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Abstract

Anisotropy is a common attribute of Nature, which shows different characterizations
in different directions of all or part of the physical or chemical properties of an object.
The anisotropic property, in mathematics, can be expressed by a fairly general
discrete group of dilations {A* : k € Z}, where A is a real n x n matrix with all its
eigenvalues A satisfy |A| > 1. Let ¢ : R" x [0,00) — [0, 00) be an anisotropic
Musielak-Orlicz function such that ¢(x, -) is an Orlicz function and ¢(-,t) is a
Muckenhoupt A (A) weight. The aim of this article is to obtain two anisotropic
interpolation theorems of Musielak-Orlicz type, which are weighted anisotropic
extension of Marcinkiewicz interpolation theorems. The above results are new even
for the isotropic weighted settings.
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1 Introduction
The aim of this article is to obtain two anisotropic interpolation theorems of Musielak-
Orlicz type. Anisotropy is a common attribute of Nature, which shows different charac-
terizations in different directions of all or part of the physical or chemical properties of
an object. For example, the elastic modulus, hardness or fracture strength of a crystal is
different in different directions, which shows the anisotropic property of the crystal. The
anisotropic property, in mathematics, can be expressed by a general discrete group of di-
lations {AX : k € Z}, where A is a real #n x n matrix with all its eigenvalues A satisfy [A| > 1.
As a natural generalization of L?(R"), the Orlicz space was introduced by Birnbaum-
Orlicz [1] and Orlicz [2], which is defined via an Orlicz function. Recall that a Musielak-
Orlicz space is defined via a Musielak-Orlicz function (see, for example, [3]) and a
Musielak-Orlicz function is a natural generalization of an Orlicz function. Observe that,
different from Orlicz functions, Musielak-Orlicz functions may also vary in the spatial
variables. Musielak-Orlicz spaces include many function spaces far beyond L?(R"), and
the motivation to study function spaces of Musielak-Orlicz type comes from various ap-
plications in mathematics and physics (see, for example, [4—9] and the references therein).
On the other hand, there were several efforts of extending classical function spaces aris-
ing in harmonic analysis from Euclidean spaces to other domains and non-isotropic set-
tings; see [10—18]. Calder6n and Torchinsky initiated the study of Hardy spaces on R” with
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anisotropic dilations [11-13]. The theory of Hardy spaces associated to expansive dilations
was recently developed in [10, 19]. Another research direction of extending classical func-
tion spaces is the study of weighted function spaces associated with general Muckenhoupt
weights; see [20—25]. Garcia-Cuerva [25] and Stromberg-Torchinsky [26] established a
theory of weighted Hardy spaces on R”.

Moreover, many problems in Fourier analysis concern the boundedness of operators on
Lebesgue spaces, and interpolation provides a framework that often simplifies this study.
For instance, in order to show that a linear operator maps L” to itself for all 1 < p < oo,
it is sufficient to show that it maps the (smaller) Lorentz space L¥! into the (larger)
Lorentz space L”* for the same range of p. Moreover, some further reductions can be
made in terms of the Lorentz space L!. This and other considerations indicate that in-
terpolation is a powerful tool in the study of boundedness of operators. Therefore, many
kinds of interpolation theorems were established. For example, Ding and Lan [27], Theo-
rems 3.2 and 3.4, obtained two interpolation theorems associated with anisotropic (weak)
Hardy spaces and Lebesgue spaces. Liang et al. [28], Theorem 2.7, obtained an interpola-
tion theorem associated with weighted (weak) Lebesgue spaces. Cao et al. [29], Proposi-
tion 2.21, also obtained an interpolation theorem associated with weighted Hardy spaces
and weighted (weak) Lebesgue spaces.

Let A,(A) with g € [1, 0o] denote the class of anisotropic Muckenhoupt weights (see, for
example, [21, 30] for their definitions and properties) and ¢ : R” x [0, 00) — [0,00) be an
anisotropic Musielak-Orlicz function such that ¢(x, -) is an Orlicz function and ¢(-,¢) €
Ao (A). The main goal of this article is to give two anisotropic interpolation theorems of
Musielak-Orlicz type. Precisely, by the boundedness of sublinear operator T on weighted
anisotropic Hardy spaces and weighted (weak) Lebesgue spaces, we can further obtain
the boundedness of T on anisotropic Musielak-Orlicz function spaces (see Theorems 2.5
and 2.9 below). The interpolation theorems mentioned above are weighted anisotropic
extension of classical Marcinkiewicz interpolation theorems, see, for example, [31], and
they are also a complement of Liang et al. [28], Theorem 2.7. And it is worth mentioning
that the classical cubes are not suitable for the anisotropic settings, so we introduce a class
of general dyadic cubes of Christ [32] (see Lemma 3.11 below), which plays an important
role in the proof of Theorem 2.9 mentioned above.

This article is organized as follows.

In Section 2, we first recall some notation and definitions concerning expansive dila-
tions, anisotropic Muckenhoupt weights and anisotropic Musielak-Orlicz functions. Then
we give two anisotropic interpolation theorems of Musielak-Orlicz type, the proofs of
which are given in Section 3.

Finally, we make some conventions on notation. Let Z, :={1,2,...} and N:= {0} U Z,.
For any « := (ay,...,0,) € N, o] := 01 + - - - + @, and 9% := (%)"‘1 e (%)“". Throughout
the whole paper, we denote by C a positive constant which is independent of the main
parameters, but it may vary from line to line. The symbol D < F means that D < CF.If D <
F and F < D, we then write D ~ F. If E is a subset of R”, we denote by x its characteristic
function. For any a € R, |a] denotes the maximal integer not larger than 4. If there are no
special instructions, any space X'(R”) is denoted simply by X and any space X' (R";A) is
denoted simply by X'(A). Denote by S the space of all Schwartz functions, S’ the space of
all tempered distributions. For any set E C R” and ¢ € (0,00), let ¢(E, £) := fE @(x,t) dx and,
for any measurable function f and ¢ € (0,00), let {|f| > t} := {x e R": |f(x)| > £}.
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2 Preliminaries and main results

In this section, let us first recall the notion of expansive dilations on R”; see [10], p.5. A real
n x n matrix A is called an expansive dilation, shortly a dilation, if minye, (4 |A| > 1, where
0 (A) denotes the set of all eigenvalues of A. Let A_ and X, be two positive numbers such
that

l1<Ai_< min{lkl W= cr(A)} < max{|)»| W= (r(A)} <Ay

In the case when A is diagonalizable over C, we can even take A_ := min{|A| : 2 € 6(A4)} and
Ay :=max{|A| : A € 0(A)}. Otherwise, we need to choose them sufficiently close to these
equalities according to what we need in our arguments.

It was proved in [10], p.5, Lemma 2.2, that, for a given dilation A, there exist anumber r €
(1,00) and aset A := {x € R" : | Px| < 1}, where P is some non-degenerate # X n matrix, such
that A C rA C AA and, by a scaling, one can additionally assume that |A| = 1, where |A|
denotes the #-dimensional Lebesgue measure of the set A. Let By := AKA for k € Z. Then
By is open, By C rByx C Byy1, and |By| = b, here and hereafter b := | detA|. Throughout the
whole paper, let o be the minimum positive integer such that

r°>2

and, for any subset E of R”, let EC:= R\ E. Then, for all k, j € Z with k <}, it holds true
that

Bi + Bj C Bj+o: (21)

B+ (Bo)® C (B), (2.2)
where E + F denotes the algebraic sum {x + y:x € E,y € F} of sets E, F C R".

Definition 2.1 A quasi-norm, associated with an expansive matrix A, is a Borel measur-
able mapping p4 : R” — [0, 00), for simplicity, denoted by p, satisfying
n

(i) p(x)>0forallx e R"\ {(3,,}, here and hereafter, 0,, := (f(rm);
(i) p(Ax) = bp(x) for all x € R”, where, as above, b := | det A;
(ii) p(x+y) <H[p(x) + p(y)] for all x,y € R”, where H € [1,00) is a constant
independent of x and y.

In the standard dyadic case A := 21, p(x) := |%|" for all x € R” is an example of quasi-
norms associated with A, here and hereafter, | - | always denotes the Euclidean norm in R”.

It was proved, in [10], p.6, Lemma 2.4, that all quasi-norms associated with a given di-
lation A are equivalent. Therefore, for a given expansive dilation A, in the following, for
simplicity, we always use the step quasi-norm p defined by setting, for all x € R”,

p(x):= Y b xs, 5 (%) ifx#0, orelse p(0,):=0.
keZ

By (2.1) and (2.2), we know that, for all x,y € R”,

plx+y) < b (max{p(), p(»)}) <67 [p(x) + p()].
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Moreover, (R”, p,dx) is a space of homogeneous type in the sense of Coifman and Weiss
[33, 34], where dx denotes the n-dimensional Lebesgue measure.

Definition 2.2 Let g € [1,00). A function w: R” — [0, 00) is said to satisfy the anisotropic
Muckenhoupt condition A4(A), denoted by w € A,(A), if there exists a positive constant C
such that, when ¢ € (1, 00),

x€R" ke

1 7-1
sup sup{bk /| w(y)dy”bk [ oy dy} < Wlagia) < 00
x+By x+By

and, when g =1,

sup sup{b‘k/ w(y) dy} {esssup[w(y)]_l} < [Wla, @) < 0o
x+By

xeR" keZ yEX+By

Define Ay (A) := U1§q<oo A4(A) and, for any w € A, (A), let
q(w) = inf{q e[l,00):we Aq(A)}. (2.3)

Obviously, g(w) € [1,00). Moreover, it is known (see [35]) that, if g(w) € (1, 00), then
w & Ay (A) and there existsa w € (ﬂq>1 A,(A)) \ Ai(A) such that g(w) = 1.

Let ¢ be a nonnegative function on R” x [0,00). The function ¢ is called a Musielak-
Orlicz function if, for any x € R”, ¢(x, ) is an Orlicz function on [0, 00) and, for any ¢ €
[0, 00), ¢ (-, £) is measurable on R”. Here a function @ : [0, 00) — [0, 00) is called an Orlicz
function if it is nondecreasing, ®(0) = 0, ®(¢) > 0 for ¢t € [0, 00) and lim;_, o, P(£) = oo (see,
for example, [3]). Remark that, unlike the usual case, such a & may not be convex.

For an Orlicz function &, the most useful tool to study its growth property may be the
upper and the lower types of ®. More precisely, for p € (—00, 00), a function @ is said to be
of upper (resp. lower) type p, if there exists a positive constant C such that, for all s € [1, 00)
(resp. s € [0,1]) and ¢ € (0, 00),

D(st) < CLD(2). (2.4)

Let ¢ be a Musielak-Orlicz function. The Musielak-Orlicz space L?, which was first in-
troduced by Musielak [3], is defined to be the set of all measurable functions f such that
fR,, @(x, |f(x)]) dx < oo with the Luxembourg-Nakano (quasi-)norm:

fllze ::inf{ke(O,oo): ¢<x,M> dxgl},
R” A

Remark 2.3 Let x € R”, £ € [0,00), w be a classical or an anisotropic Muckenhoupt A,
weight with g(w) being as in (2.3), and ®(x) an Orlicz function on R”. If ¢(x, t) := #w(x),
then LY = IL; if p(x, ) := ®(t), then LY = L®; if ¢(x, t) := O(¢)w(x), then LY = LE.

Moreover, throughout the whole article, we always assume that the Musielak-Orlicz
functions satisfy the following growth assumptions.

Assumption (¢) Let ¢ : R” x [0,00) — [0,00) be a Musielak-Orlicz function satisfying
the following two conditions:
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(i) forany ¢ € (0,00), ¢(-, £) € Ao (A);
(ii) there exists P, P, € (0,00) such that, for every x € R”, @(x, ) is of uniformly upper
type p,, and of uniformly lower type p|,.

When p, = p € (0,1] and p;, =1, Assumption (¢) of ¢ coincides with that of [35], Defi-
nition 3.

For a Musielak-Orlicz function ¢ satisfying Assumption (¢), the following critical in-
dices are useful. Let

i(p) := sup{p € (—00,00) : for any x € R”, ¢(x, -) is of uniformly

lower type p with C being as in (2.4) independent of x} (2.5)
and

q(p) := inf{q € [1,00) : for any £ € (0,00), p(-, £) € Ay(A)

with [(p(~, t)]Aq(A) independent of t}. (2.6)

Observe that i(¢) may be not attainable, namely, ¢ may be not of uniformly lower type
i(p); see, for example, [28] for some examples. Clearly,

o, t) := wx)®(¢) forallx € R” and ¢ € [0, 00)

satisfies Assumption (¢) if w is a classical or an anisotropic A (A) Muckenhoupt weight
(see, for example, [21]) and @ is of lower type p,, for some p;, € (0,00) and of upper type
p,, with p;, € (0,00). More examples of growth functions can be found in [9, 28, 36, 37].

Now, let us recall the notion of a weighted Lebesgue space. For any nonnegative locally
integrable function w on R” and p € (0, oc], the space L%, is defined to be the space of all
measurable functions f such that, when p € (0, 00),

Il = { [ v(x>|1’w(x)dx}’7 oo

and, when p = o0,

Ifllzge == inf sup |f(x)]| < oo.
W(E):OXER”\E

The space weak L%, denotes the set of all measurable functions f such that
1
”f”weakav = iug}‘[w({ lfl > }\})]p <00,
>
Next, let us introduce the notion of a weighted anisotropic Hardy space. For m € N, let

Sy = {qb €S :sup sup [1 + p(x)]mz’a“(ﬁ(x)‘ < 1}
weRe |a(7§>]ny:-1

and, for ¢ € S, k € Z, and x € R”, let ¢y (x) := bXp(A*x).



Li et al. Journal of Inequalities and Applications (2016) 2016:243 Page 6 of 24

For f € &, the non-tangential grand maximal function f;, of f is defined by setting, for
allx e R”,

fr(x):= sup  sup [f*¢k(y)|.

¢Sy k€L, yex+By

For p € (0,1], w € A (A), and g(w) being as in (2.3), let

| (g ) b
'””K » l)mu_)J‘ 27

The definition of the following weighted anisotropic Hardy space comes from [30], Def-

inition 3.1.

Definition 2.4 For any p € (0,1], w € A (A), m,,, being as in (2.7) and m € Z, satisfying
m > m,y, the weighted anisotropic Hardy space HY, ,.(A) is defined as the set of all fes§
such that £ € L%, with the (quasi-)norm ILfIIH{;m(A) =|fr ”Lfv'

For any my, my > m,,,, since HY . (A) = HY L., (A) with equivalent norms (see [30], The-
orem 5.5), then from now on, we denote simply by H%(A) the weighted anisotropic Hardy
space HY, ,.(A) with m > My,

Finally, we need to make several further explanations for the BMO(A) functions. For
any f € Lj _ and E C R”, set fg := ﬁ Jof ) dx, and define the sharp maximal function

associated with dilation A by setting, for all x € R”,

1
M*f(x):= sup —
xeBeB |B|

[101-sla

here and hereafter, let B:= {B:=x + By : x € R", k € Z} be the collection of all dilated balls.
Moreover, we also define anisotropic BMO space by setting

BMO(A) = {f € L}, : M*f € L™}
and

Ifllsmoc) = | MEF|| -

Now, we introduce the interpolation theorem associated with a Musielak-Orlicz func-
tion, which may have independent interest.

Theorem 2.5 Let p; € (0,1], ¢ be a Musielak-Orlicz function satisfying Assumption (¢),
q(p) as in (2.6) with [g(¢)]? <p, <p, <00 and p; € (p;, o). Assume that T is a sublinear
operator defined on Hg(l'yt) A) + Li%.,t) satisfying the requirement that there exist positive
constants Cy and Cy such that, for all « € (0,00) and t € (0,00),

‘/’({|Tf| > a}x t) < Ca™ W'”II?-IIQ_‘[)(A) (2.8)
and
o({ITf1 > a},t) < Cra 22| f |17}, (2.9)

Db
Lytn)
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with the usual modification when p, = co. Then T is bounded on LY and, moreover, there
exists a positive constant C such that, for any f € L?,

[

By Remark 2.3 and Theorem 2.5, we have the following three corollaries.

Tf(x)’)dx < C/Rn (p(x, [f(x)‘)dx.

Corollary 2.6 Let w be a classical or an anisotropic Muckenhoupt A, weight with q(w)
being as in (2.3) and py,p,p> € R with 0 < p; <1 < [q(w)]? < p < ps < 0. If a sublinear
operator T is bounded from H2' to weak L%} and from L5} to weak 147, then T is bounded

on L5,

Particularly, when w(x) = 1, the above consequence coincides with a generalization of

Marcinkiewicz interpolation theorem.

Corollary 2.7 Letp;,p, € R and ® be an Orlicz function with uniformly lower type pg, and
uniformly upper type p},, where 0 < py <1< pg < p} < ps < oc. If a sublinear operator T
is bounded from HP! to weak [P and from LP> to weak 1?2, then T is bounded on L®.

Corollary 2.8 Let w be a classical or an anisotropic Muckenhoupt A, weight with q(w)
being as in (2.3), ® an Orlicz function with uniformly lower type py, and uniformly upper
type pl with [q(w)]? < pg, and p1,p> € R with 0 < py <1 and p} < py < 00. If a sublinear
operator T is bounded from HE to weak LB} and from L2 to weak LF?, then T is bounded

@
onL,.

It should be pointed that when p; = 1 and p, = oo, there also exists an interpolation
theorem which differs from Theorem 2.5. It can be stated as follows.

Theorem 2.9 Suppose ¢ is a Musielak-Orlicz function satisfying ¢(-,t) € A1(A) for any
t € (0,00) and Assumption (¢)(ii) with p, € (1, 00). Assume that T is a sublinear operator
defined on

Hy(.»(A) + BMO(A)

satisfying that there exist positive constants Cy and C, such that, for all o € (0,00) and

t €(0,00),
1y 11
I Tf”L;(_'[) < Cu W”H;,(A,t)(f‘\) (2.10)
and
1 Zf llemoa) < Callf lloo- (2.11)

Then T is bounded on LY and, moreover, there exists a positive constant C such that, for
anyf el?,

[

Tf(x)|)dx < C/Rn (p(x, [f(x)|)dx.
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Remark 2.10 For any x € R” and ¢ € (0,00), if we let ¢(x,£) := #w(x), p(x,t) := (£) or
@(x, t) := P(t)w(x), respectively, then, by Theorem 2.9, we may also obtain three corollaries
similar to Corollaries 2.6, 2.7, and 2.8, respectively.

3 Proofs of Theorems 2.5 and 2.9
In order to prove Theorem 2.5, we begin with several lemmas. Lemma 3.1 is from [26],

pp.7-8.

Lemma 3.1 Let q € [1,00) and w € A,(A). Then, for any measurable set E C B € B, there
exist two positive constants C and C, such that

B\ w(B B\?
a(l) <2p=a().
|E| w(E) |E]
The following lemma is similar to [9], Lemma 4.1(ii).

Lemma 3.2 Let ¢ be a Musielak-Orlicz function with uniformly lower type p,, and uni-
Jormly upper type p;, where 0 < p,, < p,, < 00, and, for all (x,t) € R" x [0,00),

¢mn:/wm”ﬂ.
0

N

Then ¢ is a Musielak-Orlicz function, which is equivalent to ¢, moreover, ¢(x, ) is contin-

uous and strictly increasing for all x € R".

Proof Since ¢ isa Musielak-Orlicz function, it is easy to see that, for all x € R”, the function
@(x, ) is continuous and strictly increasing. Moreover, ¢ is of uniformly lower type p, with
p, € (0, 00), then we have, for any x € R”,

t ; ,t t 1
¢(x,t):f Mds<c(p(x_ )/ ——=ds < Cop(x, 1),
0 S tPe 0o S Py

where C is a positive constant as in (2.4).
On the other hand, since ¢ is of uniformly upper type p;, € (0, 00), we get, forany x € R”,

t ; ,t t 1
G(x,0) = / 005) 4o s 251 / ds = Co(x, 1),
0 N 4 0

tP siPe
where C is a positive constant as in (2.4). This finishes the proof of Lemma 3.2. d

Remark 3.3 By Lemma 3.2, in the future, we always consider a Musielak-Orlicz function
¢ of uniformly lower type p,, and of uniformly upper type p;, and ¢(x, ) is continuous and

strictly increasing for all x € R”.

By using Remark 3.3 and repeating the proofs of [9], Lemma 4.2(i), and [9], Lemma 4.3(i),

we obtain the following lemma.

Lemma 3.4 Let ¢ be a Musielak-Orlicz function with uniformly lower type p, and uni-
Jormly upper type p,,, where 0 < p,, < p;, < 00.
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W) om0, ‘m Ydx=1forallf € L* \ {0}.

(i) Given c is a positive constant. Then there exists a positive constant C such that the
inequality, for any t € (0,00),

/ <p<x,@)dx§c

holds true implies that ||f||L» < Ct.

Lemma 3.5 Let T be a sublinear operator. If there exists a positive constant C such that,
forany f € L?,

/ go(x, Tf(x)|) dx < C/ (p(x, [f(x)|) dx, (3.1)
RYI ]RVI

then T is bounded on L.

Proof If f € L? \ {0}, then we have f||f||;4 € L¢. From this, the homogeneity property of
sublinear operator 7', (3.1) and Lemma 3.4(i), it follows that

Jorle e Lol ) s oo ) e

which, together with Lemma 3.4(ii), implies that

1Tfllze < WFllze-
This finishes the proof of Lemma 3.5. d

Lemma 3.6 Let ¢ be a Musielak-Orlicz function satisfying Assumption (¢) and let q(¢) be
as in (2.6) with q(p) < p, <o0. Iff € LY, then f € L|

loc*

Proof For any f € L?, we only need to prove, for any B € B,

1
I:= E/}gV(x)|dx<w.

Let g(¢) be as in (2.6) and P, € (q(p),00). For any t € (0,00), since ¢(-,£) € Ay, (A), the
Holder inequality yields

1 v (1 Y
IS (E/B[f(x)’ go(x,t)dx) (E/B[w(x,t)] dx)

_ 7 7
: <¢(B,t)/3lf(x)| §0(x,t)dx)

and hence, it suffices to prove |, 5 |f (x)Pe @ (x, £) dx < 0o. Notice that

/[f(x)|p;¢(x, t)dx :f [f(x)|P;<p(x, t)dx +f [f(x)|p;(p(x, t)dx
B {xeB:|f(x)|>t}

{xeB:|f(x)| <t}

=: 11 + 12.
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For I, by #/|f (x)| < 1, the uniformly lower type p,, property of ¢ and f € L¥, we obtain, for
any ¢ € (0,00),

< v, t Py p
I St |
IN/{xeB:Wx)»}v(x)' (If(x)l) oo |f@)) dx
Stp;/ o (% [f)]) dx < co.
Rﬂ

For I, by |[f(x)| < ¢ and ¢(-,¢) € L, we have I, < ##¢¢(B, t) < 0o, which, together with

I; < oo, we finally obtain I < co and finish the proof of Lemma 3.6. O

For any locally integrable function f, the anisotropic Hardy-Littlewood maximal func-
tion M 4f is defined by

Mauf(x):= sup L'/BV(y)fdy, xeR"

xeBeB |B|

Let w € Ay (A). For any locally integrable function f with respect to measure w(x) dx,

the anisotropic weighted Hardy-Littlewood maximal function M, f is defined by

M f(x) = sup L/B[f(y)|w(y)afy, xeR".

xeBeB W(B)

For any g € (g(w), oo) with g(w) as in (2.3), by [19], Theorem 2.8, we have the boundedness
of M,, from L% to L. From this and Lemma 3.2, with an argument similar to that of
[28], Theorem 2.7 and Corollary 2.8, we deduce the following lemma, the details being
omitted.

Lemma 3.7 Let ¢ be a Musielak-Orlicz function satisfying Assumption (@) with q(p) <
P, < p, <0, where q(¢) is as in (2.6). Then, for any t € (0,00), the weighted Hardy-
Littlewood maximal operator M.,y is bounded on LY and, moreover, there exists a positive
constant C such that, for all f € L?,

[ ot M@z <c [ ool s

n

The definition of weighted atomic anisotropic Hardy spaces is from [30], Definition 3.2.

Definition 3.8 Let w € A, (A) and g(w) be as in (2.3). A triplet (p, g, ), is called admissi-
ble, if p € (0,1], g € (g(w), 0], and s € N with s > [(g(w)/p —1)Inb/In(A_)]. A function a
on R” is said to be a (p, g, s),-atom if it satisfies the following three conditions:

(i) suppa C %o + B; for some j € Z and %y € R";

(i) llall g < [w(xo +B)]477;

(iii) fR,, a(x)x® dx = 0 for any multi-index « satisfying |o| <s.

Definition 3.9 Let w € A (A) and (p, g, ) be an admissible triplet as in Definition 3.8.
The weighted atomic anisotropic Hardy space Hi,"*(A) is defined to be the set of all f €
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&’ satisfying that f = ", A,a; in &', where {A;}; CC, >, |1 < 00, and {a;}; are (p,q,5)w-
atoms. Moreover, the (quasi-)norm of f € Hy"*(A) is defined by

1/p
Wl = inf{ [Z | w] }
i

where the infimum is taken over all admissible decompositions of f as above.

Proof of Theorem 2.5 Let ¢ be a Musielak-Orlicz function, g(¢) as in (2.6), ps € (p;, 0),

p, € ([q(@)]%,00), and ¢q € (g(¢), 00) close to g(p) such that g(¢p) < p,/q. Suppose f € LY,
for any ¢ € (0, 00), define

1 7 )
M of(x) = x:;lgg(w(& ) _/Blf(y)|q<p(y, t)dy) , xeR™ (3.2)

For any « € (0, 00), let
Qqy i= {./\/lg(.,t)f > Ol}.

By an anisotropic variant of Whitney covering lemma in [30], Lemma 2.3, we know
that there exist a positive constant L depending only on o, a sequence {x;}; C €24, and a
sequence {¢;}; of integers such that

Qq =| )& + By,), (3.3)
i

(% + Bg;—20) N (% + Bg}._zg) = forallijwithi#j, (3.4)

ﬁ{] (o + B£i+20’) N (x]' + Bgi+2¢7) 7’@} <L forallj (3.5)

where we denote by fE the cardinality of the set E and, for any §,
(% + Beao) QS =0 and (% + Byaoer) N Q2L #1. (3.6)

For any i and any x € R”, let x;(x) := Xxi+B, (x) and

xi(%)
PR B>t forx € Q,,
ni(x) := o
0, forx € Q.

Let s € N with s > m,, 4(.5), where p; € (0,1] and m1,,,4(.s is as in (2.7), and P; denote the
linear space of polynomials of degrees not more than s. For any B € BB, let 73 : L}(B) — P;
be the natural projection defined, via the Riesz lemma, by setting, for all f € L'(B) and
Qe Py

/ st () Q(x) e = / F@)Qw) dx.
B B

Then, by [10], (8.9), there exists a positive constant C, depending only on s, such that, for
all Be Band f € L'(B),

§1€1E|n3f(x)| < C% /B[f(x)|dx. (3.7)
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Setting

(x) := S ), forx e Qg,
£oe 28, S 1)) i (%), forx € Qa,

and, for any x € R”,

=Y hilx),  where hi(x) = £ () Xi(®) = (Trom, 1) (%) ()

Obviously, for any x € R”, we have f(x) = g(x) + h(x).
By Holder’s inequality and the definition of A,(A) with ¢(-,£) € A,(A), we have, for any
BeBandt e (0,00),

q
B / el (w(B 9 / el "’(’C’t)dx> ' 38

Moreover, notice that (x; + By, +a0+1) N QE # () (see (3.6)), then there exists some

Yo € (% + Bpyrags1) N QE (3.9)

Hence, for any x € R" and ¢ € (0, 00), by (3.7) with f € L(B) (see Lemma 3.6 with f € L?),
(3.8), Lemma 3.1 with ¢(,t) € A;(A) and (3.9), we obtain

1
@(x; + By, t) x;+By,

|mstVuM+C( mwkunJQ )

1

(p(xi + BZi+4a+1, t) Xi+By;+d0+1

5V@H+C(

< [f@)| + CME . f o) xi(x)

< [f@)] + Caxi(x).

6|03, ) dx) ()

Therefore, from the above estimate, Minkowski’s inequality, Lemma 3.1 with ¢(-,¢) €
A4(A), and (3.9) again, it follows that

: }
(m f i |hf<x){qso<x,t>dx>

- <71 )"0 0 dx)q +Ca

@i+ Bu;s £) Sy,

< C<; 1 (6)| (6, £) dx) "4 Ca

(0(961‘ + BZ,-+40+1: t) x,'+Bgi+4(,+1

< Ca. (3.10)

For any p; € (0,1], x € R”, and ¢ € (0, 00), set

hi(x)

m’(JC) = Ca [go(xi + Beix t)]l/pl ’




Li et al. Journal of Inequalities and Applications (2016) 2016:243 Page 13 of 24

where C is a constant as in (3.10), then a; is a (p1, g, 5),(.)-atom with integer s > m1,, 4 (.
where m1,, 4(.» is as in (2.7). Thus

1
h(x) = Ca Y[ (i + By, )] ailx) € Hy ' (A)

i

and, by Lemma 3.1 with ¢(-, ) € A,(A), (3.3) and (3.4), we obtain

hl||,» C E (p(x B ) 11 Ca (p(Q ) 11 (3 ll)
8 <(Ca i+ 20 t < ,L 1. .
” ”[—1 %',Z) A) = i ;-2 [ o ]

Also, when x € Q,, for any ¢ € (0, 00), by (3.5), (3.7), (3.8), Lemma 3.1 with ¢(-, £) € A4(A),
and (3.9) again, we have

lg®)| < Ca. (3.12)
Moreover, for a.e. x € Qg,
g = [f@)] < M fx) <e.
Thus, we obtain, for a.e. x € R”,
lg(x)| < Ca. (3.13)
We prove the theorem by two cases.

Case (i): py € (p;j, 00). In this case, by Lemma 3.2, Fubini’s theorem, and the fact that T’
is a sublinear operator, we further have

[

> 1
Tf(x)|)dx~/0 a‘/{.lmm}(p(x,a)dxda

*1
,S/ —/ o(x,a) dxda
0 @ J(Th>$)

®1
+/ —/ ox, o) dxda
0o @ Jrg>%)

= I1+1IL

By (2.8), Hﬁ%.,a)(A) = Hﬁ’z;(A) with equivalent norms (see [30], Theorem 5.5), (3.11) and

Lemma 3.2, we conclude that
® 1 ”h”le'q's(A) p1 o0 1
ISf —(4) dasf =~ (R, @) der
0 (04 (04 0 o
> 1
N/ _/ ga(x,a)dxdawf <p(x,/\/lz(,,t)f(x))dx.
0o « {Mg(_'[)/xx} R”

Let @(x, t) := ¢(x,9). Obviously, ¢(x,t) is uniformly lower type p,/q. From this, the
definitions of Mg(ﬂf(x) and Mo ([f1)(x), q(¢) < p,/q with g(¢) being as in (2.6) and
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Lemma 3.7 with g(¢) = q(¢) < p,/q; it follows that

[ ol (M@ ds= [ 5 [MEpf @]
gb(x, Moyep ([f|q)(x)) dx

i 0" d

n

%\

S

S

T 5

o (% |f(x)|) dx. (3.14)

n

By (2.9), we obtain

* 1
HS/ altp2 / |g(x)|p2§0(x,05)dxda
0 n

=1 P2
/ a1+1’2/ !g dxda+/0 ol /95 ’g(x)’ o, a) dxda

=: II} + Hz.

By (3.13), Lemma 3.2, and (3.14), we conclude that

1115/ i/ \ o, a)dxda
0 & JMIfa)
- /R g MY ) dr S /R gl |f]) dx

Moreover, by Fubini’s theorem, |g(x)| = |f(x)| < M? >f (x) forx € QE, and the uniformly

o(t
upper type p,, property of ¢ with p; < p,, we have

*© 1
I, ~ — P2 0 (x, o) dx d
2 /0 altr2 -/{Mq_)/ga}lf(x)‘ p(x, o) dx do

1

[f(x |p2 o(x, ) do dx
1+
ME ) @2

P2 1
< g If ()] -/Lf(x)l ahpz(p(x,oz)da dx
P2 1 o 2y
Lf(x | / e ([f(x)|) <p(x, V(x)|)dadx
< 2Py . * Po-m gy 4
N/RnV(x” QD(x V(x)D /lf(x)a odx
~ [ ol lre))ds

as desired.

Case (ii): py = 0o. In this case, obviously we have || 7g|lo < C||gllo (see (2.9) with the
usual modification). From this and (3.13), it follows that

1T2llc < Cliglloo < Ca. (3.15)
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By Lemma 3.2, Fubini’s theorem, Assumption (¢)(ii), and the fact that T is a sublinear
operator, we further have

/Rnw(x,

|
Tf(x)|)dx~/0 aAﬁpg}gﬂ(x,d)d&Cd(x

|

§/ —/ o(x,a) dxda
0o & Jyrfs2ca)
|

5/ —/ ox,a)dxda
0 o J{Th>Ca}

*1
+/ —/ ox,a)dxda
0 @ J{1gl>Ca)

= I+IL

For I, similar to the estimate of I of Case (i), we obtain I < fR” o, |f(x)]) dex.
For II, by (3.15), we see that

115/ é/ <p(x,a)dxda:0§/ o(x |f(x)|) dx,
0 {1 7glloo>Car} R

as desired.

Using the above estimates of Case (i) and Case (ii), we have, for any f € L,

/Rnw(x,

which, together with Lemma 3.5, implies that 7 is bounded on L?. This finishes the proof
of Theorem 2.5. O

Tf(x)|)dx§ /]R” <p(x, [f(x)\)dx,

In order to prove Theorem 2.9, we need some lemmas.
Let

Ly = {feL;”:/Rnf(x)dx:O},

where L2° is the space of bounded measurable functions with compact supports.

Lemma 3.10 Let ¢ be a Musielak-Orlicz function satisfying Assumption (p) with q(p) <
P, <p,, <00, where q(¢) is as in (2.6). Then Ly is dense in LY.

Proof Let ¢ be a Musielak-Orlicz function satisfying Assumption (¢) with g(¢) < p,, <
p,, < 00, where q(p) is as in (2.6). First, we prove that L is dense in L¥. For any f € LY,
j€Z,andx e R, let fj(x) :=f(x)XB].(x)X{m</}(x). Obviously, we have |fj(x) —f(x)| = 0 (j =
00) fora.e. x € R”. From this, ¢(x, -) is continuous and strictly increasing for all x € R” (see
Remark 3.3), ¢(x, |fj(x) — f(x)|) decreasingly converges to 0 as j — oo for a.e. x € R” and
Levi’s theorem, it follows that

Anw(x, i) —f®)])dx — 0 (j — o0),

which implies that, LS° is dense in L?.
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It remains to prove that LY is dense in L3° with respect to the norm || - [|z¢. For any
f € LY with suppf C By, where N is some integer, integer j > N and x € R", let

70 (16035 / 10 )15 9,

Obviously, {fj}5y C Lg’. Thus, for any x € R”, we only need to prove

/H‘vgo(x, [i®) —f®)])dx — 0 (j — o).

By suppf C By C B;, 1/|B;| = 1/b/ <1 for sufficient large j (since 1/6/ — 0 as j — 00), the
uniformly lower type p,, property of ¢ with g(¢) < p,, Lemma 3.1, and ¢(-, £) € A,(A) with
some q € (q(¢),p,,) for any ¢ € (0,00), it follows that

/ (% [f(x) ~ f(x)]) dx

/Rnw( P(x xg; (%) - <f(x)xB, |B|/f(y)dy)<3,(x))D
B,‘p< B WW) |B|P (’/ WW)

S 67D (Bo, |If lsclByl) = 0 (= 00).
This finishes the proof of Lemma 3.10. d

Since (R”, p, dx) is a space of homogeneous type in the sense of Coifman and Weiss [33,
34]. On such homogeneous spaces, the following lemma provides an analog of the grid of

Euclidean dyadic cubes, which comes from [38], Lemma 2.3; see also [32].

Lemma 3.11 Let A be a dilation. There exists a collection Q := {Q’; CR":keZ,aeli}of
open subsets, where Iy is certain index set, such that
) IR"\ U, Q%I = 0 for each fixed k and Q N QX = ¥ if o # B;
(ii) for any a, B, k, € with £ > k, either Q% N Qf, =PorQt C Qf;;
(iii) for each (£, B) and each k < £ there exists a unique o such that Qfs c @
(iv) there exist a certain negative integer v and a positive integer u such that, for all QX
with k € Z and o € I, there exists Xy € QX satisfying that, for any x € QF,
Kok + By, C Q’; C %+ Byisy.

In the following, for convenience, we call {Q(’f[}kez,me 1, in Lemma 3.11 dyadic cubes, k the
level of the dyadic cube Q’g, with k € Z and « € Iy and we denote it by E(Qfl).

Now we recall the definition of the dyadic maximal function. For any given measur-
able function f € LL and x € R”, we define the dyadic maximal function by Myf (x) :=
supycy, Exf (%), where

loc

Eif (@)= (IQI /W”dy)m(x)

QeQk
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and Oy := {Q’; : o € It} denotes the set of dyadic cubes as in Lemma 3.11. The following
lemma provides the Calderén-Zygmund decomposition in our setting with a non-typical
assumption on f instead of the usual f € L', which is from [38], Proposition A.5.

Lemma 3.12 Given a measurable function f € L}, for certain p € [1,00) and w € A,(A),
and a positive number X, then exists a sequence {Q;}; C Q of disjoint dyadic cubes such
that
i) U, Q = (Mdf > 2k
(ii) |[f(x)| <A for almost every x ¢ Ui Qi
(iii) A< IQIT fQ/_ |f(x)| dx < CA, where C > 1 is a constant independent of f and A.

Let pr(1):= 3, W(Q}), where Q/ := Q; is as in Lemma 3.12. We also need the following

two lemmas.

Lemma 3.13 Iff € L}, with w € Ai(A). Then, for any ) € (0,00), there exists a positive
constant C such that

w({Mf > (b CL+1)A}) < Cup(),
where Cy is a positive constant as in Lemma 3.12(iii).

Proof Let us first prove the inequality
C
Mf(x) < (bBU Cl + 1))\, ifx e (U ij + B[(Q].)w.,“.za) s (316)
J

where xg + Bg(Qi)szg is the dilated ball containing Q; as in Lemma 3.11(iv). Pick any
dilated ball y + B; such that x € y + B;. When y + B; C (U/‘ Q,-)C, by Lemma 3.12(ii), we have

1

[y + Bil Jyp,

[f(2)|dz < A. (317)

In the following, we assume that y + B; ¢ (U/ Q,)C, and therefore, (y + B;) N (U/ Q) #9.
Thus, there exists at least one j such that (y + B;) N (xQ/, + Bg(Q].)W.u) # . So there exists some
xe(+B)N (le. + Bg(Q].)VH,). By x € y + B;, we have y € X + B;. From this, x € xQ; + Buvus
and (2.1), it follows that

x€y+B Cx+B/+B; C xQ; + B((Q}.)Hu + Blio. (3.18)

If | + 0 < £(Q))v + u, we obtain x € xQ; + Buqvrusos which contradicts with x ¢ ijQj +
Buqvrur2e- Therefore, we have [ + o > £(Q;)v + u. By this and (3.18), we obtain

xQ + Bg(Q/)Hu Cxg + B (3.19)
and x € xQ; + B> . From this and (2.1), we conclude that xQ €x + B2 and

xQ + Bl.o CXx+ Bjios + Brig Cx+ Bpise. (3.20)
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By Q; Cxq; + Buqpv+u (see Lemma 3.11(iv)), (3.19), and (3.20), we have

U Q] Cx+ Bl+3(7'
QNGB

Using this, (ii) and (iii) of Lemma 3.12, and the disjoint property of {Q;};, we find that

/ 1F(@)| dz = / (@) de + / If(2)] de
4By o+B)N(U; Q)C o+B)N(U; Q)
<ab+ YT GAlQ)

J:QN(y+By) A

U ¢

J:QiN(y+By) A

=Abl+ Cia

< Ab'+ CAL™ = (BP0 Cr +1)A0,

where C; is a positive constant as in Lemma 3.12(iii). That is,

1

(2)dz < (b°° Cy +1)A. (3.21)
y + Bl M,f (b*Ci+1)

Combining the estimates (3.17) and (3.21), we conclude that (3.16) holds true. Then, by
(3.16), Lemma 3.11(iv), and Lemma 3.1 with w € A;(A), we obtain

w({Mf > (6> Cr +1)A})

C
= w({x € <U in + B[(Qj)vﬂﬁz,,) ./\/lf(x) > (bga C+ 1))\})

J

+ w<{x S (Uin +BZ(Q/)v+u+Za> ./\/lf(x) > (b30C1 + 1))»})

J

= W({x S (Uin +BZ(Q/)v+u+2<r> /\/lf(x) > (b3"C1 + 1))»})

J

= W(U xQ/ + BZ(Q,')V+14+20) = Z W(ij + B(Z(Qj)v+u+20)
J j

SN wlwg, + Buge-u) S Y w(Q) = 1y (R).
j j

This finishes the proof of Lemma 3.13. d

Lemma 3.14 Suppose that f € L}, with w € A1(A). Then, for any o € (0,00) and B € (0, 00)
satisfying Bb** < 1/2, there exists a positive constant C such that

2u

b
1s(0) < w({MPf > api2)) + fwcﬂ (271G a),

where Cy is a positive constant as in Lemma 3.12(iii).
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Proof Let v :=27'C;'a, and make the Calderén-Zygmund decompositions of f with the
heights v and «, respectively (see Lemma 3.12). Since v < «, from the proof of Lemma 3.12,
we see that each cube Qf in Calderén-Zygmund decomposition with the height o must be
included in some cube Q;' in Calderén-Zygmund decomposition with the height v. Thus,
by letting

I:= {Q]" :jeJ}, where]:= {j:Q}’ c {M*f>api2}}
and
I:={Q:j ¢J},

we have

wrle) = w(@) =2 > w(@)+) > w(Q)

Qel chQ Qell QgcQ

For simplicity, for any dyadic cube Q, let B := xQ + Bov+u and Bg := xq + By(Qv-u-
On the one hand, when Q € II, there exists some x € Q such that

M*f(x) < afB/2.

From this and Q C B? (see Lemma 3.11(iv)), it follows that

1
59| /BQ [f o)) = foa| dy < aBi2. (3.22)
Moreover, by Lemma 3.12(iii), we conclude that
[fol < Cv =a/2. (3.23)

Thus, by Lemma 3.12(iii), the disjoint property of {Qf }«, (3.23), Lemma 3.11(iv), and (3.22),
we have

>l <, X [ Volay

¥CQ QcQ

53 /Qz[f(w—fmdy

QrcQ

+é 2 Qe —fQ|+§U(Q| > Q]

QcQ QcQ

= / 1F) ~ foo dy
UQ%CQ Qi‘

IA

o

1 1 1
v3 il [Ior-fueldrs X1

QrcQ QrcQ

IA

1
[ o) =solay
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% dica
S§BQ| I o : ; > o
QcQ
From this, it follows that
D lQi] < BB+ Bb™ Y [ Q%] (3.24)

QcQ QcQ

Choose 8 small enough such that 86* < 1/2. By this, the disjoint property of {Q{ }«, (3.24),
and Lemma 3.11(iv), we further have

U |-

QcQ

Dol < = 5192"‘ Q|_1 ﬁbzulQl (3.25)
QgcQ

Moreover, by Q C B? (see Lemma 3.11(iv)), we obtain UQE’ coQF C BQ. Therefore, by
Lemma 3.11(iv) and Lemma 3.1 with w € A;(A), we obtain

W(UQ‘;CQ Q(lj) < W(UchQ Qi) < W(UchQ Q%) < |UchQ Ql
w(Q) ~ o wBg) T bw(BQ) QI ‘

From this, the disjoint property of {Qg }x again, and (3.25), we deduce that

IU o QY| B2
3 w(@) =w( U Qz) < A < P,

1-Bb2
QrcQ QrcQ Ql p

Therefore, we have

" IBqu IBqu
Z Z W(Qk) S 1 gp ZW(Q) S Wﬂf(v)o (3.26)
Qell Q¥ cQ -B Qell -
On the other hand,

> D0 wlQ) = ) wQ = w({M¥f >ap/2}),

Qel Q¥cQ Qel
by which, together with (3.26), we finally finish the proof of Lemma 3.14. O

In the following, for any A € (0,00), let pr(X, 1) := ij(Q?‘,)»), where Q} = Qjis as in
Lemma 3.12.

Proof of Theorem 2.9 Let ¢ be a Musielak-Orlicz function satisfying ¢(:,£) € A;(A) for
any ¢ € (0,00) and Assumption (¢)(ii) with p, € € (1,00) and g € (1, 00) close to 1 such that
1<p,/q. For any f € Lg®, f is a multiple of (1,00,0)y(,,-atom. From the assumption of
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Theorem 2.9, it follows that Tf € L‘lp("t). Therefore, for any A € (0, 00), by |[f(x)| < M4f(x)
for any a.e. x € R”, Lemma 3.2, Assumption (¢)(ii), and Lemma 3.13, we have

[

< [ olmmammas~ [ o(Man> i)y an

Tf (x) |) dx

[e¢]

] 1
5/0 x(p({/\/lA(Tf)>(b3“C1+1)A},A)dA§/O Sy (A, 1) da,

where C; is a positive constant as in Lemma 3.12(iii).
Moreover, by Lemma 3.14 and Assumption (¢)(ii) again, we further have

R |
| Guntnan
0o A

S | ﬁqu o 1
<| - nTAZ,A)\if—A,AA
[ Jetaeansapn)aas o [0 2,

*1 v (1
<) - AT > A}, 1) dA 7/ —prr(h,A) d.
< [ gelatansahadie Lo [ D,

Taking B8 small enough such that 86**/(1 — Bb**) < 1, by Lemma 3.2, we obtain
*1 1 4
/ —mf(x,x)dx,g/ —p({MA(Tf) > A}, 1) dAr
0o A 0o A
N/ w(x,Mj(Tf)(x))dx.
Rn
Therefore, we have

/Rn(p(x,

For any A € (0, 00), let

Tf (x) ’) dx < Aw <p(x, Mj(Tf)(x)) dx. (3.27)

Q) := {MZ(-,Mf> A},

where MZ("Mf isasin (3.2).

By checking the proof of Theorem 2.5 and using the same notation as in the proof of The-
orem 2.5 and an anisotropic variant of the Whitney covering lemma (see [30], Lemma 2.3)
associated with €2;, then we may define

() = fx), forx e QE,
. >, S1:) (%) xi(%),  forx € Q;,

and, for any x € R”,

h(x) =) hi(x),  where (%) := f(x) Xi(%) = (Taye, /70)(%) i (%)-

Obviously, for any x € R”, we have f(x) = g(x) + h(x).
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Moreover, for any x € R”, set

hi(x)

il := Crg(x; + By;, )

where C is a constant as in (3.11), then g; is a (1,4, 0),(.,)-atom by checking the proof of
Theorem 2.5 with ¢(-, 1) € Aj(A) C A,(A). Therefore, we have

h(x) = CL Y o(x; + By, Mai(x) € Hy) (A)

and

Va0 4y = C D @i+ B2 3) < Chp(R, ). (3:28)
(A .

i

By |g(x)| < CA for a.e. x € R” (see (3.12)) and (2.11), we obtain
I7gllemo) < CA e Mn(Tg)(x) <CAr fora.e xeR"
From this and T being a sublinear operator, it follows that

p({MH(Tf) > (C+1)r}, 1)
< (p({Mu(Tg) > CA},A) + (p({Mﬁ(Th) > )\},k)
= (| M (Th) > 1}, ). (3.29)

Thus, by Lemma 3.2, the uniformly upper type p;, property of ¢, and (3.29), we see that
*1
f go(x,./\/lt(Tf)(x)) dx ~ / X(p({/\/lﬁ(Tf) >(C+ l)k}, (C+ l)k) dx
R" 0
*1
< / (M) > 2,2 do.
0

From this and (3.27), it follows that

/Rnw(x,

Since f € LY, we have f € Ll . Therefore, for any x € R”, by M*f(x) < 2Mf(x), As-

loc*

Tf(x)|)dx§/0oo %(p({M”(Th)>A},)L) dh. (3.30)

sumption (¢)(ii), the boundedness of M, from Ll(p(»,k) to weak L}p(v\) with ¢(-, 1) € A1(A4)
(see [30], Proposition 2.6(ii)), (2.10), H}ﬂ(,,)\) (A) = H;’g”g) (A) with equivalent norms (see [30],
Theorem 5.5), (3.28), Lemma 3.2, and (3.14) with 1 = g(¢) < p;,/q, we obtain

/m oM > 1) 0)
0

<[~ ws U Yan< [ 1 1Al d
- > 2 an S ) gy
<J) oo gha)ars [73(—22)



Li et al. Journal of Inequalities and Applications (2016) 2016:243 Page 23 of 24

w0 1 Ill a0 .
@ 1
< —Van S | —e(Qu,A)da
~ ~Y (p
0 A o A

which, together with (3.30) and Lemma 3.10, completes the proof of Theorem 2.9. d
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