€V(G) bibyeE(H)

Yo > [ade@) + (du(by) + du(b)]

a1€V(G) bibyeE(H)

>2mmy(2 Ag +An), (5)

Y Y [dowgulanby) + de.gula, by)]

b1V (H) ajaz eE(R(G))
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Yo > [dowular,by) + dgigulas, by)]”

b1eV(H) ayayeE(R(G))

ay,a2€V(G)
+ Z Z [dGspr(@1, b1) + dGgri(az, b1)]" (6)
bieV(H) ajay€E(R(G))

a1€V(G),az2eV(R(G)-V(G)

(i) a1a2 € E(R(G)) and a1, a5 € V(G) if and only if a1a, € E(G), (ii) drg)(a1) = 2dg(a1), we
have

Z Z [dGJrRH(ﬂl: by) + dG+RH(ﬂ2» bl)]a

b1eV(H) ajazeE(R(G))
ay,a2€V(G)

Y > [denlar by) + dgagulaz, b)]"

b1€V(H) ajaz €E(G)

Z Z (dr)(@) +dp(by)) + (dre)(a2) + du(b1)]”

b1€V( )alazeE )

Z Z dG(al + dG(az)) + ZdH(bl)]a

b1eV(H) ayaz€E(G)

> 2%nym (2 Ag +Ap)”. (7)

Note that |E(R(G))| = 2|E(G)|, and if a; € V(G) then dg)(a1) = 2dg(a1) and if ay €
V(R(G)) — V(G) then dgg)(az) = 2, we have

Z Z [dGspr(a1, br) + dggr(az, br)]”
beV(H) a1a3€E(R(G))
a1€V(G),a2eV(R(G))-V(G)
= Z Z [(dro)(ar) + dp (b)) + drc)(a2)]”
bieV(H) a1a2€E(R(G))
a1€V(G),azeV(R(G))-V(G)
= > > [(drie) (@) + drc)(@2)) + dp(br)]”
bieV(H) ajay€E(R(G))

a1€V(G)az2eV(R(G)-V(G)

-y 3 [2(da(a) +1) + dp(B1) "

b1€V(H) aluzeE(R(G))
a1 €V(G),a2eV(R(G)-V(G)

> m|E(R(G))|(2 Ag + Apy +2)*

=2nmymi1(2 Ag + Ay +2)°. (8)
Using equations (5)-(8) in equation (4), we get the required result,
X (G +r H) = 2%(mymy + nom)(2 Ag +Ap)* + 2nmy (2 Ag + Ay +2)%.
Similarly, we can compute
X (G +r H) < 2%(mymy + namy)(28G + Su)* + 2namy (286 + Si + 2)°.

Equality holds if and only if G and H are regular graphs. This completes the proof. O
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Example 3 The lower and upper bounds on the general sum-connectivity index of P, +
P, are
v =22 mn (3% +2%) - 1291 - 22m (3% + 2**),

Vo = 2mn(60‘ + 5“) -6%n— m(6“ +2 X 5"‘).
Example 4 The general sum-connectivity index of C, +z C,, and K}, +z K, is

Xa(Cy +& Ci) = 2% mn (3% + 2%),

KXo (K 48 Ki) = 2° Y mn(m + n—2)(m + 2n = 3)* + mn(n —1)(2n + m — 1)%.

Theorem 2.3 If o < 0, then the lower and upper bounds on the general sum-connectivity

index are y1 < x4(G +q H) < y», where
1
M= 2“7111’1’!2(AG + AH)(X + 2}’121’}’11(3 AG +AH)a + 4a1’12 A(é (iMl(G) - }’ﬂ1>,

1
vy = 2%mmy (8 + 8y)* + 2namy (386 + y)* + 4“7128%<—M1(G) - ml).

2

Equality holds if and only if G and H are regular graphs.

Proof By the definition of the general sum-connectivity index, we have

XO((G +Q H) = Z [dG+QH(allb1) + dG+QH(aZ’ bZ)]a
(a1,b1)(a2,b2)€E(G+oH)

Z Z [dG+QH(al;b1) + dG+QH(ﬂl¢ bz)]a

a1€V(G) bibyeE(H)

+ Y > dergulan,by) + deigular, ba)]". )

b1eV(H) aja€E(Q(G))

Note that dg(a) < Ag and dg(a) > 8g, equality holds if and only if G is a regular graph,
and similarly dy(b) < Ay and dy(b) < 8, equality holds if and only if H is a regular graph.
We have

Y > [dergulan, b)) + d.gular, ba) |

a1€V(G) bibyeE(H)

= Z Z [(da)(@) +du(b)) + (dae) (@) + du(bs))]*

a1€V(G) b1byeE(H)

Z Z ZdQ (G) (1) + (dH(bl) + dH(bZ))]

a1€V(G) bibyeE(H)

Y > [2dela) + (du(by) + du(b2))]"

a1€V(G) bibyeE(H)

> 2mmsy (A + Ap)”, (10)

Y > ldeigularby) + daigulan by)]”

b1eV(H) ajayeE(Q(G))
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= Z Z [dG+QH(ﬂlxb1) + dG+QH(ﬂ2,b1)]a
bieV(H) araz€E(Q(G))
a1€V(G),a2€V(Q(G))-V(G)
+ Z Z [dequ(an, br) + de.ou(ar, br)]", (11)
heV(H)  a1a2€E(Q(Q))
a1,a2€V(Q(G))-V(G)
Z Z [dG+QH(ﬂl; by) + dG+QH(ﬂ2, bl)]a
b1eV(H) aja €E(Q(G))
a1€V(G),a2eV(Q(G)-V(G)
= Z Z [dae) (@) + du(by) +doe)(a2)]”
bieV(H) a1a3€E(Q(G))
a1€V(G),a2eV(Q(G)-V(G)
= Z Z [dG(ﬂl) +dy(by) + dQ(G)(ﬂz)]a~ (12)
bieV(H) ajaz€E(Q(G))

a1€V(G)a2eV(Q(G)-V(G)

Note that dg)(a2) = do(w;) + dg(w)) for a; € V(Q(G)) — V(G), ay is the vertex inserted
into the edge w;w; of G. Then we have

> > [de(ar) + du(by) + (da(w;) + da(w) ]
bieV(H) ayaz€E(Q(G))
a1€V(G),a2eV(Q(G))-V(G)
> 21/12}7’11(3 Ag +AH)D[;

Z Z [dG+QH(ﬂl: bi) + dG+QH(ﬂ2; bl)]a (13)

bieV(H)  a1ay€E(Q(G))
a1,a2€V(Q(G))-V(G)

- Z Z [doe) (@) +doe)(a2)]"

bieV(H)  aya2€E(Q(G))
a1,a2€V(Q(G))-V(G)

Since a, is the vertex inserted into the edge w;w; of G and a; is the vertex inserted into the
edge wywy of G,

S [dewi) +da(w)) + de(wy) + da(wi) |

ble V(H) WinEE(G)
WjWkGE(G)

= Z Z [d(.;(Wi) +dg(wk) + ZdG(Wi)]a

blEV(H) WiW]' EE(G)
ijkEE(G)

1
> 4 A% ”2(§M1(G) + Wll>. (14)
Therefore, using equations (10)-(14) in equation (9), we get the required result,
1

Xa(G +Q H) > 2°‘n1m2(AG + AH)D[ + 21’121’1’[1(3 AG +AH)a + 4"‘112 Ag (EMl(G) - Wl1>.

Similarly, we can compute
1
Xa(G +Q H) < 2‘1}’11}’}’12(8G + 81.1)06 + 21’127]11(38@ + 81.1)06 + 4“1’125% EMI(G) - ).

Equality holds if and only if G and H are regular graphs. This completes the proof. O
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Example 5 The lower and upper bounds on the general sum-connectivity index of P, +¢
P, are

v =23 (4dmn — n - 4m), va = 2% (4mn — n — 4m).
Example 6 The general sum-connectivity index of C, +q C,, and K}, +q Ky, is
Xa(Cy +Q Cn) = 230“277’”’1;

Xa (K +q Kip) = 2 Vn(m = 1) (m + n—2)* + mn(n —1)(Bn + m — 4)*

+ 22 Nmn(n — 2)(n - 1)°.

Sincedegg, ,y(a,b) = degg, (a,b) fora € V(G)and b € V(H), degg, ,;y(a,b) = degG+QH(a,
b) for a € V(T(G)) — V(G) and b € V(H), we can get the following result by the proofs of
Theorems 2.2 and 2.3.

Theorem 2.4 If o < 0, then the lower and upper bounds on the general sum-connectivity
index are Y, < xo(G +1 H) < y», where

Y= 2‘1 (l’lll’ﬂz + nzml)(2 AG +AH)0( + 21’121’]’[1(4' AG +AH)OI
1
+ 4-“)12 Aoé <§M1(G) - Wll),
vy = 2%(mymy + nom —1)(28g + 8y)* + 2nymy (48g + 6)*
1
+ 40[1/125% <§M1(G) - ml)‘
Equality holds if and only if G and H are regular graphs.

Example 7 The lower and upper bounds on the general sum-connectivity index of P, +r
P, are
y=2%mn(2 x 6% + 4% +2 x5%) =127 = 2%m(6% +2 x 4% +2 x 5%),

ya=mn(2x 6° +4% +2 x 5%) —=6"n—m(6" +2 x 4% + 2 x 5%).
Example 8 The general sum-connectivity index of C, +7 C,, and K, +1 K, is

%2 (Cy +7 Cp) = 2"‘mn(2 X 6% +4% +2 x 5%),
X Ky +7 Kp) = 2 Ymn(m + n = 2)(m + 2n = 3)* + mn(n —1)(4n + m — 5)%

+ 2% V(- 2)(n - 1)**L.

3 Conclusion

The sharp bounds on the general sum-connectivity index of the new four sums of the
graphs were computed in this paper, for o < 0. However, if & > 0 then these bounds will
become Y, < x4(G +r H) < y1. These results can be extended for a tenser product and the
normal product of the graphs with respect to the general sum-connectivity index for all
values of « and this still remains an open and challenging problem for researchers.
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